UNIFORM-IN-TIME ESTIMATES ON THE SIZE OF CHAOS
FOR INTERACTING BROWNIAN PARTICLES

ARMAND BERNOU AND MITIA DUERINCKX

ABsTRACT. We consider a system of classical Brownian particles interacting via a smooth long-range
potential in the mean-field regime, and we analyze the propagation of chaos in form of sharp, uniform-
in-time estimates on many-particle correlation functions. Our results cover both the kinetic Langevin
setting and the corresponding overdamped Brownian dynamics. The approach is mainly based on
so-called Lions expansions, which we combine with new diagrammatic tools to capture many-particle
cancellations, as well as with fine ergodic estimates on the linearized mean-field equation, and with
discrete stochastic calculus with respect to initial data. In the process, we derive some new ergodic es-
timates for the linearized Vlasov—Fokker—Planck kinetic equation that are of independent interest. Our
analysis also leads to uniform-in-time concentration estimates and to a uniform-in-time quantitative
central limit theorem for the empirical measure associated with the particle dynamics.
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1. INTRODUCTION

1.1. General overview. We consider the Langevin dynamics for a system of N Brownian particles
with mean-field interactions, moving in a confining potential in R¢, d > 1, as described by the following
system of coupled SDEs: for 1 <7 < N,

axpN = v Nat,

AV = — £ SN vw(xpY - xPNyde - SviNde - vAxpY)de+dBi, >0, (1.1)
iN 1,i,N iN 1,,N

(Xt 7Vt )’t=0 = (XO y Vo )7

where {Zi’N = (Xi’N, Vi’N)}lgigN is the set of particle positions and velocities in the phase space
D? := R% x R? where W : R — R is a long-range interaction potential, where A is a uniformly
convex confining potential, where { B"}; are i.i.d. d-dimensional Brownian motions, and where «, 5 > 0
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are given constants. The interaction potential W is assumed to satisfy the action-reaction condi-
tion W(z) = W(—z), and we assume that it is smooth, W € C°(RY). Regarding the confining
potential A, we choose it to be quadratic for simplicity,

A(z) = %a|x|2, for some a > 0, (1.2)

although this is not essential for our results; see Remark 1.5 below. Next to this Langevin dynamics, we
also consider its overdamped limit, that is, the following inertialess Brownian dynamics: for 1 <i < N,

{ Ay = — £ S vw N = vy dt - vAY Yy dt+dB], ¢ >0,

, , (1.3)
Y, Mo = Yo',

where {Yi’N }<i<n is now the corresponding set of particle positions in R?. For presentation purposes
in this introduction, we restrict to the more delicate setting of the Langevin dynamics (1.1), but we
emphasize that all our results hold in both cases.

In the regime of a large number N > 1 of particles, let us turn to a statistical description of
the system and consider the evolution of a random ensemble of particles. In terms of a probability
density F'N on the N-particle phase space (]Dd)N , the Langevin dynamics (1.1) is equivalent to the
Liouville equation

N N
OFN +3 "0 Vo FN = 13 dive, (Vo + Bo) FY)
i=1 i=1 N N

+ 2 VW (i —a) Vo, PN+ Ve AV, FN. (14)

ij=1 i=1
Particles are assumed to be exchangeable, which amounts to the symmetry of FV in its N variables
2 = (xi,v;) € DY, 1 < i < N. More precisely, we assume for simplicity that particles are initially
chaotic, meaning that the initial data {Z5" := (XZ, V&™) }1<i<n are i.i.d. with some common phase-
space density o € P(D?): in other words, FV is initially tensorized,

FtN|t=0 = N?N- (1.5)

In the large-N limit, we aim at an averaged description of the system and we focus on the evolution
of a finite number of “typical” particles as described by the marginals of F'V,

th’N(zl,...,zn) = / FtN(zl,...,zN)dzmH...dzN, 1<m<N.
(]D)d)Nf'm

In view of Boltzmann’s chaos assumption, correlations between particles are expected to be negligible
to leading order, hence the chaotic behavior of initial data would remain approximately satisfied: this
is the so-called propagation of chaos,

N _(FMYYEm 0, as N oo, (1.6)
for any fixed m > 1 and ¢ > 0. If this holds, it automatically implies the validity of the mean-field
limit

th’N — as N 1 oo,

where p; is the solution of the Vlasov—Fokker-Planck mean-field equation

{ Opp+v -V = %divv((vv + po)u) + (VA+ VW % p) - Vypu, t>0,

(1.7)
N‘t:O = Mo,

with the short-hand notation VWspu(x) := [pq VW (x—y) u(y, v) dy dv. This topic has been extensively
investigated since the 1990s, starting in particular with [52, 85]; see e.g. |63, 23] for a review.

On the formal level, corrections to the propagation of chaos and to the mean-field limit are naturally
unravelled by means of the BBGKY approach, which goes back to the work of Bogolyubov |7]. This
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starts by noting that the Liouville equation (1.4) is equivalent to the following hierarchy of coupled
equations for marginals: for 1 <m < N,

OF™N 13 0y Vg PN = Zdwvl ((Vo, + Boi) F™N)
i=1

+ Z Vi, A- VviFm’N + xm ~ Z —Ty) - VUiFmH’N(‘, 24 ) day do,
i=1

+ 5 Z 2j) - Vo F™N | (1.8)

with the convention F™N = 0 for m > N. In each of those equations, the last right-hand side
term is precisely the one that disrupts the chaotic structure: it creates correlations between initially
independent particles, hence leads to deviations from the mean-field approximation. As this term is
formally of order O(m?N 1), we are led to conjecture the following error estimate for the propagation
of chaos,

EN —(BNY®M = O(m2NTY. (1.9)
This was first made rigorous in |79] for several related particle systems, and it is referred to as estimating
the size of chaos. For the particle systems of interest in the present work, (1.1) or (1.3), a rigorous
BBGKY analysis can be performed at least to some extent to deduce similar estimates, cf. [67, 12, 62].
In case of non-Brownian interacting particles (8 = 0), the problem is more difficult and was solved
in [40] by means of different techniques.

A variant of the above estimates on the size of chaos is given by so-called weak propagation of chaos
estimates: for any sufficiently well-behaved functional ® defined on the space P(D?) of probability
measures on D¢, one expects

E[@(u)] - ®(u) = O(N), (1.10)

in terms of the empirical measure
N
p' =y Yim O € P(DY), (1.11)

where we recall that the limit p is the solution of the mean-field equation (1.7) and where the expecta-
tion E is taken with respect to both the initial data and the Brownian forces. Such an estimate is essen-
tially equivalent to (1.9) (up to the precise dependence on m and ®), and we refer to [64, 73, 75, 5, 25]
for results in that direction. Note that the rate O(N~!) in (1.10) is only expected for ® smooth enough
For the specific choice ® = Whs(-, i), for instance, the question amounts to estimating the expectation
of the 2-Wasserstein distance between p)¥ and : this is referred to as strong propagation of chaos and
is known to lead only to a weaker convergence rate £ [WQ (ud, Nt)] = O(N~%2) in link with random
fluctuations of the empirical measure; see [3, 72, 10, 22, 49, 67].

In recent years, there has been increasing interest in uniform-in-time versions of the above chaos
estimates (1.9) or (1.10). This happens to be an important question both in theory and for practical
applications: it amounts to describing the long-time behavior of particle systems uniformly in the
limit N T oo, thus showing in particular the proximity of corresponding equilibria. This is naturally
related to the long-time behavior of the mean-field equation (1.7), which has itself been an intense
topic of research for more than two decades. While the mean-field equilibrium is not unique in general,
cf. [44], the long-time convergence of the mean-field density has been established under several types of
assumptions guaranteeing uniqueness [88, 9, 61, 76, 54, 2|; see also |4, 20, 8| for the Brownian dynamics.
In contrast, uniform-in-time propagation of chaos is a more subtle question and is indeed not ensured
by the uniqueness of the mean-field equilibrium [72, 6]. Uniform-in-time weak chaos estimates with
optimal rate O(N~1) were first obtained by Delarue and Tse [35] for the Brownian dynamics, and we
refer to |72, 10, 22, 9, 45, 81, 54, 27| for corresponding uniform-in-time strong chaos estimates with
weaker convergence rates. We also refer to [56, 80, 55, 29| for some uniform-in-time chaos estimates in
case of singular interactions.
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In the present work, we aim to go beyond uniform-in-time chaos estimates by further estimating
many-particle correlation functions, which provide finer information on the propagation of chaos in the
system. The two-particle correlation function is defined as

G2N . p2N _ (Fl,N)®2

which captures the defect to propagation of chaos (1.6) at the level of two-particle statistics. From
the BBGKY hierarchy (1.8), we note that proving the mean-field limit Ftl’N — ¢ amounts to proving

G? N 0, which is precisely ensured by standard chaos estimates, cf. (1.9). Yet, two-particle correla-
tions do not allow to reconstruct the full particle density FV: in particular, understanding corrections
to the mean-field limit requires to further estimate higher-order correlation functions {G*- Yo<k<n-
Those are defined as suitable polynomial combinations of marginals of FV in such a way that the full
particle distribution FV be recovered in form of a cluster expansion,

FN(z,.zn) = > [ 69V (za), (1.12)

mH[N] Aen

where 7 runs through the list of all partitions of the index set [N] := {1, ..., N}, where A runs through
the list of blocks of the partition 7, where §4 is the cardinality of A, and where for A = {i1,...,4;} C [N]
we write z4 = (zi,,...,2;,). As is easily checked, correlation functions are fully determined by pre-
scribing (1.12) together with the “maximality” requirement [ G™ (21,..., 2y,) dz; = 0 for 1 <1 < m.
More explicitly, we can write

G = sym (P3N — 3PN @ FUY 4 o(FLN)®3)
GPY = sym(FYY 4PN @ FUN 3PN @ PPN 4 128N @ (FRY)E2 - 6(FHY)EY),

and so on, where the symbol ‘sym’ stands for the symmetrization of coordinates. More generally, we
can write for all 2 < m < N,

G Nz, m) = Y (= DD ] PPN (2a), (1.13)

wH[m] Aem

where we use a similar notation as in (1.12) and where §r stands for the number of blocks in a
partition 7. While standard propagation of chaos leads to Gf’N = O(N71), cf. (1.9), and in fact
G:n’N = O(N™1) for all 2 < m < N, a formal analysis of the BBGKY hierarchy (1.8) further leads to
expect

arN = o(N'™),  2<m<N. (1.14)

We shall refer to this as higher-order propagation of chaos: such estimates provide a much deeper
understanding of the structure of propagation of chaos and are key tools to describe deviations from
mean-field theory, cf. [39, 40, 62, 43]. Such estimates have been obtained in several settings with an
exponential time growth: non-Brownian particle systems (8 = 0) were covered in [40], while in [62] the
Brownian dynamics (1.3) was covered in the more general case of bounded non-smooth interactions.
In the present work, we obtain for the first time corresponding uniform-in-time estimates, both for
the Langevin and Brownian dynamics. Along the way, we also establish uniform-in-time concentration
estimates and a uniform-in-time central limit theorem for the empirical measure.

From the technical perspective, we mainly take inspiration from a recent work of Delarue and Tse [35]
(see also [19, 25, 24]), where the uniform-in-time weak propagation of chaos (1.10) was established for
the Brownian dynamics. The key idea of the analysis is to consider the mean-field semigroup induced
on functionals p — ®(u) on the space of probability measures, and then appeal to so-called Lions
calculus on this space to expand the expectation E[®(ui¥)] of functionals along the particle dynamics
(see Lemma 2.1 below). As noted in [35], the resulting so-called Lions expansions can be combined with
ergodic properties of the linearized mean-field equation to deduce uniform-in-time estimates. In the
present contribution, in order to control correlation functions {Gm’N Yo<m<n, we reduce the problem to
estimating cumulants of functionals of the empirical measure. We apply Lions expansions to cumulants
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and we develop suitable diagrammatic tools to efficiently capture cancellations and derive the desired
estimates (1.14). To account for the effect of initial correlations, we further combine Lions expansions
with the so-called Glauber calculus that we developed in [40]. While only the case of the Brownian
dynamics was considered in [35], note that we need to further appeal to hypocoercivity techniques to
establish the relevant ergodic estimates for the linearized mean-field equation in case of the kinetic
Langevin dynamics: for that purpose, we mainly draw inspiration from the work of Mischler and
Mouhot [74], which we are led to revisit in several ways (see Theorem 3.1).

1.2. Main results. We start with uniform-in-time higher-order propagation of chaos estimates (1.14).
We focus on the Langevin dynamics (1.1), but we emphasize that all our results also hold in the simpler
case of the Brownian dynamics (1.3).! The smallness assumption x < 1 for the interaction strength
ensures the uniqueness of the steady state for the mean-field equation (1.7), which is useful to ensure
strong ergodic properties.

Theorem 1.1 (Uniform-in-time higher-order propagation of chaos). There exists kg > 0 (only depend-
ing on d, B, W, A) such that the following holds for any k € [0, kg]. Assume that the initial law po, €
P(D?) satisfies [pa |z|POpo(dz) < oo for some pyg > 0, and consider the Langevin dynamics (1.1) and
the associated correlation functions {G™N }ocm<n as defined in (1.13). For all 2 < m < N, there
exist £y, > 0 (only depending on m) and Cy, > 0 (only depending on d, 3, W, A, o, m) such that we
have for all t > 0,

”G;n’N”W—ém»I(Dd) < CpN'T™ (1.15)

In particular, the uniform-in-time smallness of the two-particle correlation function Gf N = O(N—1)
allows to truncate the BBGKY hierarchy (1.8) and to recover the uniform-in-time validity of propaga-
tion of chaos: for all 1 < m < N and ¢ > 0,

N _
1EY = 1™ ety < CoeN (1.16)

Corrections to this mean-field approximation can be further captured by truncating the BBGKY
hierarchy (1.8) to higher orders as e.g. in [40]. In fact, by a suitable analysis of those corrections, it
is possible to deduce the following improvement of (1.16), which we state here for simplicity in case
m = 1: for all £ > 1, there exist A, £, Cy > 0 such that we have for all N > 1 and ¢t > 0,

HFtLN - MtHW_Zkvl(]]])d) < Ck(ei)\ktNil + Nﬁk)~ (1.17)

To our knowledge, this O(e N~ 4+ N~°°) estimate constitutes a new type of result in mean-field
theory, which can be viewed as combining the mean-field approximation (1.16) quantitatively with
the convergence of the particle system to Gibbs equilibrium. The proof of this refined estimate (1.17)
as an application of Theorem 1.1 requires detailed computations of corrections to mean field and is
postponed to a forthcoming work.

The strategy of the proof of Theorem 1.1 can be taken further to derive uniform-in-time concen-
tration estimates and a quantitative central limit theorem for the empirical measure. We start with
concentration estimates. For the Langevin dynamics (1.1), the following result completes the concen-
tration estimates obtained in |9, Theorem 5|. In the simpler setting of the Brownian dynamics (1.3),
corresponding results were already well-known: a uniform-in-time concentration estimate was first de-
duced in [71] from a logarithmic Sobolev inequality in the case when W is convex, and it was largely
extended more recently in [70].

Theorem 1.2 (Uniform-in-time concentration). There exists kg > 0 (only depending on d,[3, W, A)
such that the following holds for any k € [0,rk¢]. Assume that the initial law p, € P(D?) is com-
pactly supported, and consider the Langevin dynamics (1.1) and the associated empirical measure u{v,

n fact, in case of the Brownian dynamics (1.3), we can choose po = 0 in our different results, meaning that no
moment assumption is needed on the initial law po.
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cf. (1.11). For alle > 0, there exists C. > 0 (only depending on d, 3, W, A, e, o) such that the following
holds: for all ¢ € C°(D?) and N,t,r >0,

Nr?
P N_E N> gl < -
[/D Phi [/Dd ont’| —T] = eXp( c€|r¢r|w2+s,oomd>>’

provided that r < (eCEHQZ)HWHE,oo(Dd))I/Q and that r(Nr?)® < 61/2(€CEH¢||W2+5,00(D11))E.

Finally, we state our uniform-in-time quantitative central limit theorem (CLT) for leading fluc-
tuations of the empirical measure. As expected from formal computations, leading fluctuations are
described by the Gaussian linearized Dean-Kawasaki SPDE, cf. (1.19) below. A qualitative CLT has
actually been known to hold since the early days of mean-field theory [86, 84, 48], and it has recently
been extended to some singular interaction potentials as well [90, 28]. In case of smooth interactions,
as considered in the present work, an optimal quantitative estimate for fluctuations already follows
from [40], but we provide here the first uniform-in-time result. To our knowledge, this is new both in
the Langevin and in the Brownian cases.

Theorem 1.3 (Uniform-in-time CLT). There exist kg, \g > 0 (only depending on d, 3, W, A) such that
the following holds for any k € [0, ko). Assume that the initial law o € P(D?) satisfies [pq 2P0 po(dz) <
oo for some 0 < pp < 1, and consider the Langevin dynamics (1.1) and the associated empirical mea-
sure plY, cf. (1.11). For all ¢ € C°(D?), there exists Cy > 0 (only depending on d, B, W, A, ¢, j1o) such
that for all N,t > 0 we have

(12<Né / & (uf — pue) ; / ¢Vt> < C¢<N_% +€_p°)‘°tN_%),
X X

where:

— dg stands for the second-order Zolotarev distance between random variables,

dao(X:Y) = sup {E[g(X)] ~Elg(¥)] : g € GIR), g(0) =0, ||gll=m =1} (118)

— the limit fluctuation vy is the centered Gaussian process that is the unique almost sure distributional
solution of the Gaussian linearized Dean—Kawasaki SPDE (see Section 7.1 for details),

Oy +v - Vo = divy (Vi€) + divy (Vo + o)1)
VA Vo 4 w(VW k1) - Vo + 5(TW 5 ) - Vo, (1.19)

Vt|t:0 = Vo,

where & is a vector-valued space-time white noise on R x D¢, and where v, is the Gaussian field
describing the fluctuations of the initial empirical measure in the sense that N/2 f]D)d & (pd — o)

converges in law to [p4 ¢ ve for all ¢ € C°(D?).”

Remark 1.4 (Higher-order fluctuations). In recent years, much work has been devoted to the jus-
tification of the non-Gaussian nonlinear Dean—Kawasaki equation, which is a highly singular SPDE
formally expected to capture higher-order fluctuations; see in particular [65, 30, 36, 31]. In contrast,
the above result only focuses on Gaussian leading fluctuations, but it provides the first uniform-in-
time justification. Extensions to non-Gaussian corrections and the uniform-in-time justification of the
nonlinear Dean—Kawasaki equation is postponed to a future work.

Remark 1.5 (Confining potential). Although we focus for simplicity on particle systems in R? with

quadratic confinement (1.2), we emphasize that this requirement is not essential.

(a) Non-quadratic confinement: The same results hold if instead of the quadratic confinement (1.2)
we choose A(z) = a|z|> + A'(x) for some a > 0 and some smooth potential A’ € Cg°(R?), provided
that ||V2A/HLOO(Rd) is small enough (depending on /3, W, a). In that case, we can still appeal to [9]

2In other words, this means that v, is the random tempered distribution on D? characterized by having Gaussian law
with E[f,4 ¢vo] = 0 and Var[[ . ¢vo] = [La(d — [pa dho)’ o for all ¢ € C°(DY).
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to ensure the validity of Theorem 3.1(i), while the rest of our approach can be adapted directly
without major difficulties.

(b) Periodic setting: Our approach is easily adapted to particle systems on the torus T¢ with A = 0.
The above results still hold in the same form in that case, and the only difference in the proof
appears when investigating the ergodic properties of the linearized mean-field operator. We refer
to Remark 3.2 for details.

Remark 1.6 (Expansions of functionals along the flow). Along the way, we also extend the work
of Chassagneux, Szpruch, and Tse [25] to the case of the kinetic Langevin dynamics: more precisely,
in the setting of Theorem 1.1 with k € [0, ko], for all smooth functionals ®,%> we obtain a truncated
expansion of the following form, for all k£ > 0,

k

E[(1")] — ®(ne) = )

j=1

Cja(t; po) k-1
with exact expressions for the coefficients {C} (¢, it0)}; independent of N. As explained in |25, Sec-
tion 1.1], by means of Romberg extrapolation, such an expansion can be used to accelerate the conver-
gence of numerical schemes to estimate ® () through the particle method. Only the case of Brownian
dynamics was previously covered in [25].

1.3. Strategy and plan of the paper. We start by describing the strategy of the proof of Theo-
rem 1.1. Tt is well known that the estimation of correlation functions {G™" }o<,,<n can be reduced to
the estimation of cumulants {™( [ ¢u¥)}n>1 of linear functionals of the empirical measure py; see
Lemma 2.6. As the probability space is a product space accounting both for initial data and for Brown-
ian forces, cumulants can be split through the law of total cumulance: we are led to consider separately
“initial” and “Brownian” cumulants. To estimate initial cumulants, we appeal to the machinery that we
developed in [40] based on so-called Glauber calculus; see Section 2.3. In order to estimate Brownian
cumulants, we might try to appeal similarly to Malliavin calculus in the form of [77]. Unfortunately,
representations of cumulants through Malliavin calculus do not seem easy to combine with ergodic
properties of the linearized mean-field equation to deduce uniform-in-time estimates. Instead, we draw
inspiration from the recent literature on mean-field games using the master equation formalism and
the so-called Lions calculus on the space of probability measures, cf. [19, 25, 24]. In a nutshell, the
key idea is to consider the mean-field semigroup induced on functionals p — ®(u) on the space of
probability measures, and then to use Lions calculus on that space to expand the Brownian expecta-
tion Eg[®(1)Y)] of functionals along the particle dynamics; see Lemma 2.1. As noted by Delarue and
Tse [35], such expansions can be combined with ergodic properties of the linearized mean-field equa-
tion to obtain uniform-in-time estimates. Yet, this does not immediately lead to the desired cumulant
estimates G;n’N = O(N'™): we further need to capture underlying cancellations, which we achieve
by developing new diagrammatic techniques in form of so-called Lions graphs; see Section 4.

As explained, for uniform-in-time estimates, we rely on ergodic properties of the linearized mean-
field equation. While ergodic estimates follow from the standard parabolic theory in the case of the
Brownian dynamics, cf. [35], we have to further appeal to hypocoercivity techniques in the kinetic
Langevin setting. For ergodic estimates on the weighted space L2(M -1/ 2), where the weight is given
by the steady state M for the mean-field equation, we can simply appeal to hypocoercivity in form of
the theory of Dolbeault, Mouhot, and Schmeiser [38|. Since estimating cumulants costs derivatives, we
rather need ergodic estimates on negative Sobolev spaces, and we easily check that the estimates on
L2(M~1/?) can be upgraded to estimates on H~¥(M~1/2) for all k > 0. Yet, we would ideally rather
need ergodic estimates on the larger space W—*1(D?). Unfortunately, even the enlargement theory of
Gualdani, Mischler, and Mouhot [53, 74] does not allow to reach such spaces. In Section 3, we revisit

3For our purposes in this work, we actually focus on linear functionals ®, but we emphasize that this is not essential
in the proofs and nonlinear functionals could be considered as well under suitable smoothness assumptions as in [25].
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enlargement techniques and show that we can actually reach W~%9((2)P) with arbitrarily small ¢ > 1
and p > 0 provided pqg’ > 1, which happens to be just enough for our purposes.

