CREATION OF CHAOS FOR INTERACTING BROWNIAN PARTICLES

ARMAND BERNOU, MITIA DUERINCKX, AND MATTHIEU MENARD

ABSTRACT. We consider a system of N Brownian particles, with or without inertia, interacting in the
mean-field regime via a weak, smooth, long-range potential, and starting initially from an arbitrary
exchangeable N-particle distribution. In this model framework, we establish a fine version of the
so-called creation-of-chaos phenomenon: in weak norms, the mean-field approximation for a typical
particle is shown to hold with an accuracy O(N 71) up to an error due solely to initial pair correlations,
which is damped exponentially over time. Corresponding higher-order results are also derived in the
form of higher-order correlation estimates. The approach is new and easily adaptable: we start from
suboptimal correlation estimates obtained from an elementary use of [t6’s calculus on moments of the
empirical measure, together with ergodic properties of the mean-field dynamics, and these bounds are
then made optimal after combination with PDE estimates on the BBKY hierarchy.
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1. INTRODUCTION

1.1. General overview. We consider the Langevin dynamics for a system of N Brownian particles
with mean-field interactions, moving in a confining potential in R¢, d > 1, as described by the following
system of coupled SDEs: for 1 <i < N,

ax; N =viNae,

. . . . . , (1.1)
AV = £ SN v (xpN - XPNyde— GviNde - vAXPY) At +dBj, £ >0,

where {ZN = (X®N ViN)} o< is the set of positions and velocities of the particles in the phase
space X := R? x R% where W : R? — R is a long-range interaction potential with the action-reaction
condition W(x) = W(—=x), where A is a uniformly convex confining potential, where {B'}; are i.i.d.
d-dimensional Brownian motions, and where k, 5 > 0 are given constants. For simplicity, we choose
the confining potential A to be quadratic,

A(z) = %a|x|2, for some a > 0, (1.2)

although perturbations can be considered as well (see Section 1.3). Turning to a statistical description
of the system, in terms of a probability density FV on the N-particle phase space X%, the Langevin
dynamics (1.1) is equivalent to the corresponding Liouville equation
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+E D VWi — ;) Vo, PN+ VA(i) - Vo, FY, >0, (L3)

i,j=1 i=1

2| l

In this contribution, we investigate the behavior of the system in the regime of a large number N > 1 of
particles in the general setting of initial data {Z"|;—}1<i<n that are only assumed to be exchangeable
(that is, their law F'V|;—g is invariant under permutation of the particles), but that may be strongly
correlated. Let us recall two standard types of results for the system:

— Propagation of chaos:
If particles have weak correlations initially, then propagation of chaos is expected to hold, which
means that only little correlations can build over time. As a consequence, the distribution of a
typical particle is approximated by the solution u of the mean-field Vlasov—Fokker—Planck equation
O+ v - Vep = 2divy((Vy + Bo)p) + (VA + VW % 1) - Vp, t >0, (1.4)
M‘t:o = Mo, .
where p, stands for the initial single-particle distribution. Such a result has been established in
various settings and we refer e.g. to the recent work [5, 4] in case of singular interactions. More
precisely, for all 1 < m < N, denoting by FN™ the distribution of m typical particles in the system,
as given by the m-th marginal of FV,

FN’m(zl,...,zm):/ FN(zl,...,zN)dzmH...dzN, 1<m< N,
XN —m

we find that F'N'™ converges to u®™ as N 1 oo for any fixed m. Beyond this qualitative convergence,
an optimal O(N~1) error estimate for the convergence of marginals was first obtained in [10] for
smooth interactions, and later in [15] for bounded non-smooth interactions in a better metric: if
correlations vanish initially, then there holds

||FtN’m — ,u?mHTV < C’eCtmN_l, forall1 <m < N and t > 0. (1.5)

If in addition the intensity x of interaction forces is small enough, which ensures the uniqueness
of the mean-field equilibrium, then this error estimate (1.5) holds uniformly in time without the
exponential factor [16, 1] (see also previous work using coupling methods but only producing a
suboptimal convergence rate [3, 13]).