Finally, in order to deduce the concentration estimates and the quantitative CLT stated in Theo-
rems 1.2 and 1.3, we combine the same Lions expansions with the Herbst argument and with Stein’s
method, respectively. We believe this combination of techniques to be of independent interest for ap-
plications to other settings. Note that the proof of Theorems 1.2 and 1.3 is actually much simpler than
the proof of cumulant estimates in Theorem 1.1 as it does not require to capture arbitrarily fine can-
cellations. For the quantitative CLT, for instance, the proof essentially boils down to the convergence
of the variance and to the smallness of the third cumulant of the empirical measure, thus requiring no
fine information on higher cumulants.

Plan of the paper. We start in Section 2 with the presentation and development of the main technical
tools that are used to prove our main results, namely Lions and Glauber calculus. In Section 3,
we establish suitable ergodic estimates for the linearized mean-field equation, which are key to our
uniform-in-time results. In Section 4, we develop suitable diagrammatic representations for iterated
Lions expansions of Brownian cumulants of the empirical measure, which allows us to systematically
capture the needed cancellations. Finally, the correlation estimates of Theorem 1.1 are concluded in
Section 5, the concentration estimates of Theorem 1.2 are established in Section 6, and the quantitative
CLT of Theorem 1.3 is proven in Section 7.

1.4. Notation. For notational convenience, we consider a general framework that covers both the
Langevin and the Brownian dynamics (1.1) and (1.3) as special cases. More precisely, we denote by
{ZZ’N}lgig ~ the set of particle trajectories in the space X := D% or R? as given by the following
system of coupled SDEs: for 1 <i < N,

{ Az = o(ZN, uN)dt + 0odBi, £ >0,

) ) 1.20
ZZ’N|t=0 - Z;L;Nv ( )

where pf¥ stands for the empirical measure
N ._ 1N
fe = F Dica 5z§vN € P(X),

where b : X x P(X) — R? is a smooth functional (in a sense that will be made clear later on), where
{B"}; are i.i.d. Brownian motions in X, and where o is a constant matrix. We assume that initial
data {ZZ’N}lgig ~ are 1.i.d. with some density po € P(X). The associated mean-field equation takes
form of the following McKean—Vlasov equation,

O+ div(b(-, p) p) = 2div(agVp), in RT x X, (1.21)
;u|t=0 = Mo, in Xa .
with ag := ang , and we denote the well-posed solution operator on P(X) by

pe = m(t; po)- (1.22)
This general framework allows us to consider both systems of interest (1.1) and (1.3) at once: the
Langevin dynamics (1.1) is given by

_ d _ _g - _ ORd ORd
X=D% b((z,v),n) = (v,—5v—(VA+ VW % p)(z)), o0= <0Rd Ide> , (1.23)
and the Brownian dynamics (1.3) by
X =R bla,p) =—(VA+ VW % p)(2), o0 =Idga. (1.24)

Note that the diffusion matrix ag = JOUOT is degenerate in the Langevin case, which is why specific
hypocoercivity techniques are then needed. Most of our work can actually be performed in the general
framework (1.20) without any structural assumption on X, b, 0(, except when establishing ergodic
estimates in Section 3. More precisely, our different main results hold for any system of the form (1.20),
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under suitable smoothness assumptions for b, provided that the ergodic estimates of Theorem 3.1 are
available. For the latter, we restrict to the setting of the Langevin or Brownian dynamics in the
weak coupling regime x < 1. Under mere smoothness assumptions on b, if ergodic estimates are not
available, we note that our analysis can at least be repeated to obtain non-uniform estimates with
exponential time growth.

Finally, let us briefly list the main notation used throughout this work:

— We denote by C' > 1 any constant that only depends on the space dimension d. We use the nota-
tion < (resp. 2) for < C'x (resp. > &) up to such a multiplicative constant C. We write ~ when
both < and 2 hold. We add subscnpts to C, <, 2, ~ to indicate dependence on other parameters.

— The underlying probability space (€2,P) splits as a product (Q,P) = (2,,P5) x (2p,Pp), where
the first factor accounts for random initial data and where the second factor accounts for Brownian
forces. The space 2° is endowed with the o-algebra F, = U(Z1 N, ey ZCJ,V’N) generated by initial
data, while Qp is endowed with the o-algebra o((B},..., B} )i>0). We also denote by FF :=
o((BL,...,BN)o<s<t) the Brownian filtration. We use E[-] and ™[] to denote the expectation
and the cumulant of order m with respect to P, and we similarly denote by E,[-],x0'[] and by
Eg[], k5 [-] the expectation and cumulants with respect to P, and Ppg, respectively.

— For any two integers b > a > 0, we use the short-hand notation [a,b] := {a,a+ 1,...,b}, and in
addition for any integer a > 1 we set [a] := [1, a].

— For all z € R%, we use the notation (z) := (1 + ]z|2)%

2. PRELIMINARY

This section is devoted to the presentation and development of the main technical tools used in this
work. We start with an account of the master equation formalism and of Lions calculus for functionals
on the space of probability measures, then we turn to the study of correlation functions by means of
cumulants of the empirical measure, and finally we recall useful tools from Glauber calculus.

2.1. Lions calculus. We recall several notions of derivatives for functionals defined on the space P (X)
of probability measures, and how they can be used to expand functionals along the particle dynamics.

2.1.1. Linear derivative. We start with the notion of linear derivative, as used for instance by Lions
in his course at Collége de France [16]; see also [19, Chapter 5] for a slightly different exposition. A
functional V : P(X) — R is said to be continuously differentiable if there exists a continuous map
% : P(X) x X — R such that, for all ug, 1 € P(X),

1
V(o) — V() = /0 /X ?/j(squr(l—S)m,y) (10— ) (dy) ds, (2.1)

and we then call % the linear functional derivative of V. This definition holds up to a constant, which
we fix by setting

5V
/X(m(u,y) p(dy) =0,  forall p € P(X).

The denomination “linear derivative” is understood as it is precisely defined to satisfy for all u € P(X)
and y € X,

V(A =h)p+hs) V() 8V

1 = — . 2.2

lim . () (22)
Higher-order linear derivatives are defined by induction: for all integers p > 1, if the functional V is

p-times continuously differentiable we say that it is (p 4+ 1)-times continuously differentiable if there
exists a continuous map 5 p+1 : P(X) x XPT!1 — R such that for all y, ¢/ in P(X) and y € XP,

5PV 5?1} 5P+1V
S oY) = (1 y) / /(W“ (sp+ (1 =s)u'sy,y') (n—p)(dy') ds.
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Once again, to ensure the uniqueness of the (p + 1)th linear functional derivative ‘;I;%Qf, we choose the
convention
sPHly

X W(ny1, oy Ypr1) p(dypy1) = 0, for all p € P(X) and y1,...,y, € X

2.1.2. L-derivative. We further recall the notion of so-called L-derivatives (or Lions derivatives, or
intrinsic derivatives), as developed in [69]. We refer e.g. to [17, Section 2.2| for the link to the Otto
calculus on Wasserstein space [78, 1]. For a continuously differentiable functional V : P(X) — R, if the
map y — %(M’ y) is of class C! on X, the L-derivative of V is defined as

OV(1) = V5 (). (2.3)

We also define corresponding higher-order derivatives: for all p € P(X) and y1,...,y, € X, we define,
provided that it makes sense,

ory

) ...Vyp(s—w(p,yl,...,yp).

aﬁv(ua yl?"'ayp) = Vy

2.1.3. Master equation formalism. In terms of the above calculus on the space P(X) of probability
measures, we now introduce the so-called master equation formalism to describe the evolution of
functionals on P(X) along the mean-field flow. For a smooth functional ® : P(X) — R, we define

U(t,pn) := P®(u) := ®(m(t,pn)), t>0, pePX), (2.4)

where we recall the notation m(t, u) for the mean-field solution operator (1.22). This defines a semi-
group (P;)¢>0 acting on bounded measurable functionals on P(X). From [14, Theorem 7.2|, using the
regularity of b, and assuming corresponding regularity of ®, we find that U(¢, ) satisfies the following
master equation, which is viewed as an evolution equation for functionals on P(X),

{ O (t,15) = fi: [Da ) - V3L 0 ) + o = V282 (1, o, )| (),
U(0, 1) = ®(p),
where we recall ag = aoaép . For the Langevin dynamics (1.1), this takes on the following guise,
U (b 1) = faurma [0+ (Vi = §90) 3 (gt w,0) + S0, (1 o, v)
—(VA(z) + VW * p(z)) - Vv‘g—g(t, iy T, v)],u(dxdv),

(2.5)

U(0, ) = @(n).

2.1.4. Ezxpansions along the particle dynamics. We recall the following useful result that allows to
expand functionals along the particle dynamics in terms of the corresponding mean-field flow, cf. [19,
(5.131)] or |25, Lemma 2.8]. Note that the proof in [25| only relies on the master equation (2.5)
and on [24, Proposition 3.1], so that in particular there is no uniform ellipticity requirement for the
diffusivity ag = ang )

Lemma 2.1 (see [19, 25]). Let & : P(X) — R be a smooth functional and let U(t, ) be defined in (2.4).
Then for all 0 < s <t we have

1 S
Ut — s, 1Y) = Ult,wd) + 2N/0 /Xtr [ao 85U(t—u, ufy)(z,z)} uN (dz) du + MtJYS, (2.6)

where (Mt]}g)szo s a square-integrable (]—"SB)Szg—martmgale with Mt% = 0, which is explicitly given by

N 1 N sAt N N )
M= Y [ - w2 o0 dB
=1
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This expansion will be used throughout this work to compare the empirical measure to the cor-
responding mean-field semigroup. More precisely, we shall abundantly use the following immediate
consequences.

Corollary 2.2. Let @ : P(X) — R be a smooth functional and let U(t, j1) be defined in (2.4).
(i) For allt > 0, we have

B[ ()] — Eof@(m(t, 1d))]| < N*E[ /0 /X |a,%U<t—u,u;V)(z,z)M(dz)du].

(i1) For allt > 0, we have

18() — B(m(t, 1) 2y < N—%EB[ /0 / \M(t—u,m(z)mﬁ(dz)du]2

—I—N_lIEB[ //}82 (t —u, pul)) zz‘,uu du)Q].

Proof. Taking the expectation E = E;Ep in (2.6), using Ep [Mth] = 0, and setting s = ¢, we are led in
particular to the following expansion for the expectation of a functional of the empirical measure,

BfoG)] = Blotm(e )] + g [ B| [ o [0 )] i 02)

and item (i) immediately follows. Next, taking the L?(2) norm in (2.6), noting that Jensen’s inequality
yields

SN\t
Bl < NEs| [ [ 1o @01 - u ) d (02) .
and setting s = ¢, we similarly obtain item (ii). O

Due to the above result, as emphasized in [19, 25, 35], Lions calculus provides a natural starting
point for propagation of chaos, which was indeed successfully used in particular in [35] to establish
uniform-in-time weak propagation of chaos estimates for the Brownian dynamics. More precisely, in
order to obtain a weak propagation of chaos estimate of the form (1.10),

E[®(ur)] — ®(m(t, o)) = O(5),

we can appeal to item (i) above and it remains to compare Eo[®(m(t, i1 ))] to ®(m(t, i15)). The missing
estimate is provided by the following general result; see |25, Theorem 2.11].

Lemma 2.3 (see [25]). For any smooth functional ® : P(X) — R, we have

52<I> 5P
]E[CD(M(J)V)] 0 N/ / / |:(5 2 Msuzv 72)_W(M§u,zazaZ§’N) Mo(dz)du‘SdS,

i terms of

N su
M?fuyz = N(éz — 5Z§,N) + po + s(,uév — lho)-

2.2. Cumulants. In order to estimate the many-particle correlation functions {G*¥"};<r<n defined
n (1.13), we shall proceed by estimating cumulants of the empirical measure, which have a more
exploitable probabilistic content. We recall that the mth cumulant of a bounded random variable X
is defined by

KX = (G o E [T )|
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hence in particular,

xMX] = E[X],

K1 X] = E[X?] - IE[ ]? = Var[X],

k*[X] = E[X?] - 3E[X?]E[X] + 2E[X?,

KX] = E[XY] — 4E[X3]E[X] — 3E[X?)? + 12E[X?|E[X]? — 6E[X]?,

and so on. Using similar notation as in (1.13), the following general formula holds for all m > 1,
RUX) = ) ()P - ! [ B (2.7)
w[m] Aer

We can also define the joint cumulant of a family of bounded random variables X1,..., X, as
H[Xl,...,Xm] = (dt logE[ Zm:ltjxj])

Since we consider in this work a product probability space (2,P) = (Qo,Ps) x (2p,Pp), where the
first factor accounts for random initial data and where the second factor accounts for Brownian forces,
we shall appeal to the following law of total cumulance in order to split cumulants accordingly.

t1:...:tm:0'

Lemma 2.4 (see [13|). For all m > 2 and all bounded random variables X, we have
W] = 3 (R ]
w=[m]
where we recall that ko and kp stand for cumulants with respect to P, and Pg, respectively.
2.2.1. Moments and cumulants. While cumulants are defined as polynomial expressions involving mo-

ments, cf. (2.7), those relations are easily inverted: similarly as in (1.12), moments can be recovered
from cumulants in form of a cluster expansion,
> I X (2.8)

m=[m] Aem

For later purposes, we state the following recurrence relation between moments and cumulants: it
immediately implies the above cluster expansion by induction, and it will be useful in this form in the
sequel. A short proof is included for convenience.

Lemma 2.5. For all m > 2 and all bounded random variables X1, ..., X, we have
E[Xi... Xm] = Y k[X1,X/] E{ 11 X]}, (2.9)
JC[2,m] je[2,m]\J

where we use the standard convention Hje@ X; =1 for the empty product. In particular, for allm > 1
and all bounded random variables X, we have

m
m—1
EX™ = IX|E[X™
xm = 3 (2 e
7j=1
Proof. We follow |77, Proposition 2.2|, extending it to the present multivariate setting. Let
MXl,...,Xm (tl, R ,tm) = E[eZ;n:l thj]

be the multivariate moment generating function of Xy, ..., X,,. We can write
dm
EX;...X = ———M t1,...,t
(X1 m] dty ... dt, Xt Xin (B0 -+ ) P—
dm-1 d
- _c log M ot )M th, ..t ,
dty ... dt, <(dt1 VX ... ,Xm( 1 m) X1,~.-,Xm( 1 n)) e o
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and thus, by the Leibniz rule,

des+1
ElX:... X = log M t1,...,t
[ 1 m} Z <dt1dtj 0og Xl...Xm( 1 y m)) e e o
JC[2,m] 1= =t =
dm—l—ﬁJ
X <dtMX1Xm(t1)7tm)> )
[2,mI\J t1=.=tm=0

where dt; stands for dt;, ...d¢t;, if J = {j1,...,js}. By definition of cumulants and of the moment
generating function, this yields the conclusion. O

2.2.2. From cumulants to correlations. We work out the standard link between cumulants of the em-
pirical measure and correlation functions. We state it in form of an inequality that can be directly
iterated to bound successive correlation functions in terms of cumulants of the empirical mesure. This
was used for instance in [40, Section 4|, but we provide a self-contained statement and a short proof
for convenience.

Lemma 2.6. For all1 <m < N andt >0, we have

Jemer] s el foan

+C,, Z ZNﬁﬂ—ﬁp—mH

w[m] p-m
fr<m

[, (@) (@6 )|

Ber Dep

Proof. We start from the relation between cumulants and moments, cf. (2.7), applied to a linear
functional of the empirical measure: given ¢ € C°(X), we have

[/gzﬁd,ut}: > (=1 (g - 1) HIE[ /¢th }

-[m] Aen
Now moments of the empirical measure p¥ = % Zf\il 0in can be computed as follows,
n 1 n
E( [ oau)"| = o(ZiN
(fow)] = 5, 5 e[ Io]
1] yeenyin= =
1

— _ _ tA\ i, N
- = %:HN(N 1)...(N ﬁ7r+1)/xw(/(§)7¢ )Ft ,

while marginals of Fjy can be expressed in terms of correlations via the cluster expansion (1.12),
n,N HA, N
o) = > 11 G
m[n] Aem

Combining those different identities, after straightforward simplifications, we obtain the following
expression for cumulants of the empirical measure in terms of correlation functions,

m[/xqﬁduiv] Z NiT— mZKN / (®¢ﬁB>(®GﬁDN )dzﬂ, (2.10)

m[m]

where the coefficients are given by
Kn(p) = Y (-0 o - 0! T -
obp Ceo

Tsolating [y, 2™ G in the right-hand side of (2.10) (this term is obtained for the choice m =
{{1},...,{m}} and p = {r}), and noting that |[Ky(p)| < C,, N'7# the conclusion follows. O

2|

)
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2.3. Glauber calculus. We recall some useful tools from the so-called Glauber calculus on (€, P,),
as developed in particular by the second-named author in [40] (see also [33, 42]). Given that initial

data (Zg’N)lng N are ii.d., the probability measure PP, is a product measure and we denote by E, ;

the expectation with respect to the jth variable ziN only. Given a random variable X € LQ(QO), we
then define its Glauber derivative at j € [N] as

DSX = X — B, j[X].

The full gradient D°X = (D7 X) e[y is viewed as an element of 2([N];L2(9,)). A straightforward
computation shows that D7 is self-adjoint on L2(,) and satisfies

DD =DS, DDy =DiDS,  forall j,k € [N].

We then define the Glauber Laplacian

N N
Lo = (D°)*D° =Y (D3)*D§ = > D3,
j=1

J=1

which is a nonnegative self-adjoint operator on LQ(QO). We recall some fundamental properties of this
operator; see [40, Lemmas 2.5 and 2.6].

Lemma 2.7 (see [40]).

(i) The kernel of Lo is reduced to constants, ker L, = R. Moreover, Lo has a unit spectral gap
above 0, and its spectrum is the set N.

(ii) The restriction of Lo to (ker L£o)* = {X € L2(Q) : Eo[X] = 0} admits a well-defined inverse L3,
which is a nonnegative self-adjoint contraction on (ker L,)*. Moreover, this inverse operator
satisfies for all1 < p < oo and X € LP(Q,) with E;[X] =0,

_ 2
1£5 X ) S 511X e on)- (2.11)

(iii) The following Helffer-Sjostrand representation holds for covariances: for all X,Y € L2(Q),
N
Covo X, Y] = > E[(D;X)L;H(D5Y)]. (2.12)
j=1

Combining the spectral gap for £, and the Helffer—Sjostrand inequality (2.12), we recover in partic-
ular the following well-known variance inequality due to Efron and Stein [47]: for all X € L2(€,),

N
Varo[X] < Y E[|D§X|?. (2.13)
j=1

2.3.1. Cumulant estimates via Glauber calculus. It was shown in [40] how cumulants can be expressed as
polynomials of Glauber derivatives. We further show now that this can be extended to joint cumulants
of families of random variables. For that purpose, we first introduce some notation and recall a
suitable notion of so-called Stein kernels {I',,},, generalizing the one in [40]. For all n > 1, given
bounded o ((Z4™) ;j)-measurable random variables X1,. .., X,,, we define for all j € [N],

n

(X1, ... Xn) = EI [H(Xi - (Xi)j’)],

=1

where for all i,j the random variable (X;)/’ is obtained from X; by replacing the underlying vari-
able Z&V by an i.i.d. copy, and where EZ' stands for expectation with respect to this i.i.d. copy. Note
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in particular that 5]1- (X1) = Dj X1, while 67 (X1, ..., X;,) should be compared to [[;_, (D5 X;). In these
terms, we now define the Stein kernels

To(X1) := IY(X;) :== Xy,

N
(X1, Xo) := THX, Xy) = Z DS X)L N (D5 Xy) 251 Xo)L N (D5 Xy),

and iteratively, for all n > 1, m > 0, and §J = m,

N
T (X, X, X) = (07 (X, X0) 65 DTICN (X, Xo)
=1

- m+2]ln>1rn m(X17 cee 7Xn+17XJ)>7

where we let Xj = (Xj,,...,Xj,) for J = {j1,...,Js}, and we then set

Fn(Xl, e ,Xn+1) = Fg(Xl, e ,Xn+1).
Note that '), (X1,...,X,41) is not symmetric in its arguments Xi,..., X, 41 (we could choose to
consider instead its symmetrization, but it does not matter). In these terms, we can now state the

following representation formula for cumulants.

Lemma 2.8. For alln > 0 and all bounded o((ZL™ )j)-measurable random variables X, ..., Xp41,
we have

K’Z—FI[XI’ e ,Xn+1] = EO [Fn(Xla e ,Xn+1)i| .

Proof. We omit the subscript ‘o’ for notational simplicity. By the Hellfer-Sjostrand representation
formula (2.12), we can write

E[ﬁX] = E[Xl]EL:lT[Q ; 11
E[X1] E[ﬁXi] + iE[Dj(ﬁXi) E;leXl]. (2.14)
=2 1=2

Now note that the following formula is easily obtained by induction for differences of products: for all
(ai)2<i<m, (bi)2<i<m C R,

ﬁ lan J%zmﬂ(l)ﬁ”l(gai) (H(ai —bi)>,

and this obviously implies

(HX) —EJ’[ﬁXi—ﬁ(Xi)j’} > (—1)W+1< I1 XZ-) 54 (X 7). (2.15)

JC[2,m] i€[2,m]\J
J#@
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Inserting this into (2.14), separating the contributions of singletons in the sum, and recognizing the
definition of I'y,I'1, we get

E[ﬁX{| = E[Fo(Xl)]E—ﬁXi_ + Z ﬁJJrlZE[( H Xk> 5§J(XJ)[,01D]‘X1:|
i=1 Li=2 1 Jc[2m] i€[2,m]\J
J#D
= ELoX)IE|[[X:|+ 3 E[( I1 Xi>F1(X1,Xg)]
Lice 4 c2m] i[2,m]\{¢}

N
D INEDY MYTE[( I1 Xi)rqj+1(XlaX€7XJ):|- (2.16)
e

e2,m] JC[2,m]\{¢} ie[2,m]\({£}uJ)
1J>1

Using again the Hellfer—Sjostrand representation formula (2.12) to handle the second right-hand side
term, we can decompose for all £ € [2,m],

IE[( 11 Xz‘)rl(XlaXé)]:E[Fl(leXZ)]E[ 11 Xz}

ie[2,m]\{¢} i€[2,m]\{¢}
N
+ZE|:Dj( H Xi>£ngjF1(X1,Xg) ,
=1 i€[2,m]\{¢}

and thus, appealing again to (2.15) to reformulate the last term,

IE[( I1 XZ-)Fl(Xl,Xg)]:E[Fl(Xl,Xg)]E[ I1 XZ}
€[2,m]\{¢} €[2,m]\{¢}

+ Y (e i E [( [I  X)& (X)L pirx, x0)|.

Jc[2,m]\{¢} j=1 i€[2,m]\({£}UJ)
J#o

Inserting this into (2.16) and recognizing the definition of I'g, we find

[HX]—EFoXl [HX] > [Fl(Xl,XME[ I1 XZ}

i=1 tef2,m] ic[2,m]\{¢}
+ ) E[( I1 Xi)rz(Xl,Xe,Xy)}
00re[2m] ie[2,m]\ {60}
1)t
+ Z Z (ﬁJl-l)—l E [( H Xi>FgJ+2(X1, Xo, Xp, X )|,
2,0 e[2,m] JC[2,m]\{¢£,¢'} 1e[2,m]\({¢,¢'}UJ)
J#
and the claim follows by iteration and a direct comparison with the formula (2.9). O

The above representation formula for cumulants implies in particular that cumulants can be con-
trolled in terms of higher-order Glauber derivatives. This provides a generalization of [40, Theorem 2.2|
to the multivariate case and can be viewed as a higher-order version of Poincaré’s inequality (2.13)
on L?(Qs) with respect to Glauber calculus.
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Proposition 2.9. For alln > 0 and bounded o((Z3™ )j)-measurable random variables X1, ..., Xp11,
we have

n+1

KX X S ZNk+1 > Il %XH (e

at,.. 7an+1>1 J 1
> aj=n+k+1

I

()

where we have set
H(DO)mZH@o(Lp(QO)) = Jsup HD ...D;?mZHLp(QO).

Jm

distinct

Proof. First note that Jensen’s inequality yields for all m > 0 and r > 1,
m 1 m 1
. . T|r . . T
/ [H(Xz- - (X»J’)} ] < EE! [H X — (X»J’V] :
j i=1

L e |
and thus, decomposing X; — (X;)? = DX, — (D;?Xi)j’ and using Holder’s inequality

m 1 m
1657 (X1, X)) < [ EoEL UD;Xz‘ — (D X;) \Tm} < 2 TIPS Xl (-
i=1 i=1
By induction, using this estimate along with (2.11), we find for all m,n,r, for all bounded a((Zg’N)j)—
measurable random variables X1,..., Xy 1m+1,

m—+n-+1

n—1
Smnr kZONk+1 Z H [(D° )%X | ;ﬁ( # m+n+k+1)(Qo))~

ai,...am4n+12>21  j=1
> aj=mtntk+1

Combined with the representation formula of Lemma 2.8, this yields the conclusion. O

2.3.2. Asymptotic normality via Glauber calculus. As the approximate normality of a random variable
essentially follows from the smallness of its cumulants of order > 3, there is no surprise that it can
be quantified as well by means of Glauber calculus. The following result is typically known in the
literature as a “second-order Poincaré inequality” for approximate normality. It was first established
by Chatterjee [26, Theorem 2.2| based on Stein’s method for the 1-Wasserstein distance, while the
corresponding bound on the Kolmogorov distance is due to |66, Theorem 4.2]. We include a short
proof for convenience to show that the same result also holds for the Zolotarev distance.

Proposition 2.10 (Second-order Poincaré inequality [26, 66]). For all bounded o((Z2N )j)-measurable
random variable Y, setting o3 := Var [Y], there holds

d2<Y_E°D/];N> + dw (Y_]EO[Y];N> +dg (Y_EM;N>

oy Oy oy
N 1
S gz Eo[ID}Y° 2+(Z(ZE EEGEAEEEGDNR
=1 7j=1 =

where dw (s N) and dk (-;N) stand for the 1-Wasserstein and the Kolmogorov distances to a standard
Gaussian random variable respectively, and where we recall that da(-; N) stands for the corresponding
second-order Zolotarev distance (1.18).

Proof. By homogeneity, it suffices to consider a bounded random variable Y with

E.[Y] = 0, 0% = Varo[Y] = 1.
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Given g € C}(R), we define its Stein transform S, as the solution of Stein’s equation
Sy(x) — 2Se(x) = g(x) — Ex[gN)]. (2.17)
As shown in [83], the latter can be computed as

Sy(x) = _/OIQi/{EN[g/(\/i$+mN)} dt,

Using this formula and a Gaussian integration by parts, we easily obtain the following bound,

1Sgllwreom)y S 9" e (m)- (2.18)
Evaluating equation (2.17) at Y and taking the expectation, we find
Es[g(Y)] — Ex[g(N)] = Eo[S,(Y) — Y Sy(Y)].
Now appealing to the Helffer-Sjostrand representation formula of Lemma 2.7(iii) for the covariance
Eo[Y Sy(Y)] = CovolY, S¢(Y)], this yields
N
B la(¥)] ~ Exla(N)] = Ex [S,(4) = 305,12 (D3 (2.19)
j=1
A Taylor expansion gives for all p > 1,
HD;SQ(Y) - S;(Y)D;YHLP(QO) < ||S;,||L°°(]R)||D;Y||iQP(QO)

Using this to replace D;SQ(Y) in (2.19), using Hoélder’s inequality with p = % to bound the error,
using the boundedness of £ in L3(€,), cf. Lemma 2.7(ii), and recalling the bound (2.18) on the Stein
transform, we are led to

N

N
1-— Z(D;Y)ﬁgl(D;Y)” - ZEOHD;YP]).
j=1

j=1

Eolg(Y)] — Exlg)] < [1¢" i~ (m [

Now recalling the Helffer-Sjostrand representation formula of Lemma 2.7(iii) in form of

N
1 = Var,[Y] = EO[Z(D;Y),CO—I(D;Y)],
j=1
we deduce by the Cauchy—Schwarz inequality,
N

i N
Eolg(Y)] ~ EnloW)] S 10" ey (v (S mevye gy + ZEOHD;Y\?’]).
j=1

Jj=1

Taking the supremum over g € Cg(R), the conclusion follows in the second-order Zolotarev distance do.
Notice that the proof in 1-Wasserstein distance can actually obtained in the same way by noting that
on top of (2.18) the Stein transform also satisfies [} [ly1.00m) S 119’ llLee(r), cf. [83]. The proof in
Kolmogorov distance is more delicate and we refer to [66, Theorem 4.2]. O

2.3.3. Concentration via Glauber calculus. We establish the following concentration estimate for ran-
dom variables in L? (Q5). Tt follows from some degraded version of a log-Sobolev inequality, combined
with the Herbst argument. Note however that we do not have an exact log-Sobolev inequality with
respect to Glauber calculus, cf. [68], which is why we need to require an almost sure a priori bound on
the Glauber derivative.

Proposition 2.11. Let X € L%(Q,) be J((Zg’N)lngN)-measumble with Eo[X] = 0 and [D;X| < 1L
almost surely for all 1 < j < N, for some constant L > 0. Then for all A > 0 we have

Eo[e)‘X] < exp (%AL(@AL — 1))
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In particular, this entails
Po[X >r] < exp ( — 4 log (1 + ﬁ)),

where the right-hand side is < exp(— as long as r < NL.

2
sNr?)
Proof. We appeal to the following degraded version of a log-Sobolev inequality as obtained in [41,
Proposition 2.4]: for all random variables Y € L2(€2,), we have

N
Ent,[Y?] < 2 Z E, [sup (Y — Y7)?
j=1 J

where we recall that Y7 stands for the random variable obtained from Y by replacing the underlying

variable Z3"¥ by an i.i.d. copy, and where sup; stands for the essential supremum with respect to this

i.i.d. copy. Applying this inequality to Y = e3X , using the bound

1 _ .
3% _ d X < %|X_Xj|/ XXX g < LedX|X — x| 3N,
0
we find
N
Entole”] < %ZE [ sup (X — X7)2elX= XJ'] < %M)Q(eMXEO[eX],
7j=1
in terms of
My := sup supess|X — X7| < 2 sup supess|D; X| < L.
1<j<N 1<j<N

We are now in position to appeal to the Herbst argument in the form of [68, Proposition 2.9 and
Corollary 2.12] and the conclusion follows. ]

2.3.4. Link to linear derivatives. As the following lemma shows, Glauber derivatives can be estimated
in terms of linear derivatives. This is particularly convenient in the sequel to unify notations when
both Glauber and Lions derivatives are involved.

Lemma 2.12. Given a smooth functional ® : P(X) — R, we have almost surely for all k > 1 and all
distinct indices ji, ..., jir € [N],

. < N-kok ‘ : H
|DS§ @ (ud")| Sup ‘M ;) -

Proof. For all j € [N], by definition of the Glauber derivative and of the linear derivative, we can
compute

D5a() = @) - [ ‘1)(#0 A0~ b)) mo(d)

— N / / / FIR0 —bw) w) (B — 62)(dy) pro(dz) ds. (2.20)

By induction, we are led to the following representation formula for iterated Glauber derivatives: for
all k > 1 and all distinct indices j1,...,jx € [N],

DS .. DOQ) N —+ 1—s; zz_ i , e )
" ) = ([0,1] xX xX)k 5# ( Z ZJ N)s Y Yk
k
% rll(ézgiw — 02,)(dys) po(dz;) ds;. (2.21)

Recalling Zé’N ~ o for all j, the conclusion immediately follows. (I
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3. ERGODIC SOBOLEV ESTIMATES FOR MEAN FIELD

In this section, we establish ergodic estimates for the linearized mean-field equation, which will
be the key tool for our uniform-in-time results in the spirit of [35]. Given u € P(X), the linearized
mean-field McKean-Vlasov operator at y is defined as follows: for all h € C2°(X) with [, h =0,

Luh = 3div(agVh) — div(b(-, p)h) — div(u/X :;Z(-,,u, z) h(z) dz). (3.1)

In the Langevin setting (1.23), this means for all » on X = R? x RY,
L,h = 3divy((Vy + Bv)h) + VA - Vyh — v - Vih + 6(VW s p) - Voh + (VW % h) - Vo, (3.2)
and in the Brownian setting (1.24), this means for all h on X = R,
Lyh = A+ div(hVA) + kdiv(hVW x p) + kdiv(uVW = h).

For our purposes in this work, we shall establish ergodic estimates in a weighted Sobolev framework with
arbitrary integrability, negative regularity, and polynomial weight: more precisely, for all 1 < g < 2
and p > 0, we consider the space LI((z)P) as the weighted Lebesgue space with the norm

1
Ihllaqzey = ()Pl = (/X\h(z)\q<z>pqdz)q,

and, for all k > 0, we consider the space W ~%4((z)P) as the weighted negative Sobolev space associated
with the dual norm

by —sagioy = sup{ [ G W =1} (33)
q

where ¢’ = -7 is the dual integrability exponent and where W4 (X) is the standard Sobolev space

with norm

Il = s 1Vl sy

In these terms, the main result of this section takes on the following guise. While item (i) is well
known (see e.g. [9] and the discussion below), our main contribution here is to prove the Sobolev
ergodic estimates of item (ii). Note that the restriction pg’ > 1 in the Langevin setting is fairly
natural: indeed, we note for instance that the restriction pq’ > d precisely ensures the spatial density
pr(z) = [ga h(z,v) dv to be defined in L} (R?) for all h € W=F4((z)P).

Theorem 3.1. There exist constants ko, A\g > 0 (only depending on d, 3,a, and ”W”Wl,oo(Rd)), such
that the following results hold for any k € [0, ko).

(i) There is a unique steady state M for the mean-field evolution (1.21), and the solution opera-
tor (1.22) satisfies for all po € P(X) andt >0,

Wa(m(t, o). M) S € Walpto, M), (3.4
where Wy stands for the 2- Wasserstein distance and where the multiplicative constant only depends
on d, B, a, and [[W|[y1.00(ra)-

(ii) Let 1 < g <2, k>1, and 0 < p <1, and assume in the Langevin setting (1.23) that pg’ >pgq 1
is large enough (only depending on d, B,a). For all po € P(X)NWI=Ra((2)P), f, € WFa((2)P),
and r € LS (RT; WR((2)P)) with [y fo = 0 and [yre = 0 for t > 0, there is a unique weak

loc

solution f € LS (RT; W=4((2)P)) to the Cauchy problem
Ouft = Lin(tpo) ft + 1t
oo 3.5
L Iy 39
and it satisfies for all X € [0, \o) and t > 0,
t
sup (epASHszWfk,q(@p)) SwsAkpaape |follw—razyr +/0 P |[7slly—rag ey ds,  (3.6)

0<s<t
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where the multiplicative constant only depends on d, 8, k,p,q,a, ||W||W(2k)v(k+d+1),oo(]Rd), and
on ”/%HWF’W((z)P)-

The convergence to equilibrium stated in item (i) is well known: it was proven for instance by
Bolley, Guillin, and Malrieu [9] in the Langevin setting (see also |71, 59, 11] for earlier results), and
their elementary coupling argument is immediately adapted to the Brownian setting as well. For
corresponding results relying on convexity rather than on smallness of the interaction, we refer to [76,
57] in the Langevin setting, and to [71, 72, 20, 21, 22] in the Brownian setting. Perturbations of the
strictly convex case have also been investigated e.g. in [8, 15, 46].

Regarding the ergodic estimates stated in item (ii), in the Brownian setting, they easily follow from
classical parabolic theory [50, 51]. In the periodic case with A = 0, such estimates can be found in [18,
Lemma 7.4] on the space L>(T%), and in [35] on the space W~%!(T9) with 0 < k < 2. Those results
are easily generalized to the case of a nontrivial confinement in the whole space R, and they can be
checked to hold on the space W"4((z)P) for all 1 < ¢ <2, k> 1, and 0 < p < 1. We emphasize in
particular that they also hold on the unweighted space W~=%1(R%) for all k& > 1. We skip the detail as
it is similar to [35]. Note that the control of higher-order correlation functions indeed requires ergodic
estimates in Sobolev spaces with arbitrary negative regularity k > 1.

The main challenge is to obtain the corresponding ergodic estimates in the kinetic Langevin setting,
where parabolic tools are no longer available due to hypocoercivity. This has been a very active area of
research over the last two decades and it is the focus of the rest of this section. In the PDE community,
the convergence to equilibrium for linear kinetic equations was first studied in [58, 60]. General hypoco-
ercivity techniques were developed in [87, 37, 38|, where the linear kinetic Fokker—Planck equation
served as a prototypical example and where the exponential convergence to equilibrium was obtained
both on the spaces L2(M~1/2) and H*(M~1/?). Combining hypocoercivity techniques with so-called
enlargement theory, Gualdani, Mischler and Mouhot [53, 74| later obtained corresponding estimates
on larger spaces. While ergodic estimates in the Brownian setting hold on W—%1(X) for all £ > 1,
hypocoercivity techniques in the kinetic Langevin setting actually require working on weighted spaces
W=k4((2)P) with integrability exponent ¢ > 1 and with p > 0. More precisely, enlargement theory as
developed in [74] leads to estimates on W~k4((2)P) for all ¢ > 1, k € {—1,0,1}, and for large enough
weight exponents p > 1. Yet, it is critical for our concentration results in Theorem 1.2 to be able
to cover arbitrarily small p > 0 when the integrability exponent ¢ is close enough to 1. This has led
us to revisit and partially improve the work of Mischler and Mouhot [74]: our ergodic estimates are
proven to hold for all ¢ > 1 and p > 0 under the sole restriction that pg’ be large enough, which is
of independent interest. In addition, the control of higher-order correlation functions requires to cover
arbitrary negative regularity k£ > 1.

Remark 3.2 (Periodic setting). As mentioned in the introduction, cf. Remark 1.5(b), the above
result can essentially be adapted to the corresponding periodic setting on the torus T¢ with A = 0, but
some special care is then needed in the Langevin setting. Indeed, the nonlinear hypocoercivity result
available in that case is slightly weaker, cf. [88, Theorem 56|: it only yields a convergence rate ¢~
in (3.4), thus leading to a similar decay rate t~°° instead of exponential in (3.6). Fortunately, the
resulting non-exponential estimates are still enough to repeat the proofs of Theorems 1.1, 1.2, and 1.3,
which can be checked to hold in the very same form.

3.1. Exponential relaxation for modified linearized operators. We focus on the proof of the
ergodic estimates of Theorem 3.1(ii) in the kinetic Langevin setting (1.23), while the same arguments
can be repeated and substantially simplified in the Brownian setting. We start by considering the
following modified version of the linearized operator L,, defined in (3.2), where we remove the (compact)
convolution term: given a measure p € P(X), we define for all h € C°(X),

Ryh = 3divy((Vy + Bo)h) —v - Voh + (VA+ VW * ) - Vyh. (3.7)
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Given po € P(X), s > 0, and hy € C°(X), recalling that u; := m(¢, uo) stands for the solution of the
mean-field equation (1.7), we consider the following (non-autonomous) equation,

Othy = Ry, h, fort > s,

ht‘t:s = hs.
It is easily checked that this linear parabolic equation is well-posed with h € Cioc([s, 00); L2(M~1/2))
whenever the initial condition hs belongs to L?(M~'/2). We then consider the associated fundamental
solution operators {V; s }+>s>0 on L2(M_1/2) defined by

ht = V;ﬁ,sh&

Note that fX Vishs = fx hs for all ¢ > s. We establish the following exponential convergence result to
the steady state.

(3.8)

Proposition 3.3. Let kg be as in Theorem 3.1(1) and let k € [0, ko). There exists a constant A9 > 0
(only depending on d, B,a, and [[W||y1,.00may), such that the following holds: given 1 < ¢ < 2 and
0 <p <1 with pg >pq1 large enough (only depending on d, 3, a), we have for all X € [0, Xo), k >0,
hs € C(X), andt > s >0,

Hvt,shs_M/hs
X

where M is the unique steady state given by Theorem 3.1(i), and where the multiplicative constant only
depends on d, B, \, k,p, q,a, and [|W ||y krasi,00(ray-

o € P9

SI/V,IB)\,I@,P#, |thW_k’q(<Z>p)7

W=k ((z)?)

As stated in Theorem 3.1(i), recall that the mean-field evolution (1.7) has a unique steady state M
for k € [0, ko], which can actually be characterized as the unique solution of the fixed-point Gibbs
equation

M (z,v) = cprexp [—ﬁ(%]vﬁ + A(x) +/£W*M(a?)>], (x,v) € X,

where ¢y is the normalizing constant such that [; M(z,v)dezdv = 1. Note that this fixed-point
equation has indeed a unique solution provided that rB|[W|[;«gay < 1. In order to prove Propo-
sition 3.3, we shall first establish the exponential decay on negative Sobolev spaces with this Gibbs
weight M, that is, the exponential decay on the smaller spaces H_k(M_l/Q), and next we shall appeal
to the enlargement theory of Gualdani, Mischler and Mouhot [53, 74| to conclude with the desired
result on W~F9((2)?). Here, for all k > 0, the space H*(M~1/?) is defined as the weighted negative
Sobolev space associated with the dual norm

HhHH*k(Mfl/Q) = sup { /Xhh/Ml : Hh,”Hk(M*1/2) = 1}, (39)
where H*(M~1/2) is the standard weighted Sobolev space with norm
1
HhHHk(M—l/Z) = sup HV;V%}LHL%M—l/?)a HhHL2(M—1/2) = (/ ‘h|2M_1> g
0,520, i+5<k X

Note that the treatment of the weight in the definition of those weighted spaces differs slightly from the
one in the definition of W=*4((2)P), cf. (3.3), but for convenience we stick to this slight inconstistency
in the choice of definitions.

In order to appeal to enlargement theory, we start by introducing a suitable decomposition of the
operator R,. Let a cut-off function x € C2°(X) be fixed with x(z) =1 for |2] < 1, and set

r(2) = x(2). (3.10)
In those terms, let us split the operator R, as follows,
R, = A+ B, (3.11)
Ah = Axgh,
Buh = Ldiv,((Vy + Bv)h) —v- Vih+ (VA + VW x p) - Voh — Axgh,
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for some constants A, R > 0 to be properly chosen later on (see Lemmas 3.5 and 3.6 below). Let us
denote by {W; s }+>s>0 the fundamental solution operators for the (non-autonomous) evolution equation
associated with B,,: for all s > 0 and hs € C°(X), we define hy = W sh, as the solution of

8tht = Bﬂtht7 for t Z S,
ht’t:s = hs-

Again, it is easily checked that this equation is well-posed with h € Cioc([s, 00); L2(M~/2)) whenever
hs € L2(M_1/2). Our proof of Proposition 3.3 is based on the following three preliminary lemmas, the
proofs of which are postponed to Sections 3.3, 3.4, 3.5, and 3.6 below.

Lemma 3.4 (Exponential decay on restricted space). Let kg be as in Theorem 3.1(i) and let k € [0, ko).
There ezists a constant Ay > 0 (only depending on d, B, a, and [|[W||y1.00ray), such that the following
holds: given \ € [0, A1) and k > 0, we have for all hs € CX(X) and t > s >0,

H‘/t,shs - M/ hs
X

where the multiplicative constant only depends on d, B, A\, k,a, and |[W||yk+2,00 (ma)-

ef)\(tfs)‘

<
Hik(Mil/Q) NW’ﬂ7)"kaa ‘hs”H_k(M71/2)7

Lemma 3.5 (Exponential decay for modified operator). Let ko be as in Theorem 3.1(i) and let k €
[0, ko). There exists a constant Ay > 0 (only depending on d,,a, and [|[W|ly1.00raey), such that the
following holds: given 1 < g < 2 and 0 < p < 1 with pg’ >p, 1 large enough (only depending on
d, 8,a), choosing A, R large enough (only depending on d, 3,p,a, and |W |ly1,00(ray), we have for all
A€ 0,X2), k>0, hg € CX(X), andt > s >0,

W shsllw-raqzyry  Swsakpga € hsllw-ragzm), (3.12)

IWeshsllr-rar-1/2) Swipakmaa € sl goriar-1/2)s (3.13)
where the multiplicative constants only depend on d, 8, A\, k,p,q,a, and ||[W |[yyri1,00 (a)-

Lemma 3.6 (Regularization estimate). Let kg, A2 be as in Theorem 3.1(i) and Lemma 3.5, respectively,
and let k € [0,kg]. There is some n > 1 large enough (only depending on d) such that the following
holds: given1l < ¢ <2 and 0 < p <1 withpq' >3, 1 large enough (only depending on d, 3, a), choosing
A, R large enough (only depending on d, 3, p,a, and HWHWl,oo(Rd)), we have for all X € [0, \2), k >0,
hs € C(X), andt > s > 0,

/< < <5 <t ’|AWt7SnAWSn,Sn—1 .. AWshsthH—k(MfUQ) dsl . dSn
S§XS81%.. S80S

Swakpga € P | Bsllw—ra(zy);
where the multiplicative constant only depends on d, B, A, k,p,q,a, and |W ||y krdi1.00 ray-

With those lemmas at hand, we are now in position to conclude the proof of Proposition 3.3 based
on the enlargement theory of Gualdani, Mischler, and Mouhot [53, 74].