— Relaxation to equilibrium:
If interaction forces are weak enough, even if particles are strongly correlated initially, their distri-
bution is known to relax to Gibbs equilibrium on long times. For Lipschitz forces, the following
uniform-in-N exponential estimate was established in [3],

Wo(EN™ MN™) < Cpemet, forall1<m < N and ¢ > 0,

where MN™ stands for the m-th marginal of the N-particle Gibbs equilibrium M?”. As the latter
exhibits weak correlations, this entails in particular that initial correlations between the particles
must be exponentially damped over time.

Both uniform-in-time propagation of chaos and convergence to Gibbs equilibrium rely essentially on
the same phenomenon: due to the diffusion, correlations cannot accumulate too much over time and
must somehow be damped. This leads to the natural related question of creation of chaos as first
raised by Del Moral and Tugaut |7] (see also “generation of chaos” in [17, 19]): for general exchangeable
initial data, is it possible to show that the mean-field approximation holds to order O(N~1) up to an
error coming from initial correlations, which is damped exponentially over time?

Such a result can in fact be deduced immediately from the coupling argument of [3], but only with
a suboptimal convergence rate O(N -1/ 2): more precisely, for weak Lipschitz forces, it follows from [3,
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Theorem 2 and Remark 12| that
WQ(FtN’m,ul?m) <C,N"3+C,, e‘étWQ(FéV’m,,ug@m), forall 1 <m < N and t > 0. (1.6)

Our first objective is to achieve the optimal rate O(N 1) in this creation-of-chaos result, which to our
knowledge is not possible via the same coupling methods. More precisely, we look for bounds of the
following form, in some suitable metric,

||FtN’m —u&M| < Cpu N7 4 C’me_%tHF(fV’m —p@™||, foralll1<m < N and t > 0. (1.7)

In the sequel, we establish estimates of this kind for weak smooth interactions, in negative Sobolev
norms instead of Wasserstein distance; see Theorem 1.1 below.

While virtually any proof of uniform-in-time propagation of chaos comes with some associated
creation-of-chaos result showing the damping of initial correlations, we emphasize that clean estimates
of the form (1.7) are more difficult to establish. In particular, there has been a lot of recent progress
based on hierarchical approaches to uniform-in-time propagation of chaos [15, 5, 16, 1, 4], starting from
the BBGKY hierarchy of equations for marginals, but such methods require to deal with information on
the whole hierarchy {FN’m —,u®m}1§m§N at once and can thus a priori not be used to obtain estimates
of the form (1.7) for any fized m. For overdamped systems (see Section 1.3.1 below), modulated energy
methods can also be used to establish creation of chaos, see [19], but they require much stronger
initial information in the form of the relative entropy of the N-particle distribution with respect to a
tensorized state, which again cannot lead to clean estimates of the form (1.7) for marginals.

Next to this question on the creation and propagation of chaos, we further refine our analysis to
corresponding correlation estimates. Many-particle correlation functions provide finer information on
the propagation of chaos in the system and we shall see that creation of chaos holds more generally
at the level of arbitrary high-order correlations. Recall that the two-particle correlation function is
defined as

GN2 .= pN2 _ (pN1y®2
which captures the defect to propagation of chaos (1.5) at the level of two-particle statistics. This
quantity alone does not allow to reconstruct the full particle density FV: we define higher-order
correlation functions {G™V "MYo<m<nN as suitable polynomial combinations of marginals of F N'in such
a way that the full particle distribution F'V is recovered in form of a cluster expansion,

FN(z,.,2n) = > ] 6M*(m), (1.8)

wH[N] Bem

where 7 runs through the list of all partitions of the index set [N] := {1,..., N}, where B runs through
the list of blocks of the partition 7, where §B is the cardinality of B, where for B = {i1,...,4;} C [N] we
write 25 = (24, - - -, 2, ), and where we have set GV'! := FN'1. As s easily checked, correlation functions
are fully determined by prescribing (1.8) together with the requirement [y GN™(21,..., 2m)dz = 0
for 2 <m < N and 1 <[ < m. If initial correlations vanish, standard propagation of chaos leads to
Giv 2 — O(N~1), and a formal analysis of the BBGKY hierarchy further leads to expect