Proof of Proposition 3.3. Let A1, Ao be defined in Lemmas 3.4 and 3.5, respectively, and let 1 < ¢ < 2,
k> 0,and 0 < p < 1 with pg’ > 1 large enough in the sense of Lemmas 3.5 and 3.6. We note that
the space H*(M~1/2) is continuously embedded in W~%4((z)P): by definition of dual norms, we find
for all h € C*(X),

[Pl w—ra(zyp) Swiska Il —rar-1/2, (3.14)
where the constant only depends on d, 8,k,a, and [[W /||y k.cora). In this setting, we can appeal to

enlargement theory to extend the estimates of Lemma 3.4 to W~%4((2)?): by Lemmas 3.4, 3.5, and 3.6,
we can apply |74, Theorem 1.1] and the conclusion precisely follows. For completeness, we include a
short proof of enlargement as the present situation does not exactly fit in the semigroup setting of [74].
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Starting point is the following form of the Duhamel formula: based on the decomposition (3.11), the
fundamental solution operators {V; s }o<s<¢ can be expanded around {W; s bo<s<¢ via

t
‘/;‘,,S = Wt,s +/ ‘/t’uAWu7S du.

By iteration, we get for all n > 1,
n t ' t
wfwm+z/wMM%ﬂw/wwwmm,
4 Js s

where we have set for abbreviation, for all 7 > 1 and 0 < 59 < 55,

(AW)s],so = /(R+)j—1 AWS].75].71AWSJ.717SJ.72 .o AWshso 1150§51§_._§5j d81 oo de—l‘

Given h, € C$°(X), taking norms, applying the exponential decay of Lemma 3.5 for {W s}o<s<: on
the space W_kq(< )P), noting that A is bounded on W="9((2)P) and that | [5 k| Skp.q [l —£.a(zyp)
provided pqg’ > 2d, we get for all n > 1 and A € [0, Ag),

H% M/ —Hvt M/ms
) qu

S,W,B,/\,k,p,q,n,a (1+( - ) )6 PA(t=9) ”h ||W k.a((z)p)

qu<>)

du.

t
Ve AW e =1 [ (AW
’ X ’ W=ka((z)r)

In order to estimate the last right-hand side term, we recall the embedding (3.14), we use the exponen-
tial relaxation of Lemma 3.4 for {V; s}o<s<; on the space H_k(M_1/2), and we use the regularization
estimate of Lemma 3.6 for n > 1 large enough (only depending on d): for A € [0, A\; A A2), this leads
us to

[Vih - M/

t
SJW,B,A,k,p,q,a (1 + (t— S)n)eip)\(tis)||thW—kv<1(<z>p) +/ 67)\(1‘/7“)H(AW)Z,sthka(Mfl/?) du

SW,ﬁ,)\,k,p,q@ (1 + (t - S)n)e—p)\(t—s) ||h8||W*k"1(<z)P)7
and the conclusion follows with A\g = A1 A Ag. U

W—k.a((

3.2. Proof of Theorem 3.1(ii). In this section, we establish Theorem 3.1(ii) as a consequence of
Proposition 3.3. As a preliminary, we start by noting that the convergence of the mean-field evolu-
tion (1.21) to equilibrium as stated in Theorem 3.1(i) also holds on the spaces W =%4((z)P).

Lemma 3.7. Let ko, Ao be as in Proposition 3.3 and let k € [0,kg]. Given 1 < ¢<2and0<p<1

with pq’ >3, 1 large enough (only depending on d, 3,a), the mean-field evolution (1.21) satisfies for
all A €[0,X), £>0, o € PNCE(X), and t >0,

Im(t, po) = Mllw—raqzyp) SWsAkpae € P lollw—ka((zr),
hence, in particular,
Hm(t,uo)HW,k,q(@p) SWB A kpg.a H/’Louwfk,q(@)p), (3.15)
where the multiplicative constants only depend on d, B, A\, k,p,q,a, and |]W|]Wk+d+1,oo(Rd).

Proof. The mean-field equation (1.7) for p; := m(t, o) can be written as Oym(t, po) = Ryu,m(t, po),
which entails m(¢, uo) = Viopo, and the conclusion then follows from Proposition 3.3. O

With the above estimate at hand, we can finally conclude the proof of Theorem 3.1(ii) in the
Langevin setting.
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Proof of Theorem 3.1(ii). By a standard approximation argument, it suffices to consider f, € C2°(X)
and r € CP°(RT x X), with [; fo = 0 and [y r; = 0 for all ¢. In that case, the well-posedness of the
Cauchy problem (3.5) is standard and it remains to establish the stability estimate (3.6). In terms
of the modified linearized operator R, defined in (3.7), setting p; := m(t, jto), equation (3.5) can be
reformulated as

Oufe = Ry, fo + k(VW x fi) - Vg + 14,

hence, by Duhamel’s formula,

t
fo="Viofo + / Vus(n(VW 5 13) - Vopus + 7“5) ds.
0

Appealing to the exponential decay of Proposition 3.3 for {V; ¢}¢>s>0 with fX fo =0 and fX re = 0,
noting that for pg’ > 2d we have

(VW fs) - Vo pas|lw—r.a((zye
Sk W follwmeo x 1 sl lw—k.a ey

Sk W llwakoomay | fsllw—ra(zyry 1s w1 —ra( 2y

and further appealing to the a priori estimate (3.15) in Lemma 3.7 above, we deduce for all A € [0, Ag)
and k> 1,

t
| fellw k() SWipakpagams 1follw—ra(ze) +/O 6pAS(||fs||wfk,q(<z>p) + ||TS”W*’“‘1((Z>P)> ds.

The conclusion follows from Gronwall’s inequality. [l

3.3. Proof of Lemma 3.4: ergodic estimates with Gibbs weight. This section is devoted to the
proof of Lemma 3.4. We start by considering the standard kinetic Fokker—Planck operator

Ryrh = 3divy (Ve + Bo)h) —v - Vih + (VA + kVW x M) - V,h.

The exponential relaxation of the associated semigroup {e* }4~o on L2(M~1/2) was established in the
seminal work of Dolbeault, Mouhot, and Schmeiser [38] based on hypocoercivity techniques. We post-
process this well-known result to further derive estimates on Sobolev spaces with arbitrary negative
regularity. For that purpose, we appeal to a duality argument and argue by induction using parabolic
estimates.

Lemma 3.8. Let ko be as in Theorem 3.1(i) and let k € [0, ko|. There exists Ay > 0 (only depending
on d,B,a, and [[W|y1.00x)) such that for all A € [0, A1), t > 0 and h € C°(X),

tR — At
He Mp — M/XhHH—k(M—l/Q) SW,,B,k,a e HhHH*k(M—lm)? (3.16)
where the multiplicative factor only depends on d, B, k,a, and [|[W ||y kr1,00 (a)-

Proof. We set for abbreviation my;h := h — M [y h, and we note that [, e™h = [ h for all t > 0.
By definition of dual norms, cf. (3.9), also recalling the definition of the steady state M, it suffices to
show that there is some A\; > 0 such that for all k > 0, A € [0, A1), t > 0, and h € C°(X) we have

Hﬁf/[etRRIhHHk(M—l/a Swska e_/\tHh”H'v(M—I/Q)a

where R}, stands for the dual Fokker-Planck operator
Riyh = 1div,((Vy + Bv)h) +v - Vih — (VA+ VW % M) - V,h. (3.17)
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We shall actually prove the following more detailed estimate, further capturing the dissipation: there
is some A\; > 0 such that for all £ > 0, A € [0, A1), t > 0, and h € C°(X) we have

t 1
Mlrdre Sl s agoarny + ([ T+ B0 By d5)
0
Swspka [0l ey (3.18)
We split the proof into two steps.

Step 1. Case k = 0: there exists Ay > 0 (only depending on d, 3, a, and |[|[W|[y1.0(x)) such that for
all ¢ > 0 and h € C(X),

HW]J\_/[etRRIhHLQ(M—l/?) SW,B,a fht””ﬁh”L?(M—l/?)- (3.19)
This was precisely established by Dolbeault, Mouhot, and Schmeiser in [38, Theorem 10].

Step 2. Conclusion: proof of (3.18).
Given h € C°(X), we set for shortness J;"7 : VO‘VZWJ- etfiarhy for multi-indices o,y € N¢. By
definition, it satisfies

OJ; =Ry, T+, fort >0
- / =Y 3.20
L e, (3:20)
where the source term 7;"” is given by
réY = [VoVY, Ry |mietfah, (3.21)

On the one hand, by Duhamel’s formula in form of
t
J = vV (nigh) —I—/O et B0y g,

the exponential decay (3.19) yields

t
1T 2 vr-172) Swisa 67/\”’\ngl(ﬁﬁh)HL?(Mflﬂ) +/ e M=) |0 lL2u-1/2yds. (3.22)
0

On the other hand, integrating by parts, the energy identity for equation (3.20) takes the form

at||‘]ta7’y||i2(M—1/2) = /Jtafy(R* JQV)M _{_Q/XJE‘W,F?»’YM—I

A

~(Vo + B0V T NE 2 ag-172) + 20T Nzar-1y g 2 ag 12y (3.23)

Regarding the dissipation term in this last estimate, we make the following observation: integrating
by parts and using V,M ! = BoM~!, we find for all f € C*(X),

/ VoM = - / M (Vo + B0) - Vo)
X X
- - / M f dive (Y, + B0)f) + Bd / P
X X
= /(Vv+ﬁv)f|2M‘1+ﬁd/ |fIPM L (3.24)
X X

Using this to replace half of the dissipation term in (3.23), we get

NI 2 agrrmy + 3 (10T o agviny + (Vo + B0 g1

d 3 bl ’
< BT e gg-rsey + 21T ez qar-rrmy I 2 gar-1r2),
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and thus, by Gronwall’s inequality, for all A > 0,

sup ( 2>\5||JCYW

t
2 Y112 Y12
e, B + /0 e (VT B qursey + (T + B0) I8 22 172y ) s

t 2
55,)\ HV%VZ(mﬁh)Hiz(M,l/z) + <A )\er NHLQ M-1/2) ds) —|-/0 2)\5HJ0¢,’Y ds.

Now using (3.22) to bound the last term, we obtain for all 0 < XA <\ < Aq,

L2(M—1/2)

sup (62A5||Ja,7

t
2As a7y (|2 a,y (|2
e, 2o + /0 2 (IIVu 2 22 3172y + (T B0 Ry ) s

t , 2
SW,/J’,A,X,a ||V3VZ(7TJJ\7[h)Hi2(M71/2) + (/0 6/\8\|?”?’7HL2(M71/2) ds) .

By definition of R}, cf. (3.17), the source term r®7 defined in (3.21) takes the form

r7 = Z <’Y>Ja+e“7 €4 Z (3/) <3,> Vi*a/vg—v(gv — VA - kVW % M) 'vtha/,w?

e <y (e ¥")<(ay)
so the above yields for all 0 < A < X < Ay,

sup (62)\5 (| J&||?

t
+ [ IV I ooy + (Vo + BO) TS 20010 ) ds
s i)+ | (VT2 ny + 1T+ B0 a1

< 2>\'8HJ06+6i77—€z‘ 2
s

SwaNama IVEVI(marh)[F2y-12) + max sup ”LQ(Mfl/Z))

1:ei <Y 0<s<t

t
2)\'s T
T @t 7)/0 IV i g2y A

A direct induction then yields for all o,y >0, A € [0, A1), and ¢ > 0,

t
I ey + [ (90T gy + 1T+ B0 a0 ) ds

Swonana IVEVIE Pagrua)
Recalling J;7 = VO‘V%TL e!fa b and T Th=h—-M fX h, this proves the claim (3.18). O

With the above exponential decay for the Fokker—Planck semigroup, we can easily conclude the
proof of Lemma 3.4 by means of a perturbation argument.

Proof of Lemma 3.4. Let Ag, A1 be as in Theorem 3.1(i) and in Lemma 3.8, respectively. We split the
proof into two steps.

Step 1. Proof that for all k >0, A € [0, \g A A1), t > s >0, and g; € C°(X),

NN Vasmargall v ar-12) Swpaka 195l a-rairz). (3:25)

Duhamel’s formula yields

t
V;t,sﬂ'J\Ldgs = e(t_S)RMWf/IQS + I{/ et s ((VW * (py — M)) - Vv(vu,sWJ\L/fgs)) du,

and thus, for all h; € C2°(X), integrating by parts and using 7TJ‘ thy — otRum Trj/l,

/(V},Smﬁgs)htM_l = / (e (t=s)R MWMht)gsM_
X X

— ,L;/: </X (Vo + Bv)el Mht) (VW s (g — M))(Vu,sﬂj\%[gs)M_l) du.
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Applying the exponential decay estimate (3.18) of Lemma 3.8, and taking the supremum over hy
in H*(M~1/2), we deduce for all k > 0, A € [0, A1), and t > 0,

N INVesmargsll -2y Swaka I9slla-ri-1r2)

t
([ PO INVathigu By a1 IVW ¢ = M) By )

N

Now, by Theorem 3.1(i), we have

IVW % (e — M) | yrroo gy Swik Walpe, M) Swipa € Wa(pio, M), (3.26)
and the claim (3.25) then follows from Grénwall’s inequality.
Step 2. Conclusion.

It remains to replace V; 5737 by m1; Vi s in the result (3.25) of Step 1. For that purpose, let us decompose

W]J\_/[V;f,sgs = ‘/t,sﬂjj\_/[gs + (/ gs>rt,s> Tts ‘= W]J\_/[‘/t,sM- (327)
X

By definition, r; s satisfies
8137"15,3 = RMW,sM + R(VW * (Mt — M)) . Vyw’sM
= Ruyris + (VW s (ug — M)) - Vyry s + (VW x (uy — M)) - VM,
with ¢ g|t=s = 0. By Duhamel’s formula, this yields

¢
Tis = Ii/ Vt,u(VW*(/Lu—M)-VUM) du.

Applying the relaxation estimate (3.25) of Step 1, and using Theorem 3.1(i) again in form of (3.26),
we deduce for all £ >0, A € [0, \g A A1), and t > s > 0,

HTt,s”H—k(Mfm) SW.BAka e N

Together with (3.25) and (3.27), this yields the conclusion (up to renaming A;). O

3.4. Proof of Lemma 3.5 on W~%4((2)P). This section is devoted to the proof of (3.12). Instead
of ()P, we shall consider deformed weights of the form w? in terms of

w(x,v) = 1+B(%|v\2+a\x|2+m}-v>, (3.28)

where the parameter 0 < < 1 will be properly chosen later on. We naturally restrict to n < %\/6,
which ensures

w(w,v) ~p,4 ()2
Note that those weights differ from the choice used in [74]| and are critical for the improved result
we establish in this work. We define the weighted negative Sobolev spaces W ~%4(wP) exactly as the
spaces WR4((2)P) in (3.3), simply replacing the weight (2)? by wP in the definition. Comparing w
and (z)2, the definition of dual norms easily ensures for all h € C°(X),

Al —ra((zy2p) =B kpa Rllw—ra(r)- (3.29)

For a densely-defined operator X on LI(wP) := W%4(w?), we denote by X*P its adjoint on LY (X) with
respect to the weighted duality product (g, h) — fX ghwP: more precisely, X*P stands for the closed

operator on L? (X) defined by the relation

[t = [ g

X
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In particular, for u € P(X), we consider the weighted adjoint B,;” of B, which takes the explicit form
Bih = Ak +v-Voh— (580 + VA+ kYW # i = w PVl ) - Ty
+ <%w*pAva +w Py VP — w’p(%ﬁv + VA + kVW % ,u) - Vpw? — AXR) h. (3.30)

By the equivalence of norms (3.29) and by the definition of dual norms, it suffices to prove that there
issome 0 < n < % a and some Ay > 0 (only depending on d, 3, a) such that the following result holds:
given 1 < ¢ < 2 and 0 < p <1 with p¢’ >3, 1 large enough (only depending on d, 3, a), choosing
A, R large enough (only depending on d, 3,p, a, and |[W|ly1,0(ray), if g € C([0,]; L7 (X)) satisfies the
backward Cauchy problem

= -B;* <s<
{ 0s9s B, gs, for0<s<t, (3.31)
gs|s:t = Gt,
for some t > 0 and ¢g; € C°(X), then we have for all A € [0,\2), £ >0, and 0 < s < ¢,
||Qs”wk,q’(x) SW.aAkpa.a eiA(tis)HgtHkaq’(x)' (3.32)

We split the proof into two steps, starting with the case k = 0 before treating all k£ > 0 by induction.

Step 1. Proof of (3.32) for k = 0.
By definition of B,;” and by integration by parts, we find

Osllgslly ey = _q//x 95195 B}F 95
— Lo —1 q’—QV 2 q "wPy .V P _ o P(L VA VW - Vpw?
50 = 1) [ 19517 2IV0gsl® = [ 19l (¢ v Vi = qw P (380 + VA+ VW 5 1) - Vow
X X

—¢'Axg + %q’w_pAva + % — divv(w_pvva)).

Now inserting the form of the weight w and explicitly computing its derivatives, we get after straight-
forward simplifications,

Ol ) = 4 = 1) [ Lo 19,0

/ _ _ _1
+/ |gs|? (pq’6(§ —n(1+ 5287w o|? + 2an8pg'wz > — B + ¢ (Axr — Cwpaw 2)>.
X

We show that we can choose our parameters in such a way that the last bracket be bounded below by
a positive constant, which is the key to the desired exponential decay. More precisely, choosing

n:=min {18(1+ -7 $va},  4x :=min{iB, 2},

we get
Ol ) = b = 1) [ Lo #1900
+ /X 95|17 (4pq’5/\2w’1(%!v!2 +alz?) — 8 + ¢/ (Axr — Cw,/s,aw’%))
As the choice n < %+/a ensures 3|v|* + a|z|> > %(w — 1), this actually means

/ ’_ / _1
sl g5l ) = 340 = 1)/X!gs\q Z\Vygs\QJr/X\gslq (2pq’)\2 — 5+ 4 (Axr — Cwpaw 2)).

Now, recalling the definition of the cut-off function xr, we note that we can choose A, R > 0 large
enough (only depending on d, W, 8, p, a) such that

1

AXR - CVV,/B,aW_é > _%p)\Z-
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Provided that pg’ > 23d\; ", we then obtain

el = 30 = 1) [ 1072190+ pa el (3.33)

hence, by Gronwall’s inequality,

< ePRlt=9)| g, (3.34)

HQSHLq’(X) ”L‘l'(x)’

that is, (3.32) for k£ = 0.

Step 2. Proof of (3.32) for all k£ > 0.
For multi-indices o,y € N%, we set J&7 := V2V7g,. Differentiating equation (3.31), we get

05 JsV = —BP IS —rg? ) for 0 < s <t,
ng‘s:t = ngzgt,

where the remainder is given by
rgt = [VaVy, B lgs
Repeating the proof of (3.33), for the choice of 1, A2, A, R in Step 1, we get

e 2 29 /’JM

and it remains to analyze the last contribution. By definition of Bu’p , cf. (3.30), we can compute

SIS Dl AP
€

oull e 02|y, Jo 2

o el TN, / TN 2 ge,e (3.35)
X

LY (X)

ire; <y
— Z (z]) (::/) div, [,];l’:y’ Vg*a’v;yf'y/ (%57) + VA+ kYW # p — w*pvva>}
(o ") <(ay)
o o, a—a’ . _
+ " g;( )<a’> <7>J v VeTevyT ( TPAWP + w Py - VawP — divy(w pvva)
oy a,y

wP(ABv+ VA+KVW %) - VP + B2 AXR)- (3.36)

Integrating by parts, this allows us to estimate

max

oo + o e I )

q max / | J&T
(o) <(eyy)

Inserting this estimate into (3.35) and appealing to Young’s inequality to absorb V,J%7 into the
dissipation term, we are led to

[ 2 S 1 (max e
X (X) \ize; <y

I gV T2,

OIETE ) = PORITE Iy ) = (PO al 202 (a1 2y )

o' )< (a,
~ Cwpanall 2y x>< max [T g +(a'7§%i}({am 19 ey )
Further appealing to Young’s inequality, we get for all A < Ao,
AT e = PAAITE N
= Cugnanpaa o [TV o max I ),
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and thus, by Gronwall’s inequality,

!
epq/\ (t—s) HJa,'y ”q

t Le (X)

t
g’ M(t—u) ate;,y—e; oy
+/s ‘ <fﬁax I oo+ (B 17 15 <x>)d“'

gy
Lq (X) NW7ﬁ7A7047’Y7p7q7a ”vxv

Iterating this inequality and starting from the result (3.34) of Step 1 for JI = g, the conclusion
follows. O

3.5. Proof of Lemma 3.5 on H—*(M~'/2). This section is devoted to the proof of (3.13). Taking
inspiration from the work of Mischler and Mouhot [74, Section 4.2|, we consider deformed weights of
the form M ~1¢ with the factor ¢ given by

((z,0) =143 (1 ; n’;‘Q v T ’U|2> (3.37)

where the parameter n > 0 will be properly chosen later on. Note that for any n > 0 we have

1 3
3 <(¢< 5.

In these terms, we define the weighted negative Sobolev spaces H *(\/M~1¢) exactly as H—*(M~1/?)
n (3.9), simply replacing the weight M~ by M~ in the definition. Comparing M !¢ to M~ the
definition of dual norms easily yields the equivalence, for all h € C°(X),

Vollr-a-r2y e WAl gy (3.38)

For a densely-defined operator X on L2(y/M~1(), we denote by X*¢ its adjoint on L?(\/M—1¢) with
respect to the weighted duality product (g, h) — fX ghM~1¢: more precisely, X*¢ stands for the closed

operator on L2(1/M~1¢) defined by the relation

/g(Xh)Mlg = /h(X*’Ch)Mlg.
X X

By the equivalence of norms (3.38) and by definition of dual norms, it suffices to prove that there is some
0 <7 < land A2 > 0 (only depending on d, 3, a, and ||[W ||yy1,0 (ra)) such that the following result holds:
choosing A, R large enough (only depending on d, 3, a, and ||W/|ly1,00(ra)), if g € C([0,1]; L2(M~1/2))
satisfies the backward Cauchy problem

{ 0s9s = Buysggs’ for 0 < s <, (339)
gs|5:t = Gt,
for some t > 0 and ¢g; € C°(X), then we have for all A € [0,\2), k>0, and 0 < s < ¢,

||9sHHk(M—1/2) SW,BAka e_/\(t_s)||9t||Hk(M—1/2)- (3.40)

We split the proof into two steps, starting with the case k = 0 before treating all £ > 0 by induction.

Step 1. Proof of (3.40) for k = 0.
By definition of B, and by integration by parts, we find

s IIQSIILQ(ﬁ) Q/XQS(B;L;CQS) M™I¢ = —2/ng(3usgs)M1C
= [ WA+ | |gsr2M*1(i<|/3v\2+<VA+WW*MS>'VU<—U-W<

+ 28xRC — B¢+ KBC - (VW (s — M)) = [V /). (3.41)
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We show that we can choose parameters in such a way that the last bracket be bounded below by a
positive constant, which is the key to the desired exponential decay. By definition of (, cf. (3.37), and
by Young’s inequality, we find

LC|BuP + VA V¢ —v-Vy(

1 |z - (z-v)
1 2(1 2 1 1
= 1y <2§5 - >+a — (an™"—3n)
L+ Bal + &) 1 a2 + £l (1+ 3zl + g5]v])?
1+an? |z
> L2 ig2 — 114
- <4ﬁ 1+g|x|2+%|vlz 2 1+%|x|2—|—%|v|2

PN

14 2an—? _ 1
> 1\@\2( 5 - >+a77 1<1— >
2 1+ glz)? + 55| 1+ glz]2 + 552

Inserting this into (3.41), and further using |V,¢| < n7!(z)~!, we obtain

ol g = 19V a0

+ /X |gs|2M_1 <a77_1 - CW,,B,@ + AXR + %|BU|2(1 - 77_3<z>_2CW,,B,a) - CW,,B,an_2<Z>_1> .
Noting that the dissipation term can be bounded below as
IVo(V M7 = GICPIVo(VM~1g) P = 2|V,¢Plg M~
> 4l(Vo+ 50)gP M = O3 ()PP,
the above becomes
Oulosl2., iz, = T+ 50052012
+ /X lgs[*M 7 (anfl — Cwpa + Axr + 15l Bu* (1 = 17%(2) *Cwipa) — Cw,ﬁ,aﬂ72<2>*1>'
Now let us choose 1 := %acgvlﬁ .» and note that, by definition of the cut-off function x g, we may then
choose A, R > 0 large enough (only depending on d, W, 3, a) such that
Axr + 15180 (1= 07(2) 2Cwipa) — Cwpan *(2) 7" = g5080° — jan™.
Further setting Ao := %an_l, this choice leads us to
2 1 B 2 1 2 2
85”95HL2(\/1F1C) > §”(Vv + 5”)98”1,2(]\/171/2) + EHBUQSHL%M%N) + 2)‘2”98HL2( M) (3.42)
In particular, by Gronwall’s inequality,
9sllL2ar-172) < t‘/’_AQ(t_S)”91‘/||L2 M—1/2)s (3.43)
( ) ( )
that is, (3.40) for k = 0.

Step 2. Proof of (3.40) for all k.

For multi-indices a,y € N%, we set Jo7 := V&V3gs. Differentiating equation (3.39), we get
0sJs = —Bz’fJfw —7rg?, for0<s<t,
Jg”y’s:t - ngggt,

where the remainder is given by
e = VeV, Byflgs.
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Repeating the proof of (3.42), for the choice of 1, A2, A, R in Step 1, we get
I, e > HI(Tat 3002 By + 108 iy + 20200 e
-2 / JEreY M, (3.44)
X

and it remains to analyze the last contribution. By definition of B,,, the weighted adjoint B;’C takes
the explicit form

Bih = §Auh+v-Voh+ (§v = VA= hVW s p+ 19,C) - Vi
(%4 D0 — 0 (VW x (= M)
+ L0 Vo + L(So— VA kYW 5 4) VUC—AXR)h,
and we may then compute

* Y
ot = v = % (]

iei<y N

> JOH‘eiv’Y_ei
S

+ Z <§/) (3,) vg_a’vg_'}/l <§U — VA — KJVW * L + %vvg) . VUJ?/VY/

(') <(ayy)

> <§'><7>Jwvaawv<ﬁd+ a¢ Dol = Kfv - (VIV o (u = M)

(') <(ayy)

+ 10 Vol + L(Bo— VA~ kYW  p1) -vvg—AXR),

from which we easily estimate

/XJCWT TM™C Swpama (”J;JWHLQ(, /m-ig) T VoIS L2 ar-172) + (B0 |L2(M*1/2)>
X Ja+e’bz'y € -~ Ja/’ﬁ/ -~ ) .
(lnewgfy I ILz(ar-1/2) +(a,ﬁrg§>(<w)ll & L2z

Inserting this into (3.44), and appealing to Young’s inequality to absorb J*7, V,J%7 and SvJ*" into
the dissipation terms, we deduce for all A < Ag,

Ol TSN sirrey = 2 s
_ atej,y—ei||2 o' (2
Cw,ﬁvx,a,v,a(i{gg 175 learrrmy + , max s IILz(M-l/z)),

and thus, by Gronwall’s inequality,

62)‘(tfs)||<]g’7||iz M-1/2) Swisrama Ve VugtHL? (M~1/2)

2)\(15 U)( ate;,y—e; a/77/ 2 )
—|—/s ZHelaX ||J ||L2(M*1/2) +(o¢’,7r%i}({a,v) ”‘]u ||L2(M*1/2) du.

Iterating this inequality, and starting from the result (3.43) of Step 1 for JH0 = gs, the conclusion
follows. .
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3.6. Proof of Lemma 3.6. In this section, we appeal again to duality but we shall use a slightly
different notation than in Section 3.4: for a densely-defined operator X on L?((z)?) we now denote by

X*P its adjoint on qu(X) with respect to the weighted duality product (g,h) — [ gh(z)P. In other
words, we use the same notation as in Section 3.4 for X*P but now with the weight w replaced by (z).
We consider in particular the weighted adjoints {W:’Sp}tzszo of the fundamental operators {W; s}i>s>0,

and we note that for all £ > 0 and g; € C2°(X) the flow g, := W, Fg; is such that g € C([0,]; LY (X))
satisfies the backward Cauchy problem

{ dsgs = —BjPgs, for 0 <s <t,

Goloct = i (3.45)

where B,;? is the weighted adjoint of B,,. This operator B,,” takes the explicit form (3.30) with w now
replaced by (z). The proof of Lemma 3.6 ultimately relies on the following result.

Lemma 3.9. Forallk>0,0<p<1,0<t—s<1, and g € C>(X), we have

X _3
WL gt grss ) Swiska (8= 8) 72 gl ey, (3.46)
where the constant only depends on d, 8, k,a, and |W||yk+2,00 (ma)-

We postpone the proof of this result for a moment and start by showing that Lemma 3.6 follows as
a straightforward consequence.

Proof of Lemma 5.6. We start by applying the interpolation argument of |74, Lemma 2.4]: thanks to
the exponential decay estimates of Lemma 3.5, it suffices to find some 6§ > 0 (only depending on d)
such that forall 1 <¢ <2, k>0,0<p<1,0<t—s<1,and hy € C*(X) we have

||AWt,shS||H—k(M—1/2) Swiskpga (E— 3)_6||h8||W*kvtI(<z>p)-

In order to prove this, we argue by duality: more precisely, recalling A = Axg, it suffices to find some
6 >0 such that forall 1 < ¢<2, k>0,0<p<1,0<t—s<1, and g, € C(X),

Wi M () P90l ) Swiskmaa (€= 5) N 9el s ar-1/2)- (3.47)
By the Sobolev inequality with 2 < ¢’ < oo, the left-hand side can be estimated as follows,
W72 M= (P g0) lyr gy S 152 OcrM™ () 0) | sy,
and the desired bound (3.47) then follows with 6§ = 3—2‘1 by iterating the result of Lemma 3.9. ]

The rest of this section is devoted to the proof of Lemma 3.9. For k = 0, this is in fact a standard
consequence of the theory of hypoellipticity as in [60, 88, 74]. For k > 0, we argue by induction, further
using parabolic estimates similarly as in Section 3.4.

Proof of Lemma 3.9. Given t > 0 and g, € C°(X), let g5 := W:’pgt be the solution of the backward

S

Cauchy problem (3.45), and recall that B, takes the explicit form (3.30) with w replaced by (z),
*, _ 1 0 1
BPh = Ak +v-Voh+ A, h— A, - Vyh,

in terms of

Ag,p = 5(2) PO+ (2) Pu - Val2)? = (2) P(580 + VA+ VW % ) - Vo (2)P — Axg,
AL,p = 380+ VA+KVW % — (2) PV, (2)P.

We split the proof into two steps.
Step 1. Case k = 0: proof that for all 0 <t — s <1 we have

_3
IVagsllize Swise (8= 5)72llgslli2 - (3.48)
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Integrating by parts, we can compute

s /Igsl2 = —2/953*”’95 = /|vas /Igs 2A° +dlvv(ALsp))

and thus, by definition of AM), A}Lp,

83/ |gs|2 > /|Vv98|2_CW,5,a/ |QS|2-
X X X

Similarly, we can easily estimate

as/x|vxgs’2 > /‘Vzvg‘Z_CW,ﬁ,a/X (’ngs|2+ |98|2+ ’vx98||vv98|>7

o [ Vol = [ V3P =2 [ Vig. Vag— Cusa [ (1.0 + 10
X X X

0. [ Vag Voo = 5 [ Vaal = [ 190090 - Cusa [ (100 +1a.P),
X X X X

Let us consider the functional

Fu(g) = ao / 92 + ar(t — ) / Vogl? + az(t — 5)° / Vagl? — 2a5(t — 5)° / Vag-Vog, (3.49)
X X X X

v

where the constants ag, a1, a2,a3 > 0 will be suitably chosen in a moment. In these terms, using
Young’s inequality, the above inequalities lead us to deduce for all 0 <t—s<land 0 <e,d <1,

0sFs(gs) > <a0 — Cwpa(6tar +az + agz) / (Vugs|® + (%a:a —day — CW,B,aa2> (t— 8)2/ V295
X
+(a1—5 a3 t—s / |vas|2 az—&‘ag) t—s) / ’vwvgs‘Q

_ Cmg,a(ao + a1+ ag + ag) / |gs|2
X

Choosing for instance ag = ZCW@a((?_lal + a2 +as), a; = 4a§, ay =1, a3 = 4Cywp,q, € = (2a3)71,

and § = (32a3)~!, we obtain

0.Fu(g) > lag / Vogal? + Las(t — s)? / Vags?

+2a1 t - S / |vas 5 / ‘v:wgs 2QOCW5, / ’gS
> —2a0Ciw pa / 1962 (3.50)
X
By definition of Fj, as the choice of a1, as, ag satisfies 2a3 = \/ai1a2, we have
Fy(9) = aollgllfe) + 3a1(t = $)IVugllfeiy + 5t = 8)° [ Vaglfzx) (3.51)
so that the above estimate (3.50) entails

0sFs(9s) 2 JW.Ba —Fs(9s)-

By Gronwall’s inequality with Fy(g) = a0||g||i2(x), this yields for all 0 <t — s < 1,

Fy(gs) Swisa l19ellL2ex)
and the claim (3.48) then follows from (3.51).
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Step 2. Conclusion.
Given multi-indices o,y € N?, we set for abbreviation J§7 := V2V g,, which satisfies

851?’7 — _B;;PJSOW _ 7“?’7, for 0 < s < t,
Jém\s:t = V%Vth,

where the remainder term is given by
197 = [VEV3. B

Repeating the proof of (3.50), for Fy defined in (3.49) with the same choice of constants ag, a1, ag, a3
as in Step 1, we get for all 0 <t —s <1,

B,F,(J%7) > Lag / VT2 + Lag(t — 5)? / VT2
X X
+Lay(t - s) / V2T2 4 Lt — s)? / IV an T2 — 200Cw 50 / e
X X X
— 2@0/ JETrET — 2a0 (t — 5)/ V&7 - Vord? — ag(t — 8)3/ V&7 N prsd?
X X X

+ 2a3(t — 5)2 / Va0 VrT 4 2ag(t — s)2 / Voo - Vg0,
X X

Recalling that the remainder term 75>” can be written as in (3.36) with w replaced by (z), integrating

by parts, and using Young’s inequality to absorb all factors involving Js"”7 into the dissipation terms,
we deduce for all 0 <t —5s <1,

OsFs(J3&7) 2w,am.a _‘|J377||1%2(X)

= e (I g + 6= DIV [y + (¢ = 9PV )

+ei,y—ei||2 +ei,y—ei||2 3 +eiy—ei||2
_ngag}fy (HJsa e HL2(X) + (t = 8)[IVpJgTe7™e HL2(X) + (t = 8)° |V JgTeTe ||L2(X)>‘

By (3.51), this entails

0sFs(JS7) Zwsama —Fs(J&7) —  max FS(JSO"W') — max F(Joten—er),
(o ) <(ayy) 1:6; <7y

and thus, by Gronwall’s inequality with Fi(g) = aOHgHiQ(X), we deduce for all 0 <¢—s <1,

t
P Swama 920l + [ max  FulJE) + max R ) du.
S

o' ) <(a,y) ie; <y

By a direct iteration, this proves for all 0 <t —s <1,
Fs(J&7) Swisama |9t e x)s
and the conclusion (3.46) then follows from (3.51). O

4. REPRESENTATION OF BROWNIAN CUMULANTS

This section is devoted to the representation of Brownian cumulants by means of Lions calculus.
More precisely, our starting point is the Lions expansion of Lemma 2.1: following [25], it leads to an
expansion of quantities of the form Eg[®(u)")] as power series in 4. We introduce so-called L-graphs
(or Lions graphs) as a new diagram representation that allows to efficiently capture cancellations in
moment computations, leading us to a useful representation of Brownian cumulants. (Note this is
unrelated to the Lions forests in [34].) In the sequel, the nth time-integration simplex is denoted by

AP = {(tr,. . ty) €10, 0 <ty < ... <ty <t}
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and we also define
A" = {(t,7):t>0, 7€ AL}

4.1. Lions expansion along the flow. We appeal to Lemma 2.1 similarly as in [25] to expand of
the Brownian expectation Eg[®(ul¥)] as a power series in % To this aim, we start with the following
iterative definition, which describes the natural quantities that appear in the expansion.

Definition 4.1. Given n > 1 and a smooth functional ® : A" x P(X) — R, we define the sequence
(I/Ign), ®(m),, 51 as follows:

e Form=1,weset forallt >0, 7= (r1,...,7) € A}, 0 < s < 7, and p € P(X),

Z/{g)((t,T, s),,u) = <I)((t, 7), m(7y — s,u)),

and
é(l)((t, T,8), p) = /tr [aoailxlg)((t, T, 3),u)(z,z)} p(dz).
X
e For m > 2, we iteratively define for all t > 0, 7 = (71, ..., Th+m—-1) € A?er_l, 0 < s < Them—1,
and p € P(X),
U™ (6. 75),) = S (), m(Tkmot = 5,10)),
and

®(m)((t, T,S), ) = /Xtr {ao 83Uém)((t,7', s),,u)(z,z)} wu(dz).

By convention, for n = 0, given a smooth functional ® : P(X) — R, we identify it with the functional
®: A x P(X) — R given by ®(t, ) := ®(u1), and we then set

U ((t,), ) = d(m(t—s,1)), 0<s<t,
from which we can define Z/lém)7 &™) iteratively as above.

This definition is a minor extension of [25|, where only the case n = 0 was considered. By a
straightforward adaptation of [25, Theorems 2.15-2.16], we emphasize that this definition always makes
sense with our smoothness assumptions. Moreover, for all n > 0 and all smooth functionals ® :
A" x P(X) — R, it is clear from the definition that for all m,p > 1,¢ >0, 7 € A?erﬂg, and p € P(X)
we have

U (8 7)) = UD, (4,7, 1), (4.1)
and similarly,
U ((t,7), ) = (@) ((¢,7), ).

In these terms, we can now state the following expansion result for functionals of the empirical measure
along the particle dynamics. This is similar to the so-called weak error expansion in [25, Theorem 2.9];
we include a short proof for completeness.

Proposition 4.2. Given a smooth functional ® : P(X) — R, we have for alln >0 and t > 0,

n

Epf@(u)] = 3. (2;)7,1 /A U (170, ) de
m=0 t

1 n+2
T Ny /WEB[%% ((tm )il )] . (42)
t
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Proof. We proceed by induction and split the proof into two steps.

Step 1. Case n = 0.
By Lemma 2.1, we find for all 0 < s <t and pu € P(X),

(I)(m(t—sa,“év)) = <I>(m(t,,u0) 2N/ /tr a082 m((t u), uu)(z z)} pN(dz) du + M ts,
(1

for some square-integrable martingale (Mt78)5 with M} 0 = 0, where we use the notation Uy ) from
Definition 4.1. Hence, taking the expectation with respect to Pp and choosing s = t, we get

Es[®(u)] = ®(m(t.u)) + oo EB[ /X tr [ao 2Ug" (8, u), 1l ) (2, 2)] <dz>] du.

2N
With the notation of Definition 4.1, this means
Eae()] = Ul (1.0).) + 55 [ Ba[00(i50.0Y)] s

As q)(l)((t’ s), M?’) = L{g) ((t $,8), ) this proves (4.2) with n = 0.

Step 2. General case.

We argue by induction. Suppose that (4.2) has been established for some n > 0. Let ¢ > 0 and 7 =
(T1, -+, Tny1) € AT be fixed. Applying Lemma 2.1 with u — ®(u) replaced by p+— @™+ ((¢,7), 1),
we find similarly as in Step 1,

Ep [q)(n—i-l) ((ta 7-)7 M7JYH+1)] = (I)(n+1) ((t7 T)a m(TnJrl, :u(])v))

[ 2,1 N N
cov [ Ee| [erfaofu () e o] al )| au

Using this to further decompose the remainder term in (4.2), using the notation of Definition 4.1, and
recalling (4.1), we precisely deduce that (4.2) also holds with n replaced by n + 1. ]

4.2. Graphical notation and definition of L-graphs. We introduce a graphical notation associated
with Definition 4.1, defining the notion of L-graphs (or Lions graphs), which will considerably simplify
combinatorial manipulations in the sequel. Let ® : P(X) — R be a reference smooth functional.

e Base point. Given n > 0 and a smooth functional ¥ : A" x P(X) — R, we set for all £ > 0,
T=(T,...,7) € AP, and 0 < s < 7,

.[‘I’}((t’T’ s),,u) = U&})((t, T, 5)7”) = \Ij((t77-)7m(7'n - 37,“))'

In case of the reference smooth functional ¥ = ® | we drop the subscript and simply set

.((t78)7:u) = '[@}((t’s)uu) = (I)(m(t_snu))'

e Round edge. In view of Proposition 4.2, the key operation that we want to account for in our graphical
representation is

uélk) . u&/k-i—l)’

cf. Definition 4.1. This will be represented with the symbol (), which we henceforth call “round edge”.
More precisely, given n > 0 and a smooth functional ¥ : A" x P(X) — R, we define for all (¢,7) € A",
0<s<my, and u € P(X),

((t, T,S), jt) = (/Xtr [aoaiq/((t,T>,l/)(Z,Z)] l/(dz)>

hence for instance

, (43)
v=m(Tn—5,1t)

©O=u, (&) =u
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and so on. In particular, we emphasize that

# ()
When iterating this operation, we add a subscript (m) to indicate the number m of iterations, that is,
@(0) =, @(1) = (*), @(m+1) = ®(m) ‘

With this notation, the identity (4.1) takes on the following guise, for all m,p > 0,

=|m | -
®(m+p) (m) )

e Time integration. We introduce a short-hand notation for ordered time integrals: given n,m > 0
and given a smooth functional ¥ : A"*™ x P(X) — R, we define for all (¢,7) € A™ and u € P(X),

(/m\I/>((t,T)7M) = </A;” ‘I/)(T,,u) = /m U((t,7,0), ) do,

and also, for m > 1,

(/M_lxoqf)((m),u) = </Am1><0‘1’>(7',,u) = /Amlxlr((t,na,o),u) do.

In these terms, the result of Proposition 4.2 takes on the following guise: for all n > 0 and ¢ > 0,

Esl0()) = 3 G

@(m)> (Hév)

( AT X0

1
ey /AmEB[®(n+1>((tmrn+1),uivn+1)} dr. (4.4)
t

In order to compute cumulants of functionals of the empirical measure along the flow, we shall need
to apply (4.4) with & replaced by powers ®* with k£ > 1, and try to recognize the structure of the
relation between moments and cumulants, cf. Lemma 2.5. This will be performed in Section 4.3 and
motivates the further notation that we introduce below.

e Products. Products of different functionals are simply denoted by juxtaposing the corresponding
graphs. Some care is however needed on how to identify respective time variables. For that purpose,
we include subscripts with angular brackets indicating labels of the time variables for the different
subgraphs: given n,m > 0, given functionals ¥ : A" x P(X) — R and © : A™ x P(X) — R, and given
i1 < ...<ipand j1 < ... < jm with {i1,...,in} U{j1,...,7m} = [p] (possibly not disjoint), we set
for all (¢,7) € AP and p € P(X),

qj(il,...,in>@<j1,...,jm> ((tv T)v H) = \Ij((tv Tigyes Tin)a ,U,)@((t, 7-_7’17 s ’ij)v H) . (45)
For instance,

@(174>®(2)<27374> ((t77—177—277—377—4)71u) = ué)Z) ((t’7-177—4)7:u‘) uég)((t»7'2,7'337'4)7ﬂ)'

We also occasionally use indices to label time variables in subgraphs, for instance

<4><4> = @(1,4)@(2)(2,3,4)-

e Straight edges. When applying the round edge (4.3) to a power of a given functional, we are led to
defining another type of operation, which we represent by a straight edge between subgraphs. More
precisely, given n, m > 0, given smooth functionals ¥ : A"*! x P(X) — R and © : A™H x P(X) — R,
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and given a partition {i1,...,in} W {j1,...,Jm} = [n+m] with 41 < ... < i, and j; < ... < j,, we
set for all (¢,7,s,s) € Antm+2

:\Il(ih...,in,m-i-n—kl) m O1,jmmtnt1y ((t,7,5,5, 1)

(4.6)

= </ (6#\11(@,71-1, ey Tins S), u)(z) . aoaﬂ@((t,le, e Ty S)s V)(Z)) l/(dz)>
X v=m(s—s’,u)

Note that the dotted boxes around ¥ and © above have no particular meaning in the graphical notation:
they are just meant to emphasize that the straight edge is between the subgraphs corresponding to ¥
and ©; we remove them when no confusion is possible, simply writing for instance

oo = o e o) e E‘. ‘__'".

(1) (2) (1) (1) Ty (D <1)2><3><2> : <§> 3y (2)
e Graphical notation and terminology. Starting from a number of base points, surrounding some
subgraphs by round edges, and connecting some subgraphs via straight edges, we are led to a class of
diagrams that we shall call L-graphs (or Lions graphs). Viewing round edges as loops,

i) g
8 E, \I’D = ,

we can view L-graphs as (undirected) multi-hypergraphs that satisfy a number of properties. First
recall that a multi-hypergraph is a pair (V, E') where:

— V is a set of elements called base points or vertices;

— F is a multiset of elements called edges, which are pairs of non-empty subsets of V. The two subsets
that are connected by an edge are called the ends of the edge.

We then formally define an (unlabeled) L-graph as a multi-hypergraph ¥ = (V,E) such that the
following three properties hold:

— an edge in F is either a loop (so-called round edge) or it connects disjoint vertex subsets (so-called
straight edge): in other words, for all {4, B} € E, we have either A= B or AN B = &,

— a vertex subset S C V can only be the end of at most one straight edge, but it can at the same
time be the end of several round edges; in particular, each straight edge is simple, but round edges
can be multiple;

— if a vertex subset S C V is the end of some edge (round or straight), then strict subsets of S can
only be connected to other strict subsets of S: in other words, for all {A, B} € F and A’ C A, the
condition {A’, A"} € E implies A” C A.

A labeled L-graph is an unlabeled L-graph endowed with a time labeling V U E — N, which associates

a time label to each vertex and each edge. Note that each labeled L-graph is uniquely associated

to a functional that can be obtained by iterating the round edge operation (4.3), the straight edge

operation (4.6), and by taking products (4.5). We introduce some further useful terminology:

— Induced subgraphs. Given an L-graph (V, E) and a subset S C V, we define the L-graph induced
by S as the pair (S, Es) where Eg is the multiset of all edges {A, B} € E with A,B C S. We
define the L-graph strictly induced by S as the pair (S, E) where EY is now the multiset of all
edges {A,B} € E with A,B C S. By definition, we note that induced L-graphs are indeed L-
graphs themselves, and moreover EY coincides with Eg after removing all occurrences of the round
edge {S}. We call L-subgraph of (V, E) any L-graph (S, F) with S C V and Eq C F C Es.

— Stability. Given an L-graph (V| E), an L-subgraph (S, F') is said to be stable if for all {A, B} € E
with A C S we also have B C S. In particular, by definition of an L-graph, a vertex subset that is
the end of an edge is automatically inducing a stable subgraph.
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— Connectedness. An L-graph (V| E) is said to be connected if there is no partition V= A U B with
AB+# 9@ ANB =9, and E = E4 U FEp. An L-graph can be uniquely decomposed into its
connected components.

— Irreducibility. An L-graph (V| E) is said to be irreducible if for all straight edges {A, B} € FE the
induced subgraphs (A, F4) and (B, Ep) are both connected and if for all round edge {A} € E the
strictly induced subgraph (A, E;) is connected.

e Rules for time ordering and symmetrization. Given an L-graph (V, E), we consider the following four
rules that restrict the possibilities for the time labeling V U E — N:

(R1) Round edges. In accordance with definition (4.3), the time label of a round edge {A} € E must
always be larger than time labels of the strictly induced subgraph (A, E’;); in other words, it
must be larger than time labels of the subgraph that the round edge ‘surrounds’.

(R2) Straight edges. In accordance with definition (4.6), the time label of a straight edge {A, B} € E
must always be larger than time labels of the two induced subgraphs (4, E4) and (B, Eg). In
addition, the last time label of the two subgraphs must coincide.

(R3) Products. In any stable subgraph (.S, F'), decomposing it into its connected components, the last
time label of each component coincides.

(R4) No other repetition and no gap. Apart from equalities of time labels imposed by the above three
rules (R1)—(R3), all time labels must be different. In addition, the set of time labels, that is, the
image of the time labeling map V' U E — N, must be of the form [n] = {1,...,n} for somen > 1
(that is, without gap).

In our notation, an unlabeled L-graph will be understood as the arithmetic average of all the labeled
L-graphs that can be obtained by endowing the graph with a time labeling that satisfies the above
four rules (R1)-(R4). For instance,

@ @ %(@(1,3)@(2,3) + @(2,3)@(1,3)) = @(1,3)@(2,3> )
©O@p = %(@(1,4)@(2)(2,3,4) OO EVIE: @(3,4)@(2)(1,2,4));

3)

3) ( (2)
@é = ;( (O @ + (o @ + (o |@ )
(1,4) (2,3) (2,4) (1, 3) (3,4) (1,2)

As we shall see in the next section, the whole point of this graphical notation is that it allows for quick
and easy computations to derive representation formulas for Brownian cumulants. We summarize
the main graphical computation rules in the following lemma. Note in particular that item (ii) below
implies that any L-graph is equal to a linear combination of irreducible L-graphs with the same number
of vertices and edges.

Lemma 4.3 (Graphical computation rules).

(i) For all k > 1, a base point associated with the power O is equivalent to the product of k copies
of the basepoint associated with ®,

.[@] = ., .[©2] = ..’ .[@k} = (.)k

(it) For any L-graph ¥ : A" x P(X) = R, for allt >0, 7 = (11,...,7) € A} and 0 < s < 7y, for
all p € P(X),

U((t,7),m(rn —s,1) = ((t, 71, .., Tae1,5), ). (4.7)
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(iii) Given two L-graphs ¥ : A" x P(X) = R and © : A™T! x P(X) = R, and given i; < ... < iy,
and j1 < ... < Jm with {i1, ... i} U{Jj1, ..., dim} = [p] for some 0 < p < n+m, we find

[ <Zl7vln7p+1> <]177]m7p+1> <p+2) \Ij <21,71/n7p+17p+2> <]177]m7p+2>
+ \Il<21777,n7p+2> <j17 7]m,p+17p+2>

+2 \I]<'le 7Zn7p+1> p+2> @<J1 7777 j"l7p+1>>' (48)

In particular, in the first right-hand side term, we note that the penultimate time label p+ 1 of W
is larger than all the time labels j1, ..., jm n © (and conversely in the second term), thus adding
nontrivial time ordering not implied by the basic rules (R1)—(R4). Using symmetrized notations,
we find for instance

2'+2®®+4F®+2@- (4.10)

This naturally generalizes to products of more than two functionals; we skip the details for con-
ciseness.

(iv) Given functionals ¥ : A" x P(X) = R and © : A™T! x P(X) — R, the time integral of their
symmetrized product can be factorized as

Ve - (L)

Proof. All four items are direct consequences of the definitions. First, the definition of the basepoint
in the graphical notation means

1 k
(), 1) = UG ((t,5), 1) = (@) (t,mlt = 5,0)) = (D(t,m(t—5,)))",
which proves item (i). Second, recalling the semigroup property

m(Tn—l - Tnym(Tn - Snu’)) = m(Tn—l - S, /'L)a

we find from item (i) that g satisfies (4.7). From the definitions (4.3) and (4.6), this property is
clearly conserved when surrounding an L-graph satisfying (4.7) by a round edge, and when connecting
two such L-graphs by a straight edge, which yields item (ii). The proof of items (iii) and (iv) is divided
into the following two steps.

Step 1. Proof of (iii).

Given smooth functionals ¥ : A"*! x P(X) — R and © : A" x P(X) = R, and given i1 < ... < i,
and j; < ... < jm with {i1,...,in} U{Jj1,...,7m} = [p], the definition of the round edge notation
yields for all (¢,7) € APT2 and u € P(X),

[\If<il,,..,in,p+1> O (1, jmpH1) j ( ); 1)

</ a082 t Til,...,Tin,Terl),l/)
X @((t,Th, e Ty Tp+1), V))(z, z)] V(dz)>

)
v=m(Tp4+1—Tp+2,M)
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and thus, using the chain rule for the Lions derivative,
t? T )
ey (BT 1)

= (/ tr [ao (82\11)((15, Titse s Tins Tp+l), I/) (z, z)}
X
X@((t77-j1a s aijanJrl)’ V) I/(dZ))

[\Ijﬁly---,in,p-i-l) @<J'17---7jm,p+1)}

V:m(7p+1 —Tp+2 JHt)

n </Xtr {ao (aﬁ@)((t,’rjl,...,ij,']—p—i-l)?l/)(z,z)]

X\Il((t,Til, e Tin s Tp+1), V) V(dz)

v=m(Tp 41— Tp+2,1)
o2 (/X ((8M\1!)((t,n1, T Tp11), V) (2)
.ao(au@)((t, Tits s Tjms Tp+1)s 1/) (z)} V(dz)>

9
v=m(Tp+1—Tp+2,1)

or equivalently,

[‘I’<z‘1,...,z’n,p+1> @<]'17~-~Jm,;0+1>}<p+2>((t7777p+2)7ﬂ)

= @((ta Tirs 5 Thms Tp+1)a m<Tp+1 — Tp+2; N))
X </ tr [ao (82‘11)((75, Tivs - Tins Tp1): V) (2, z)} Z/(dz)>
X V:m(7p+l_7p+2,ﬂ)
+ \II((taTip"',Tinan+1)7m(Tp+l 7Tp+27ﬂ))

x( [t [0 @EO) (e Ty ).0) 222 u(dz)>

V=" (Tp41—Tp42;/)
w2 ([ (@07 ) )0
0(0u0) (1 Ty -+ Ths Tp1), ) (2)] y(dz))

V:m(7p+1 —Tp+2 J4t)

Further using item (ii), the identity (4.8) follows.

Step 2. Proof of (iv).
By definition of the symmetrized product, we have for all (¢,7) € A" and 0 < s < Tptm,

—1

n—+m

(CO)((t,T,5),1) = < . > Y Loy <o) Loman)<..<o(nrm)
o€sym(n+m)

X \Il((tv To(1)s 1 Ta(n)s 3)7 M) @((ta To(n+1)s -+ -3 To(n+m)s 5)7 ,U)a
and thus, taking the time integral,

n-—+m

-1
n ) Z ]la(l)<...<a(n) ]la(n—i—l)<...<o(n+m)

oesym(n+m)

/Am@ 0) ((t,7,0), p) dr = (

X /Am_m \IJ((t,Ta(l),. . .,Tg(n),O),M) @((t,To(n+1), cee ,Tg(n+m),0),u) dr.

Noting that the sum over permutations allows to reconstruct the full product of integrals, we obtain

/A?+m(‘1’9) ((t,7,0), p) dr = (n;m)X/A?q,((m,O),u) dT)(/A;n@((t,T,O),M) ar),



44 A. BERNOU AND M. DUERINCKX

which is precisely the statement of item (iv). O

4.3. Graphical representation of Brownian cumulants. Starting from Proposition 4.2 in form
of (4.4), we can use the above graphical notation to easily compute cumulants of functionals of the
empirical measure along the particle dynamics. We first illustrate this by a direct computation of the
leading contribution to the variance and to the third cumulant.

Lemma 4.4. Given a smooth functional ® : P(X) — R, we can represent the variance and the third
cumulant along the particle dynamics as

1 Ens2
Varg[®(ul¥)] = = — (1) + —
B[ (lu‘t )] N Ax0 (/‘1/0) (2N)2
3 ' E
3 N N N3
(b = —_— *—
B = [ 1)+ o
where the error terms En o, En 3 are given explicitly by
(A12)? N2
Eng = Agg—2412Ep[@(ud)] + St — ( () (p > ;
e+ i~ ([ @)
2
Eng = Ags—3A2Ep[®(u)’)] — A Ep[®(uy)’] + 4413 Ep[®(u)))]” — g ATSEB[®(1]))]

IV
_ /A?XO <4-® + ®®® + 6@ + 12@@ + 61) ()
_% Adx0 (% * 2. - 12@ * 6>(”év)
e[| 10@)) + 5 @)@)u)

where for shortness we have defined

Apm = /A?‘ Eg [(m)((t,T, Tm),uf.\:n)} dr.

Proof. We split the proof into three steps.

Step 1. Formula for variance.
Using Proposition 4.2 in form of (4.4) to accuracy O(N~2), we find

1 Az
IEB P IU’N)2 = °° t,O 7MN + o @ MN + ’ ) (411
B = e (@00 + gy [ GO0 + g )
with the notation for As o in the statement. By Lemma 4.3(iii) in form of (4.9), we get
2
Esl@()? = (* ((t.0),u5))
2 N N Ny, Az
— e ((t — o = (4.12
+on (2 (@) ([ ©))+ gy [ e )+ g (12

On the other hand, using again Proposition 4.2 in form of (4.4) to accuracy O(N~2), we also have

EB[q)(UzJSV)] = '((t,O),,uéV)jL% AX()@(MéV) + (;4;;2

Taking the square of this identity, and comparing it to (4.12), the formula for the variance follows after
straightforward simplifications.
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Step 2. Next-order formula for variance.
Before turning to the third cumulant, we expand the formula for the variance to the next order. Instead
of (4.11), we start from Proposition 4.2 with accuracy O(N~3), in form of

Esl@()] =+ (00) + g7 [ D)+ g [ (E9)0d)+

Then further appealing to Lemma 4.3(iii) in form of (4.9), as well as to Lemma 4.3(iv), we obtain,

instead of (4.12),
Ep@(i)?) = ((((t.0).u )) () ©0)+ 55 [ e)

#on
+(2;)2( )(/AQXO ))+(211\r)2( Atw@(“év))z
1

A
)2 /M (450 + 2) ) + G-

On the other hand, using again Proposition 4.2 in form of (4.4) to accuracy O(N~3), we also have

Eofe(e)] = +(00.) + 5y [ O+ g [ (@)

Taking the square of this identity, and comparing it to the previous one for Eg[®(ui¥)?], we are led to

Vargloul)] = 5o [ we0d) 4y [ (e @ 1 20) 0d) 4 s @)

where the error term Ry is given by

A 2
Ry = A273 — 2A1,3 EB[(I)(MiV)] + ((2]1\’73))3 o Q/AS 0®. 'uo /A2 0. MO
t X x

Step 3. Formula for third cumulant.
Using Proposition 4.2 in form of (4.4), we find

Esl®(w)’] = o ((t,0),n )+£v<Atxo@( 2N /A?XO (u5) AB?'

To compute the different right-hand side terms, we appeal to Lemma 4.3 in form of

() = 3@i+6el,
= 3:+3(®)2.+12.é+6®I+6'"‘12'—_:.

Inserting these identities into the above, comparing with (4.13) and (4.14), and recalling that the third
cumulant is given by

k3[@(py)] = Ep[®(ni)’] — 3 Varp[®(uy ) |Es[® (k)] — Ep[®(uy)]°,

the formula in the statement follows after straightforward simplifications. O

(4.13)

We now show how the above explicit diagrammatic computation can be pursued systematically to
higher orders. First note that starting from Proposition 4.2 in form of (4.4) and appealing to the
computation rules of Lemma 4.3 to expand each L-graph into a sum of irreducible graphs, the kth
moment of a smooth functional along the flow can be expanded as a power series in N !, where the
term of order O(N~™) is given by a sum of all irreducible L-graphs with k vertices and m edges (see
indeed (4.15) below). In the above lemma, for the first cumulants, we manage to capture cancellations
showing that the power series for the variance starts at order O(N~!) and that the power series for
the third cumulant starts at O(N~2). In the following result, we unravel the underlying combinatorial
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structure and show how cancellations can be systematically captured to higher orders: in a nutshell, the
power series for cumulants takes the same form as for moments, except that the sum over irreducible
L-graphs is restricted to connected graphs, cf. (4.17). In particular, given that for m < k — 1 there is
no connected L-graph with k£ vertices and only m edges, we deduce that the power series for the kth
cumulant must start at order O(N1=F).

Proposition 4.5. Given a smooth functional ® : P(X) — R, for all k > 1, we can expand as follows
the kth Brownian moment along the flow: for alln > 0,

n

Rk
Ep[®(u)*] = 2)(2]\1,)7“@ FE(; )’y(\If)/MXO\I/ + (2]]{,;5?1 (4.15)

where T'(k,m) stands for the set of all (unlabeled) irreducible L-graphs with k vertices and m edges,
where 7 is some map I'(k,m) — N, and where the remainder is given by

R (1) = /An+1 EB[ o (Hl)((t,T,TnH),Mﬁ[LH)} dr. (4.16)
t

Moreover, with this notation, the kth cumulant can be expanded as follows: for all n > 0,

n

Dk

kra (N 1 RY (1)

rp[®(i)] = Lnzk— E m § (V) ¥V + e (4.17)
mama BN A0 (2N)n+

where the sum is now restricted to I's(k,m) C I'(k,m), which stands for the subset of all connected
(unlabeled) irreducible L-graphs with k vertices and m edges, and where the remainder R]&n(t) can be
expressed as a linear combination of elements of the set

J J
{S]]i,;i(t) HEB[q)(uiv)i]o‘i :0<j<kand oq,...,a; € N with Ziai :j}7
i=1 i=1

with bounded coefficients independent of N, ®, b, t, where the factors {S]]i,n(t)}k are defined by

k

S0 =m0 - (CT)CRGL0 Y aw [ e as)

—\J—1 :
Jj=1 m=0 wels(j,m)
Proof. We split the proof into three steps.

Step 1. Proof of (4.15).
By Proposition 4.2 in form of (4.4), we recall that we have for all £ > 1 and n > 0,

n RE, (¢
Ep®(u')"] = ) (2;)771(/&%0 (o (m)(uév)) + (2]]\?;1(31 (4.19)

m=0

with remainder Rﬁ\,’n(t) defined in (4.16). In order to prove (4.15), it remains to use Lemma 4.3(iii) to
expand the L-graphs in the above right-hand side as sums of irreducible L-graphs. By a direct induction
argument, we note that all time labelling satisfying the basic rules (R1)—(R4) appear symmetrically in
the expansion, thus proving that for all £ > 1 and m > 0 we can expand

el o= > AW, (4.20)

M) e hm)

for some map v : I'(k, m) — N, where as in the statement I'(k, m) stands for the set of all (unlabeled)
irreducible L-graphs with k vertices and m edges. This already proves (4.15).
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Step 2. Proof that for all £ > 1 and m > 0 the map ~ : I'(k,m) — N in (4.20) satisfies for all L-graphs
U eI'(k,m),

(W) = @Z% A [ RO (1.21)

where the sum runs over all connected components © of the L-graph ¥, where V(©) and E(0©) stand
for the number of vertices and the number of edges in ©, respectively, and where ¥ \ © stands for the
L-subgraph obtained by removing the component © from W.

To prove this identity, we start by noting that, when appealing to Lemma 4.3(iii) to iteratively
prove (4.20), the map v can be given an explicit interpretation: for all ¥ € T'(k,m), the coefficient
~v(¥) is the positive integer given by

A1) = 25PN (W),

where SE(¥) is the number of straight edges in ¥ and where N (W) is the number of ways to obtain
the graph ¥ by starting from k labeled vertices and by iteratively adding round or straight edges
between stable subgraphs. Conditioning on the connected component that the vertex with the first
label belongs to, the identity (4.21) immediately follows from this interpretation.

Step 3. Proof of (4.17).
Given k > 1 and m > 0, the result (4.21) of Step 2 implies

k m
> =3 ()R 00,2
Vel (k,m) J=1 I p=0 b WGFUfé

) (¥ e,

Wer (k—j,m—p)

and thus, by (4.20),

Z (J - 1> i @) ( 2 7OIW) i)

vel'(j,p)
connected

Taking the time integral and appealing to Lemma 4.3(iii), this leads us to

[ D of (3D o1 (9 SIRIEY M) [ M )

p=0 * Wel(j,p)
connected

Now recalling (4.19), and defining

1
Lt ) = THDSRETON . 73!
connected
we deduce
k k
Eafo)] = 3 (57 1) Bt Ealou 7]+ SR (4.22)
j=1

with remainder S%  (¢) defined in (4.18). Finally, we recall the recurrence relation of Lemma 2.5
between moments and cumulants: for all kK > 1, we have

k

Eafo:)] = 3 (47 | )ebleta Eale(u )

=1

Comparing this with the identity (4.22) above, the conclusion follows by a direct induction. [l
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4.4. Error estimates. We turn to the uniform-in-time estimation of error terms in expansions such
as (4.15) or (4.17). We start with the following lemma describing Lions derivatives of the solution of
the mean-field McKean—Vlasov equation (1.21).

Lemma 4.6. Let m(-,u) : RT x X — RT denote the solution operator (1.22) for the mean-field
MecKean-Viasov equation (1.21). For all t > 0 and ¢ € CX(X), the functional p — [x dm(t, ) is
smooth and its linear functional derivatives can be represented as follows: for all k > 1, p € P(X),
and y1,...,yx € X,

5k
M(M'_)/(bm(tnu))(:u'vyla"-vyk) = /¢m(k)(t7,u'ay17"'ayk)7 (423)
K X X
where m(k)(-, WY1y -5 Yk) : RT x X — R is a distributional solution of the linear Cauchy problem
8tm(k)(tnu’ayla CIEIRS ayk) - Lm(t,u)m(k)(t7lj’7yla .. 7yk) = Fk‘(tnua Yty - 73/14:)7 (4 24)
(k) t o= (=1DF1(5 — .
m ( ),U’aylw"ayk”t—o ( ) ( Yk :U’)7

where for all p € P(X) we recall that L, stands for the linearized McKean—Vlasov operator at p,
cf. (3.1), and where the source term Fy, is given by

k—1
Fk(t7 Yty - 7yk) = Z Z ]lﬁf():j,ﬁflzkfj

j=1 IoUIlzﬂk]]
disjoint

x div (m(]) (t7 22 y[o) / ;Z(, m(ta M)v Z) m(k_J)((t, Z), u, yIl) dz> , (425)
X

where for I = {iy,...,ip} with 1 <iy < ... <1, <k we set yr := (Yi,,-..,Yi,). Note that for k =1
we have Fy = 0. In addition, given ko, Ao as in Theorem 3.1, we have the following uniform-in-time
estimates: given Kk € [0,kg], 1 < ¢ <2, and 0 < p < 1, further assuming in the Langevin setting that
pqd >pq 1is large enough (only depending on d, 5, a), we have for all X € [0, X), k > 1, a1, ..., a5 > 0,
Y, yp € X, t >0, and £y > %dimX,

vall ‘e V;‘: m(k)(t7 My Y1y .- ,yk)”Wf([OJrk—l#»max]- aj),q(<z>p) S efp)\t <y1>p . <yk>p7 (426)

where the multiplicative constant only depends on d, W, B, X\, k, Ly, p,q,a, and max; o;.

Proof. By successively taking linear derivatives in the McKean—Vlasov equation (1.21), the represen-
tation (4.23)—(4.24) in terms of linearized equations is straightforward with source term given by

k k-1

Pt oy, yp) = > D > > lvo<r<igr—a,

=1 ao=0a1+...4a;=k—ao IpU...UL;=[k]
1<a;<...<ai<k disjoint

) l
x div m(])@,%ylo)/ @(‘7m(tau)7zl7'--azl)
xt op!

X m(‘“)((t, 21), iy YLy ) - - .m(‘”)((t, 21), s yr,) dzg - .dzl>,

where we recall the notation yr = (y;,,...,y;,.) for I = {i,...,i,}. The pairwise structure of interac-
tions actually yields various simplifications: noting that

SHW *
((;Iul'u)(-,u,zl, ez = (—1)lW * (0, — 1),
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and noting that fX mk) (t, p,y1,...,yx) = 0 for all £ > 1, the above expression for F} reduces precisely
to (4.25). We emphasize that this simplification is not essential, but it slightly simplifies the computa-
tions. It remains to deduce the uniform-in-time estimate (4.26): we argue by induction and split the
proof into two steps. Let p, g be fixed as in the statement.

Step 1. Preliminary: we prove the following properties of the spaces W‘k’q(<z>p) and their du-
als W' (X),
— for all >0 and h € C*(X),

IVRllyea )y < Nllyperra )3 (4.27)
VAl —cazypy Swista Rllwr-cagzy; (4.28)

— for all £ > %dim(X) and y € X we have
0y llw—eazyry Seq (W) (4.29)

The claim (4.27) is a direct consequence of the definition of W% (X). The claim (4.28) is a direct
consequence of (4.27) by definition of dual norms. We turn to the proof of (4.29). By the Sobolev
embedding, we have for all y € X and h € C2°(X),

| [ 1| = 7] < G Wlmco Sea G Vel o,

provided that ¢ > %dim X. By definition of dual norms, the claim (4.29) follows.

Step 2. Conclusion.
Let ¢y > %dim(X). Applying Vil ... VJE to both sides of equation (4.24), and then appealing to
Theorem 3.1(ii), we obtain for all £ >0, A € [0, \g) and ¢ > 0

e[ Ver . VeEm Bt 1y, ) - o)

t
A
SWBALpa.a IIVZE--~VZ£(5yk—M)HWm(<z>p)+/0 el SIW?E---Vﬁij(sju,yh---,yk)llwfe,q«zw)d&

Note that the first right-hand side term is equal to La,=. —a,_,=0[|V** 3y, [y —2a((z)p)- Using (4.28)
and (4.29) to bound this term, we then get for all £ > ¢y + «y,

VA v A (TR ISR 78 | s

t
SWM Ll . <yk>p+/0 PVo Vg F(s, 11,91, k) lwtag(zpp ds.

To shorten notation, let us introduce the following norms: given k > 1, we define for all £,n > 0 and
H:XxXF SR,
121, ==  sup sup (<y1>_p---<yk>_p||v§ff---VﬂfH(',yl,---,ykz)llw%q((zm)
0<ai,..,ap<nyi,..,yp€X

In these terms, the above reads as follows, for all £ > fg + n,

t
ep/\tlm(k)(tvﬂ)lé,n SW,B\LL0,p,g,a 1+/ ep/\lek(Svﬂ)le,n ds. (4.30)
0

We turn to the estimation of the source term F}, as defined in (4.25). Recalling the choice of b, cf. (1.23)
and (1.24), and using again (4.27), we easily find for all £,¢',n > 0,

) i
IFk (t7 lu’) IZ+1,n S./W,ﬂ,é,f',k,a 1§I}l§l§—llm(]) (t7 u) Ié,nlm( J) (ta ,U,) Iz/7n-

Inserting this into (4.30), and recalling that F; = 0, we deduce by induction for all n > 0, ¢ >
lh+n+k—1,and A € [0, \g), for all £t >0

M Im® () Swisatokpaga 1
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which concludes the proof of (4.26). O

In order to compensate for the polynomial growth in (4.26), we shall appeal to the following uniform-
in-time moment estimates both for the particle dynamics and for the mean-field dynamics.

Lemma 4.7 (Uniform moment estimates). For all t > 0, N,k > 1, and p € P(X), we have

EB[ / |z|’wiv<dz>} < (O [t ) (4.31)
X X
[leFmien < (@ [ @€ ulas), (4.32)
X X
and for all 0 < 0 < %,
1212 N (5 ecee—t/C|z|2 N(qs .
EB[/X W (d ﬂ <cf Y (d2), (4.33)
L <0 [ 0 ), (4.34)
X X

for some constant C < oo only depending on d, W, 3, a.

Proof. We focus on the Langevin setting for shortness. We split the proof into two steps, separately
proving (4.31) and (4.33), while the proof of (4.32) and (4.34) for the mean-field dynamics is identical
and is skipped.

Step 1. Proof of (4.31).
In the spirit of [9], we consider the random process

GY = al XN P+ VYR x Y v
for some 1 > 0 to be suitable chosen. By It&’s formula, the particle dynamics (1.1) yields

Gy = —an| X NP dt = (B =)V Pt = XYV at

N
— 2N x Ny (% STvwx N - XN )) at+ VY +nxN) - aBl. (4.35)
j=1
From this equation and It6’s formula, we then find for all £ > 1,
- N 2 N
OERI(GN] < —kBg |(GI)V ! (Janl X!V 2+ (§ —n(1+ SN
+E((2+ DIV e EB[(G)* 1]
+ gh(k = DEs[(GY) 22V 40X, NP,

Provided that 0 < n <g, 1 is small enough (only depending on f3,a), there exist A,C' > 0 (only
depending on d, W, 3, a) such that we get for all £ > 1,

OEB[(GI)*] < —ApkEp[(GY)*] + CRER[(GY)" ],
and thus, by Gronwall’s inequality,

t
Esl(GN)] < e WER[(GY)Y] + CF? / =S 5 [(GN Y] ds.
0

A direct induction then yields for all £ > 1,

(k)2
(k= ))!

k
Ep[(GN)*] < ) e Vi(5C)F Es[(Gy )],
j=0
and the conclusion follows.
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Step 2. Proof of (4.33).

From (4.35) and It6’s formula, arguing similarly as in Step 1, provided that 0 < n <g, 1 is small
enough (only depending on 3, a), there exist A\, C' > 0 (only depending on d, W, 3, a) such that we have
for all 8 > 0,

atE[e“"iv | < —2ME[G "] + COE[" ] + COE[GY 7).

Hence, for 0 < 0 := 20,

OE[?CT] < —ME[GN eS| + COR[PCP .

This amounts to the following differential inequality for the Laplace transform F' (t,0) := E[eeGé\]]: for
allt>0and 0 <6 <4,
O F + NoyF < COF,

which can be rewritten as follows, for all t > 0 and 0 < e*f < 6,
A[F(t,eMN0)] < CeMOF(t,eM0).
By integration, this yields F(t,0) < e?C/*F(0,e*0) for all t > 0 and 0 < 0 < 0, that is, (4.33). O

With the above estimates at hand, we may now turn to the estimation of the Lions derivative of
smooth functionals along the particle dynamics. For that purpose, we define the following hierarchy of
norms: for any smooth functional ® : P(X) — R, we define for all p € P(X), k > 1, n >0, and p > 0,

_ oloa 5o
@ = max _ max < sup (y1) "o () TP V! Vy](;](uyl,---,yj)D-

DK T <5<k 0<an,..0,<n Y1y €X

The following result can be iterated to estimate arbitrary Lions graphs.

Lemma 4.8. Let kg, \g be as in Theorem 5.1 and let k € [0, ko). Given m > 0 and a smooth functional
U A" x P(X) = R, we have for all A € [0,X), k>1,n>0,0<p<1, (t,7,5) € A 1€ P(X),
and ly > 0,

1 _ _
NG (7, 9), ) omppe SWsMtodepma € P2 [ ((2,7), )

and in addition,

@t 7]

Given m,m’ > 0, smooth functionals ¥ : A"t x X — R and © : AT % X = R, and given a
partition {i1,...,im} U {j1, -, Jm} = [m+m/] with iy < ... < iy and j1 < ... < juv, we further
have for all A € [0, M), k>1,n>0,0<p<1, (t,7,5,5) € A"™+2 1 e P(X), and ly > 0,

i) ﬂTL(’Tm—S,M)’

NW/B)\ZO, pmn,a € p)\(Tm_S)(/X<2>p:u(dz)) |||\II((t,7') )|||k:+2 Lo+n+k, 2 m(Tm—s,u)

k,n,p,u 30

O Gty st +1) (8,7, 5,8),)

H’ b\p(il,...,z’m,m—i—m’—i—l) <m>

k.n.pp
_ o
SW,ﬁ,/\,Eo,k,p,n,a e M=) ( /X<Z>p:“*(dz>> ’” \II((tv Tizy oo Tigmy S )7 ) mk+1 Lo+n+k, & m(s—s',p)
X ||| 9((t’ Tjrs e TjprsS ) ) |||k:+1 Lotntk,Em(s—s',u)

Proof. Given m > 0 and a smooth functional ¥ : A™ x P(X) — R, recalling that Z/{é,l) is defined in
Definition 4.1, we can compute

sulV 50
M ((t,T, S)aﬂ’y) = / 7((75’ T)am(Tm - Sv#)a') m(l)(Tm - Sa:uay)v (4'36)
o x Op
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with m(") as defined in Lemma 4.6. Recalling the definition of dual norms and using Lemma 4.6, for
any 1 < ¢ < 2 with p¢’ >3, 1 large enough and with {o¢’ > dim X, we deduce for all A € [0, \g),
(t,7,8) € A" e P(X), and y € X,

«>ﬁfwmwm%—amn

o\ —
SW,,B,)\JOJJ,G <y>pe P (Tm S) |H Q |H17€07%7m(7—m—57u/)7

‘ (5# ((t77—78)7u)y)‘ S ||m (Tm_57:u7y)||W_507‘1(<~>P)

‘ ‘ Wt (X)

where in the last estimate we further used p¢’ > 2dim X. By induction, on top of (4.36), we find for
all k > 1 and y1,...,yr € X

5ku(1) k
%((tu T, 5)7H7y17 cee 7yk‘) - Z Z Z ]lVISTSIZﬂL«:aT

op
=1 ai+..+a=k LU..UL=[k]
1<a1<...<a;<k  disjoint

stw
x@aﬂmmmmﬁam%umeer&med

mla) ((Tm —8,21), 4, yjl) dzy...dz, (4.37)

from which we then get the following conclusion, using Lemma 4.6,

1
|”u&, (t T, S )”’kn,p,u ~W,B,\00,k,q,p,n,a € ~PA(Tm=s) ”‘\I]((t T) )”’k Lo+ntk—1,8 m(rm—s,u) -

We turn to the estimation of the round edge. By definition (4.3), we can write

(W)((t. 7, 8), 1) = UG ((t.7,5), 1),

in terms of
U ((t,7), 1) ::/Xtr [aOOZ\IJ((t,T),,u)(z,z)}u(dz).

By a similar induction as the one performed to get (4.37), we find for all £ > 1 and y1, ...,y € X

5ku(1,) ko J
ﬁ((t,ms),u,yl,---,yk ZZ > 2. Tnzrcin=o,

j=01 a1+...+a=j LHU..ULC[k]
1<a1< <ai<j disjoint

0 a
X /g‘glJrl(S,U,tr |:a08 \Il(( ) m(Tm—S,M),Z,Z)}(Zl,.,.,zl)m( 1)((Tm_5,zl),ﬂ,yh)
.. m(al) ((’Tm — S, Zl), Hy yIl) m(k*]) ((Tm — S, 2)7 1, y[[k]]\(llu‘..ull)) le . le dZ.

For j < k, the terms can be estimated as before using Lemma 4.6. For j = k, we use the following: for
any bounded function ¢, by Lemma 4.7, we have

/ @(Z,Z)m((Tm _sz)vu) dz SWﬁ,a sup (<Z>_p90(z7z)> /<Z>p//“(dz))
X zeX X
and the conclusion then follows. The argument for the straight edge is similar and we skip the detail

for shortness. O

The above result can be iterated to estimate arbitrary Lions graphs. Combining it with the dia-
grammatic representation of moments and cumulants in Proposition 4.5, we obtain the following.

Corollary 4.9 (Truncated Lions expansions). Let kg be as in Theorem 3.1, let k € [0, ko], and further
assume that the initial law po € P(X) satisfies [y [2[P°po(dz) < oo for some pg > 0. Given a smooth
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functional ® : P(X) — R, for all k > 1, we can expand as follows the kth Brownian moment and the
kth Brownian cumulant along the particle dynamics: for all n > 0,

EO[EB[(I)(Miv)k] - mio(%l,)m > 'y(\I/)/MXO\IIH < NTL (438)

Vel (k,m)

Eo{m%@(uf)] — Ly>p— ! Z 7(‘1’)/

m
m=k—1 (2N) vels (k,m) A X0

where we recall that T'(k,m) stands for the set of all (unlabeled) irreducible L-graphs with k vertices
and m edges and that T's(k,m) stands for the subset of all connected (unlabeled) irreducible L-graphs
with k vertices and m edges, where v is some map I'(k,m) — N, and where multiplicative constants
only depend on d, W, 3,4y, k,n,a, [5 |2[P°uo(dz), and on

\1/” < N7l (4.39)

ueSgI()X) | @ m2(n+1),(n+1)(zo+n+2),3*"*3po,w

for any £y > 0.

Proof. Let ko, Ap be as in Theorem 3.1 and let x € [0, Ko]. By definition (4.3) of the round edge, and by
Lemma 4.7, given m > 0 and a smooth functional ¥ : A™ x P(X) — R, we have for all (¢,7,s) € A™FL
0<p<1,and p e P(X),

(@)t 7 ), 1) Swpma I12AET) ) 1,2 (s /X (2)Pp(dz).
Using this, we get in particular, for all m >0, (t,7,s) € A™"2 and 0 < p < 1,

| /X (2P (d2).

Now repeatedly applying Lemma 4.8 to control the right-hand side, and using Jensen’s inequality, we
get for all A € [0, Ag) and £y > 0,

° N
t (mﬂ)((tvﬂ S), I )‘ Swispa

m m(Tm—s,nL)

I

" =37 pA(T1—Tim41)

N
w1), 0 (679 60| Swssampa ¢

x (2)273 " (d2).

° t .
[(I)k](( ,Tl)’ )"‘2(m+1),m&ﬁ-m(m—&-1)+1,3—m—1p,m('r1—s,ué\’) /X

Recalling (g = utv (L{él))k, using again Lemma 4.8, taking the expectation, and using the

ok T
moment bounds of Lemma 4.7 with E, [;Lév] = lo, WE get

?

Inserting this into (4.15) and recalling the moment assumption for o, the conclusion (4.38) follows.
Noting that similar a priori bounds on any irreducible L-graph can be obtained iteratively from Lem-
mas 4.7 and 4.8, the proof of (4.39) follows similarly from (4.17). O

=37 pA(t—Tm+1)

(®4] (mﬂ)((t, T, S), )” SW.BA Lo ksmop,a €

k
x| |H2(m+1)7(m+1)(€o+m+2),3*m*2p,m(t—37ug) /X<Z>2pﬂo(dz).

5. HIGHER-ORDER PROPAGATION OF CHAOS

This section is devoted to the proof of Theorem 1.1. Let kg, A9 be as in Theorem 3.1 and let
k € [0, ko] be fixed. For t > 0 and ¢ € C2°(X), consider the random variables

XM= [ ol



54 A. BERNOU AND M. DUERINCKX

In the spirit of Lemma 2.6, we start by estimating cumulants of X}V (¢). By the law of total cumulance,
cf. Lemma 2.4, they can be decomposed as follows, for all m > 2,

XN = Y W [N O) e (5.1)
w[m]

We appeal to Corollary 4.9 with ®(u) := [y ¢p to expand Brownian cumulants of XY (¢) = ®(uy):
for k < m, we find

where we recall that I' (k, m) stands for the set of all connected irreducible L-graphs with & vertices and
m edges built from the reference base point ®, and where the multiplicative constant only depends on
d,W,5,m,a, fX |2|P° 1o (dz), and on the W"°(X) norm of ¢ for some r only depending on m. Inserting
this approximation into (5.1), we deduce

KXY (9)]

> a0 [ ]| Swaeman 31
APx0

vels (k,p)

m—2 m—2

- 1
S SIED SENND SEPHED DI

s=2{A1,....,As}-[m] p1=4A1—-1 ps=fAs—1

XYY () (T

Ui€lo(fA1,p1)  Vs€lo(fAs,ps)

xnﬁ[/ \111/ \I/}
AP0 APsx0

It remains to estimate the joint Glauber cumulants in this expression. For that purpose, we appeal
to the higher-order Poincaré inequality of Proposition 2.9: recalling that Glauber derivatives can be
bounded by linear derivatives, cf. (2.21), we get

H[/ \1/1/ \II]
AP X0 AP %0

NSN”Z >

=0 ay,...,as>1 j=1
> aj=stk

SW@‘?»W»GMO Nl_m' (5'2)

5aj N7517"'78a-
/[O 1 xXxX)*J i Op®i </ 7 %0 ‘Ilj>(m0 J’yl""’yaj)

aj

X H((Szé,zv - (5zl)(dy1) uo(dzl) dsl
=1

s+k )
L% (%)

where we have set for abbreviation
aj
N,$1,...,8a,; N 1-— S
mo J = l’LO +;N(6zl_5Zé’N)
Norms of linear derivatives of each ¥; € I'c(§4;,p;) can be estimated using Lemmas 4.7 and 4.8,
together with the moment assumption on p,. Inserting the result into (5.2), we conclude for all m > 1,

K/m [thv (¢)] SWB7¢’m’a7NO Nlim °

We now appeal to Lemma 2.6 to turn this into an estimate on correlation functions: the above cumulant
estimate implies for all 1 <m < N,

N 1— —fp— 1
[ 67 Swsamane W4 3 SN

w[m] p-m
fr<m

Y

/xuw < ® &B) <® GﬁD’N(ZD)> dz,

Ber Dep
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and a direct induction argument then yields

N 1—
‘/m ¢®me 5W767¢7m7aallo N m‘

As the multiplicative constant only depends on ¢ via its W"*°(X) norm for some r only depending
on m, the conclusion of Theorem 1.1 follows by duality. (]

6. CONCENTRATION ESTIMATES

This section is devoted to the proof of Theorem 1.2. Let kg, A\g be as in Theorem 3.1, and let
k € [0, ko] be fixed. For t > 0 and ¢ € C2°(X), consider the centered random variables

V¥ (0) = X0) - EIXY @] = [ o —E[ [ on]

We shall establish concentration by means of moment estimates. By the Lions expansion of Lemma 2.1,
we can decompose

YN (9) = 7(6) + MY (9) + 5o (BN (6) ~ BIEY (9)]),

in terms of

YN(g) = /qutuo /qutuo
MN(¢) = 1Z/aU(ts M (zENY - 69d B
t T NAil 0 12 y Mg s 0 CR

t
EN(¢) = / / tr [aoaiU(t — s, 1) (z, z)} p (dz) ds,
0 JX
where we use the short-hand notation
Ut —s,u) / om(t — s, p).

For all k > 1, we may then decompose the kth moment of Y,V(¢) as
E[[Y,Y(9)I*] < 3"Eo[[Vi¥ (0)I] + 3"E[|2 (9)[*] + 3"N"E[| B} () ["]. (6.1)

We separately analyze the three right-hand side terms and split the proof into four steps. In the sequel,
constants C' are implicitly allowed to depend on W, 3, a, on the compact support of ., as well as on
the further parameters £y, p, ¢ used below.

Step 1. Proof that for all 1 <k < N,1<¢<2,0<p<1with pg/ >g,1, and £y > %dimX,
- Ck\ s

Eo [V (0] < () 10070l (62
Using (2.21) to estimate the Glauber derivative by means of a linear derivative, and using Lemma 4.6
to control the latter, we get for all A € [0, o), 1 < ¢ < 2,0 <p <1 with pg’ >, 1, and £y > %dim X,

oy 1 - N -
DS (@) < ONTle P (2N + /X () 10(d2) ) 142) Pl -
By the compact support assumption for ., this yields almost surely

IDSYN (@) < ONTH) Pl 0y

We may then appeal to Proposition 2.11, to the effect of

) . i °!
E[[VN(o)F] < g{){m FE, [ <¢>]}

_ _ 2ACN~1|(z)~P¢ ,
< )I\I;f {k!)\ F exp (C)\”<Z> Pl yreo.a x) (e 120N t0.0" ey _ 1))}
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Choosing A = (k:N)l/Q(QC'H(z>_p¢||W40,q/(X))_1, the claim (6.2) follows.
Step 2. Proof that for all k > 1,1 < ¢ <2,0<p <1 with pg >3, 1, and £o > J dimX,

B < (SE) 06 6l sy (1 min {(CRDF s ax BV @A)} 63

0<s<t

We recall that (M (¢)); is a martingale with quadratic variation given by

N _ L [ . N i,Ny|2
(MN(¢)) = sz ) 10, U (t — s, 12 )(ZEM)]" ds.
=1

Appealing to Lemma 4.6 to estimate the L-derivative, we get for all A € [0, ), 1 <¢<2,0<p<1
with pg’ >3, 1, and £y > % dim X,

t
(M (9)) < ONTHD POl 11000 0 / e /X ()2l (d2) ) ds.
By the Burkholder-Davis—Gundy inequality, see e.g. [89, Theorem 1], we have
E
E[ MY (9)[*] < (CR)2E[(M] (9))2],

E
2

and thus
Ck

B @1 < (S5) 2170l v, >&2§£E[( /ﬁ””ﬁv(d”)g]‘

Subtracting from pY its expectation, recognizing the definition of Y.V, and appealing to Lemma 4.7
together with the compact support assumption for i, to control the expectation E[ [y ()% plY (dz)],
we get
N k Ck\3 N 2py | £
EIMY 01 < (57 ) I 0l g (1 + max E[¥Y (2))]7]).
By Jensen’s inequality and the compact support assumption for u,, we note that the Gaussian bounds

of Lemma 4.7 imply
B[N ((2)%)2] < (Ck5E,

and the claim (6.3) follows.

Step 3. Proof that for all k > 1,1 < ¢ <2,0<p <1 with p¢’ >3, 1, and £y > %dimX,

E[IE ()] < (CE)*1{2) P blyave0.0 0 (6.4)

Recalling the definition of EtN (¢), and appealing to Lemma 4.6 to estimate multiple L-derivatives, we
get for all A € [0, \0), 1 < ¢ <2,0<p<1with pg >5,1, and {5 > %dimX,

t
BY O] S 16 Pl [ ([0l @) as

Now appealing to the moment bounds of Lemma 4.7, together with Jensen’s inequality and with the
compact support assumption for y., the claim (6.4) follows.

Step 4. Conclusion.
Inserting the results of the first three steps into (6.1), we obtainforall 1 <k < N, 1<¢<2,0<p<1
with pg’ >3, 1, and £y > % dimX,

E[Y;¥ (6)["] < (fﬁ)gw R [P (Hmm{mké’)k; max E[[VY (2 >p>|';]}>.

0<s<t
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Further applying this same estimate with ¢ = (2)?P and with p replaced by 3p to control the last factor,
we are led to the following: for all 1 < k < N and p, ¢y > 0,

B[y (6)]"] < ((Cka)g + (Clﬁp)k)w”%wowxy

For r > 0, this entails by Markov’s inequality, for all 1 < k < N and p, ¢y > 0,

Ck\s CklTP\k
PN(0) 2] < r PRIV (9))] < <(W) + () )H¢||’;V2+W(X)-

Choosing
—1 1/2
k= NT2(60H¢||W2+ZO,OO(X)) , for 0 < r < (eC||ngW2+eo,oo(X)) / ,
the conclusion follows. O

7. QUANTITATIVE CENTRAL LIMIT THEOREM

This section is devoted to the proof of Theorem 1.3. For t > 0 and ¢ € C®(R%), consider the
centered random variables

55(6) = VYY) = VA ( ot 5[ [ ou]).

We shall start by using a Lions expansion to split the contributions from initial data and from Brownian
forces in the fluctuations. From there, we separately analyze initial and Brownian fluctuations, using
tools from Glauber and Lions calculus, respectively.

7.1. Gaussian Dean—Kawasaki equation. We consider the Gaussian Dean-Kawasaki SPDE (1.19).
With our general notation, covering the Langevin and Brownian settings at the same time, this reads
as follows,

{ Owy = Ly,vp + div(\/pgo0&s), fort >0, (7.1)
Vt|t=0 = Vo,

where:

— L, is the linearized mean-field operator defined in (3.1);

— ¢ :=m(t, o) is the solution of the mean-field McKean—Vlasov equation (1.21);

— 1, is the Gaussian field describing the fluctuations of the initial empirical measure, in the sense
that VN [y ¢(u) — o) converges in law to [ ¢ v for all ¢ € C2°(X); in other words, v, is the
random tempered distribution on X characterized by having Gaussian law with

Var[/xqsuo} - /X(gzs—/xqsuo)Quo, ]E[/nguo] —0, forallgeC®X);  (7.2)

— & = (&)ter is a Gaussian white noise on R x X and is taken independent of vs.

As v, and £ are random tempered distributions on X and R x X respectively, equation (7.1) is naturally
understood in the distributional sense almost surely, and its solution v must itself be sought as a random
tempered distribution on RT x X.

In order to solve equation (7.1), we start by introducing some notation. Given 1 < ¢ < 2, k > 1,
and 0 < p < 1 with pg’ >3, 1 large enough, for all h € W%4((2)?), we can define {U; s[h]}s<; as the
unique weak solution in Cloe([s, 00); W54((2)P)) of

{ O0:Us slh) = L, Uy sh], fort > s,
Ut,s[h”t:s = h7

see Theorem 3.1(ii). We also consider the dual evolution {Uf,}1>s on W4((2)P)*, where for all t > s

we define Uy as the adjoint of Uy s,
[ viilan = [ Uit
X X

(7.3)
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Recall that the condition pg’ > d ensures that the dual space W~4((2)P)* contains W*: OO(X). For
any g € Wk4((2)P)* and ¢ > 0, the dual flow s — Ut s[g] naturally belongs to C([0,t]; W~ ka((z)P)*),
where W=F4((z)?)* is endowed with the weak topology. Denoting by L* the adjoint of the linearized
mean-field operator L, we find that the dual flow satisfies the backward Cauchy problem

{ 0sUfslgl = — L}, Uflgl, for 0 <s <t,
Uislglls=t = g

In these terms, using the theory of Da Prato and Zabczyk [32], and more specifically its non-
autonomous extension by Seidler [82], we can check that the Gaussian Dean-Kawasaki equation (7.1)
admits a unique weak solution that is a random element in C'(R*;8'(X)), and it can be expressed by
Duhamel’s principle

(7.4)

t
vy = Ugplvo] —i—/o Ut,s [div(\//TSaofs)] ds

In particular, the solution is characterized by its covariance structure

ar [ /X qzbut} — Var [ /X Uol¢) yo] + Var [ /O t ( /X VoL VU; (6] -53) ds}
= [ (viol - [Vl no + [ ( [1of VU6 u)ds @9

7.2. Splitting fluctuations. By means of a Lions expansion, we start by showing that fluctuations
can be split neatly into contributions from initial data and from Brownian forces.

Lemma 7.1. Let kg be as in Theorem 5.1, let k € [0, ko], and assume that the initial law po satisfies
Jxc |2[P0po(dz) < oo for some pg > 0. We have for all ¢ € C2°(X) and t >0,

158 () = € (8) = DY (9) |20y SWispiame N2,

Ci(¢) = </¢mtuo /¢mtuo )

1 , .
DY) = ﬁz /O 0U(t — 5. Z%) - ond Bl
i=1

i terms of

where we have set for abbreviation U (t, p) fxgbm (t, ).

Proof. Let kg, Ag be as in Theorem 3.1 and let x € [0, ko] be fixed. Starting point is the Lions expansion
of Lemma 2.1,

N
1 t . )
N = m(t, pd) + — /OUt—s, M(ZiNY - ogdBE
[ont = [ omt.ud) N2 ), = sz o
t
21704 _ o« N N
N/o /Xtr [agauU(t s,us)(z,z)}us (dz)ds.

Multiplying by v/N, subtracting the expectation to both sides of the identity, taking the L?() norm,
and recognizing the definition of C}N(¢) and D;}¥ (¢), we are led to
1S¥(¢) — G (¢) = D . (7.6)

t
tr [ao 82U(t — 5, 1) (2, z)} pN (dz)ds
X L?(Q)
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By Lemma 4.6, for all A € [0,)\), 0 < p <1, and £y > 0, we get

t
/ / tr [ao OZU(t — 5, 1N (2, 2) | p¥ (dz) ds
0 Jx t
Swantopa [olwarneegsy [ e ( [ 020l @) as

Appealing to Lemma 4.7 together with Jensen’s inequality and with the moment assumption for u.,
SW.B.00,po,a ”@bHW?Hom(xy

we deduce
t
' / / tr [ao 83U(t — 5, 1) (2, z)] p (dz) ds
0 JX L2()

Combined with (7.6), this yields the conclusion. O

7.3. Initial fluctuations. We establish the following quantitative central limit theorem for initial
fluctuations CN(¢). The proof is split into two separate parts: the asymptotic normality of C}¥(¢)
and the convergence of its variance structure. For both parts, we exploit tools from Glauber calculus:
more precisely, the first part follows from Stein’s method in form of the so-called second-order Poincaré
inequality of Proposition 2.10, while for the second part our starting point is the Helffer—Sjostrand
representation for the variance in Lemma 2.7(iii).

Lemma 7.2. Let ko, Ao be as in Theorem 3.1, let k € [0, ko|, and assume that the initial law po satisfies
Ji 12[P o (dz) < oo for some 0 < pg < 1. The random variable C{¥ (¢) defined in Lemma 7.1 satisfies
for all ¢ € CX(X), t >0, and A € [0, $poXo),

1 _1 i\t
d2(CfV(¢), O-tc(d)muo)-/\/‘) SWB A bau. N Ze At<1+ (Utc(qb, fo) + (N~ 3e At)Q) ),
where the limit variance is defined by

2
o8 oo o= Var [l (2] = [ (Ukalol = [ Uialol o) e (77)

where we recall that U}y is defined in (7.4), that dg is the second-order Zolotarev metric (1.18), and
that N stands for a standard normal random variable.

Proof. Let kg, Ao be as in Theorem 3.1 and let x € [0, ko] be fixed. We split the proof into three steps.
Step 1. Asymptotic normality: proof that for all £ > 0 and A € [0, %po)\o),

N (@) CN(9) N (9)
d2<Varo[czV (¢)] ’N> " dW(Varo[ctN ()] ’N) " dK<Varo[czV (9] ’N>
Swsrpans N3 Varo[CN (@)~ (1 + Varo[CF (6)] 7). (78)

N|=

Set for abbreviation

A i (¢)
cN = t .
YO Ve ol
By Proposition 2.10, we can estimate
N
A (CN(9),N) + dw(CN(9),N) + dk (CF (6),N) S Varo[CN (6)] 72 Y B [|DSCH ()] 2
=1
N N 1] 1\ 2 %
a0 (3 (S Eloret ) psorei o))
j=1 " 1=1

Recalling the definition of C}¥(¢) in Lemma 7.1, using (2.20) and (2.21) to bound Glauber derivatives
by means of linear derivatives, appealing to Lemma 4.6 to estimate the latter, using the moment
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assumption for y,, and distinguishing between the cases [ = j and [ # j in the second right-hand side
term, we deduce for all A € [0, \g) and ¢y > 0,

d2(C (9), N) + dw (G (9),N) + dk(CF (9), V)

_3 .1 _1
Sl Varo[CF (9)] 72N 72615 eg. ¢ 2p°”</x(2>p°uo(dz)>

1
2

3
VGO N 0l gm0 ([ @Pnola))
X
and the claim follows.
Step 2. Convergence of the variance: proof that for all £ > 0 and A € [0, %po)\o),
Varo[CFY (9)] = o (¢, 110)?| Swiprgame N e, (7.9)

where the limit variance is defined in (7.7).

By the definition of C{¥(¢) in Lemma 7.1, we have

Vare[CY (0)] = NVar. | [ omit. )]

Appealing to the Helffer—Sjostrand representation for the variance in terms of Glauber calculus,
cf. Lemma 2.7(iii), we get

N
Varo[CN (¢)] = N EO[D‘? ) Lot DS ,N].
el o) = N3 (03 [ omie)) ezt (D5 [ omie.nd)
By exchangeability, this is equivalently written as
Var [ (0)] = NE. (07 [ om(e.i)) s (07 [ omei))].

Denoting by EZ ' := Eo- |Z§’N] and Var?! := Var,|[- |Z§’N] the expectation and variance with respect
to {Zg’N}j;#h and noting that Eflﬁngf = C;lElej’, we deduce from the triangle inequality

Varo[CV (6)] _N2Eo[<Ef1 [D;’/X¢m(t,uév)]>£;1<Efl [Di’/xaﬁm(t,uév)D”

< N2EO,1{VM§1 [D;/ngm(t,u{y)]].

Since we have £oX = X for any o(Z:" )-measurable random variable X with E,[X] = 0, the opera-
tor £5! can be replaced by Id in the left-hand side. Further appealing to the variance inequality (2.13)
for Glauber calculus, we are led to

Var G (0] - 8B [821 [ 7 [ omies)]']| < M. |

D50t [ omie. i) |

Using (2.21) to bound Glauber derivatives by means of linear derivatives, appealing to Lemma 4.6 to
estimate the latter, and recalling the moment assumption for p,, we obtain for all A € [0, poAo),

2
]Varo[CtN (¢)] = N*E [Ez“ D5 /X dmit )| } Swarsane Ne . (7.10)

It remains to evaluate the Glauber derivative in the left-hand side. Recalling again the link between
Glauber and linear derivatives, cf. (2.20), and appealing to Lemma 4.6 for the computation of the
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linear derivative, we get
D} /X dmt, 1)

1
= N—l/ // (/ dmm) (t, ud + 12(6, _5Z§’N)’y)> (5Z5,N —0,)(dy) po(dz)ds. (7.11)
0o JxJx \Jx
Let us further appeal to the definition of linear derivative to replace the measure pf’ +15(8, — 0 ZLN)
in the argument of m™) by
N(J]\,[z’ = Mé\f + %(5,2’ - 52371") = %52’ + % Zjv:Q 5Zg,N,

where 2’ is a new variable integrated over with respect to .. Using Lemma 4.6 to estimate the
additional linear derivative that constitutes the resulting error, we get for all A € [0, %po)\o)7

Dj / émlt, up)
X
213
- Nt / / / ( / ¢m(1)(t,uév,zuy)) (05185 — pio)(dy) uo(dZ’)( ] SWpApaue N 2.
xJ/xJx VX
Inserting this into (7.10) and reorganizing expectations and integrals, we obtain for all A € [0, %po)\o),

—1_—Xt
S/Waﬁvd)aaﬂuo N e .

varlc¥ @)= [ [([on®ed.n) . - uoxdy)ruo(dz)

We are now in position to appeal to Lemma 2.3 to replace ,uév by po in the expectation. Using as
before Lemma 4.6 to estimate linear derivatives, this leads us to

varle¥ o1 [ ([ (Lom®nem) <5z—uo><dy>)2uo<dz>

Using the notation (7.3), the definition of m(?) in Lemma 4.6 amounts to

Swsadape N e ™. (7.12)

m(l) (t7 Ho, y) = Ut70[6y - :U’O])
and the claim (7.9) follows with the limit variance o’ (¢, ito) defined in (7.7).

Step 3. Conclusion.
By homogeneity of d2 and by the triangle inequality, we can estimate

A CAORACYSIY

C(¢) of (¢, o)
Var[(;iv (@12 VarECZV ()] ZN)

N
VM&%W ) N) + 3| VarlC (6)] = of (6. 02|

= VarlcN(9)] dz(

< Ve @)oo
By the asymptotic normality (7.8) and by the convergence result (7.9) for the variance, we then get

for all A € [0, %po)\o)

_1

dz(CtN (4), a?(cb,uo)f\f) SWBAbas N—%e—M(1 + Var[CN (¢)] ) (7.13)

It remains to deal with the last factor involving the inverse of the variance. For that purpose, we
distinguish between two cases:
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— Case 1: assume that o (¢, j10)? > L.
In this case, the convergence result (7.9) for the variance yields

VarlCN (@))% < (of (6 po)? = CoNTle)
so that (7.13) becomes
42(C (). o€ (01N} 5o N3 (14 (L= CuN 1) 78,

— Case 2: assume that of (¢, 116)? < L.
In this case, the convergence result (7.9) for the variance yields

a2 (CF(9), o (6. 1IN) < 0F(6,110) + Varo [ (9)]
< 2L+ CyNte M.

< (L—CyN~te™™) 72,

Optimizing between those two cases, the conclusion follows. O

7.4. Brownian fluctuations. We establish the following quantitative central limit theorem for Brow-
nian fluctuations D}V (¢). The proof is based on the Lions expansion combined with a simple heat-kernel
PDE argument. The additional estimate (7.16) in the statement below ensures that the central limit
theorem for DY (¢) also holds given C}N(¢), which is key to deduce a joint result.

Lemma 7.3 (Brownian fluctuations). Let kg be as in Theorem 3.1, let k € [0, ko], and assume that
the initial law po satisfies [y |z|P°po(dz) < oo for some pg > 0. The random variable D} (¢) defined
i Lemma 7.1 satisfies for allt > 0,

_1
(D} (9), 0 (6, 10) N') Swipsane N2, (7.14)
where the limit variance is given by
t
X 2
oo = [ ([ | VUL P s ) s (7.15)

where we recall that Uy is defined in (7.4), that dz is the second-order Zolotarev metric (1.18), and
that N stands for a standard normal random variable. In addition, for all h € C’g(RQ) andt >0,

E[R(CY(6), DY (6))] — EEn [0(CN (8), 0P (6, 1)) ]| Swippame N 103hlliay,  (7.16)

where the standard normal variable N is taken independent both of initial data and of Brownian forces,
and where we denote by Enr the expectation with respect to N.

Proof. Let ko, A\g be as in Theorem 3.1 and let k € [0, ko] be fixed. We focus on the proof of (7.14),
while the additional statement (7.16) can be obtained along the exact same lines — simply replacing
the test function g below by h(C{¥(¢),-) and recalling that C}¥(¢) is independent of Brownian forces.
We split the proof into two steps.

Step 1. Proof that for all g € CZ(R) and ¢ > 0,

E[9(DY (#))] — BB [g(oP (6, ) N)] | Swsame N3l e ey, (7.17)

where the limit variance is defined in (7.15), and where as in the statement A stands for a standard
normal random variable taken independent both of initial data and of Brownian forces.

To prove this result, let us consider the (FZ)o<s<;-martingale (D2,(¢))o<s<t given by

N S
D) = 2= 3 [ O —up)Z) - 0d B,
=1

which satisfies

DYy(¢) =0,  DJN(¢) =D (¢).
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Let g € CZ(R) be fixed. By definition of D2(¢), It6’s lemma yields for all # € R and 0 < s < t,

%E3[9(9+D8{\7@(¢))] = %IEB[ 9+D /}00 (0uU)( s,pév)‘Quév]. (7.18)

Appealing to the Lions expansion in form of Corollary 2.2(ii), we find for all 0 < s < ¢,

| [t @ = s = [ 1o @) = somls, D[ s, )
X X

L2(Qp)

< NéEB[ / ) /X O Hy—o(s — i) ()Pl (d2) du]é
+N—1EB[(/OS/X\6,3Ht_s(s—u,uf)(Z;Z)\uiV(dZ)duy}

in terms of
2
Hys(u, p) / ‘an Ut (u,u))‘ m(u, p).

Appealing to Lemma 4.6 to estimate the multiple linear derivatives, and combining it with the moment
bounds of Lemma 4.7, we get after straightforward computations for all 0 < s <t and A € [0, %po)\o),

| [1e5 @00 = s = [ 1o 0,00~ smlsusg ) s, )
X X

L?(Q5)
Swangam NHD [ G (az),
Inserting this into (7.18), and using the short-hand notation
kaalop) = [ 1o @0)(¢ = sms, ) s, ),
we deduce for all 0 € R, 0 < s <t, and A € [0, %pg)\o),

2
L g0+ DY(0))] — braslid)) 5 Blo(0+ DY(6)]

_ 1
SWoarpam N He NI /X (2Pl (d2).

In order to solve this approximate heat equation for the map (s, ) — Eg[g(0 + D2,(¢))] on [0,¢] x R,
we can appeal for instance to the Feynman—Kac formula with DéYt(gb) = 0. Equivalently, this amounts
to integrating the above estimate with the associated heat kernel. It leads us to deduce for all # € R
and 0 < s <,

Enlg(0+ DN(0)] — Ex[g(0+ N/ Jy s, ) )| \ Swispape V29 e /X (o) (d2).

In particular, setting # = 0 and s = ¢, recalling Diﬂ(qb) = D] (¢), taking the expectation with respect
to initial data, and recalling E, [Hév] = U0 and the moment assumption for uo, we get

¢ _1
‘E[gwiv (@) ~ BB [g(A/fi (0 ) )| ' Swispane N9 L)
Using the notation (7.3) and recalling that the definition of m) in Lemma 4.6 amounts to

m(l)(ta Mo, y) = Ut,O[(Sy - ,UO]>
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we recognize the definition (7.15) of o,
t t . )
[ rui@man = [ ([ 1o @0) = s.mis. ) mls, ) ds
0 0 “Jx

t
= [ ([ |odvui el ms. ) as
0 X
= o (en)?, (7.19)
and the claim (7.17) follows.

Step 2. Proof that for all g € CZ(R) and t > 0,

_1
EoEy [g(atD(qﬁ,uév)N)] — By [Q(UP(QMO)N)H Swissaue N 29" lLem):- (7.20)
Combining this with the result (7.17) of Step 1, and recalling the definition (1.18) of the second-

order Zolotarev metric, this will conclude the proof of (7.14). Set for shortness o = oP (¢, ul’)
and o3 := 0P (¢, ito). We can decompose

Ex[g(of'N)] = Ex[g(o:N)] = (o = o) /0 B [N (o1 + 0108 — ) V)]

and a Gaussian integration by parts then yields

En [g(agv./\/’)] —Ex gl N)] = (o — at)/o (o¢ + o(cl — o)) Enr [g”((at +0(aN — at))NH dé.
Hence,
[Ex [g(oA)] = Bxrlg(ei )] | < 1lg” eyl = ol (Il + I = oul).

Taking the expectation with respect to initial data, the claim (7.20) would follow provided that we
could show for all ¢t > 0,

‘UtD(¢7 MO)‘ SW,/B,%CL,MO 1, (7'21)
_1
E, HUtD(CZ)? :UJ(])V) - UtD(QSa NO)P] SW,,B,(b,a,uo N7z, (7'22)

For that purpose, we first recall that by (7.19) we can write

N

P = [ ([ Il @) ssmlss )] ms. ) ds, (723)

with the short-hand notation U(t,u) := [x ¢m(t, ). Applying Lemma 4.6 to estimate the linear
derivative, and combining it with the moment bounds of Lemma 4.7, the claim (7.21) follows after
straightforward computations. We turn to the proof of (7.22). By the triangle inequality, we can
decompose

(SIS

Eo[|oP (¢, 1) — 0P (¢, 110)2]? < |BoloP (6, 1)) — 0P (¢, o) | + Vars[oP (6, 1d))]?,

and we estimate both terms separately. On the one hand, starting again from (7.23), appealing to
Lemma 2.3, using Lemma 4.6 to estimate the multiple linear derivatives, and combining it with the
moment bounds of Lemma 4.7 and with the moment assumption for u,, we easily get

‘EO[O-tD((Z)vMéV)] - UtD(qsnuO)‘ 5VV,[3,¢,a7uo N_l
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On the other hand, using the variance inequality (2.13) for Glauber calculus, and appealing to (2.20)
to bound Glauber derivatives in terms of linear derivatives, we find

Var, [Jt (6, ud") ZE DO (¢, 11 )| ]

<NIE[ (5Jt

d)’ + 1550 = 0, y) (6.5 — 8:)(dy) pod2) dsﬂ.

Further using Lemma 4.6 to estimate the multiple linear derivatives, and combining it with the moment
bounds of Lemma 4.7 and with the moment assumption for ., we deduce

VarO[UtD((ﬁ?M]DV)] SW,szﬁ,a,uo N ’
and the claim (7.22) follows. O

7.5. Proof of Theorem 1.3. Let kg, A9 be as in Theorem 3.1 and let k € [0, ko] be fixed. Let
also g € CZ(R) be momentarily fixed with ¢’(0) = 0 and [|g”||;®) = 1. By Lemma 7.1, we find

1
[E[9(SN (#)] ~ E[g(CN(9) + DY (@))]| Swapam N7
Next, appealing to (7.16) in Lemma 7.3 for the asymptotic normality of DY (¢) given C} (¢), we deduce

Elg(SY (6))] ~ EEx[g(C (6) + 07 (6.10)N)]| Swippasme N5, (7.24)

where N stands for a standard normal random variable taken independent both of initial data and of
Brownian forces. It remains to combine this with our analysis of fluctuations of C}¥(¢). Appealing
to the asymptotic normality of CY (qS) as stated in Lemma 7.2, and testing that result in Zolotarev
metric with the function Ex[g(- + o2 (6, 1o )N)] € CE(R), we deduce for all A € [0, $poAo),

E[g(57" ()] = En B [g(o (6, m)N" + 0P (9, 1)) ]|
Swsrtnn N5 (14 (o8 (00 + (V- He ) ),

where N’ stands for another standard normal random variable taken independent of initial data, of
Brownian forces, and of A/. Taking the supremum over g, and noting that o& (¢, po)N” 4 o (¢, po)N
has the same distribution as o4(¢, pto) N with total variance

Ut(¢71u0)2 = Jtc’(¢7NO)2 +GISD(¢a MO)Qa

we conclude

1 1 1\ —1
dQ(Siv (¢)’“t(¢’“°w) SW,BA .p10 N‘?<1+e‘”(0—f(¢,uo)+(N‘3e‘”)2) )

< N~2 4 N 3¢ 2V,
Noting that the total variance o4(¢, tio) coincides with the variance predicted by the Gaussian Dean—
Kawasaki equation, cf. (7.5), the conclusion follows. O
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