Gl = o(N*™),  2<m<N. (1.9)

This is referred to as higher-order propagation of chaos and is a key tool to describe deviations from
mean-field theory, see e.g. [9, 10, 11] and in particular [2, Corollary 1.3| for the derivation of the
so-called Bogolyubov correction to mean field. Such estimates have been obtained in several settings
with an exponential time growth: non-Brownian particle systems with smooth interactions were first
addressed in [10], while in [14] the overdamped dynamics was further covered for bounded non-smooth
interactions. If interactions are weak enough, we proved in our previous work [2] that (1.9) actually
holds uniformly in time, and the same was obtained later in [21] for the overdamped dynamics with
bounded non-smooth interactions. All these results have been obtained only on the condition that
initial correlations vanish. Yet, uniform-in-time versions of (1.9) hint towards a corresponding ‘higher-
order’ creation-of-chaos phenomenon at the level of correlation functions: for general exchangeable
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initial data, is it possible to show that the m-particle correlation GN'™ is of order O(N'=™) only up
to an error coming from initial m-particle correlations (or at least, from a finite number of high-order

correlations), which is damped exponentially over time? For two-particle correlations, it already follows
from (1.7) that

IGN?| < CN~! 4 cemet||GN2. (1.10)

In the sequel, we obtain similar estimates for all higher-order correlations, see Theorem 1.2 below. The
only other result of this kind that we are aware of is the recent work of Lukkarinen and Vuoksenmaa [17]
regarding energy cumulants for the stochastic Kac model. In that work, however, the authors appeal
to hierarchical techniques, which require to deal with the whole hierarchy {G* M <m<n at once and
do not yield simpler estimates of the form (1.10) for correlations of a fixed order.

Notation.

— We denote by C' > 1 any constant that only depends on the space dimension d, or possibly on other
controlled quantities when specified. We use the notation < for < C'x up to such a multiplicative
constant C. We write a ~ b when both a < b and b < a hold. We also use the notation < (resp. >>)
for < %x (resp. > C'x) for some large enough constant C. We occasionally add subscripts to
C, <, ~, <, > to indicate dependence on other parameters.

— For any two integers m > n > 0, we use the short-hand notation [m,n] :== {m,m+1,...,n}, and
in addition for any integer m > 1 we set [m] := [1,m].

— For all z € X, we use the notation (z) := (1 + \z\Q)%

— For any measurable space (E, &), we write P(E) for the space of probability measures on E. We
endow X with the Borel o-algebra.

— For a measure p € P(X), we use the following short-hand notation for its moments,

Q0 = [ (2ruta). =0 (w11)

1.2. Main results. We start by defining the appropriate functional framework for our results: for r > 0,
1 <g< 2 and 0 < p < 1, we consider the following weighted negative Sobolev norms on func-
tions h : X — R,

il oy = sup{) /X oh| 9 €CEX), I PPl s1} (1.12)

and for m > 1 and functions h : X — R,

bl recon = s d| [ o2 5 o€ C20. M Pelyragn <1p0 (113)

The choice of these spaces is dictated by the available ergodic estimates on the linearized mean-field
evolution, which are not known to hold on the simpler unweighted spaces W~—%!(X); see e.g. [2] and
Lemma 2.1 below.

Our first main result justifies the desired estimates (1.7) on the creation and propagation of chaos
in the above norms. The estimates appear essentially optimal, except for the dependence on m, for
the strong regularity assumption, and perhaps for the loss of regularity in the norms.

Theorem 1.1 (Creation of chaos). Let the interaction potential W be even, smooth and decaying
in the sense of W € W43 n H3(R?) for some s > % + 5, and let the confining potential A be
quadratic (1.2). Given an exchangeable N -particle distribution FXN € P(XN) with all bounded moments,
consider the weak solution FN € C(R*; P(XN)) of the Liouville equation (1.3) with initial data FX .
Given po € P(X) with bounded second moments, also consider the weak solution p € C(RT;P(X)) of
the mean-field equation (1.4) with initial data po. Then there is A\g > 0 such that the following holds:

IThis is the norm of the injective tensor product W, "9(X)®™, which of course differs from the norm of W, ™9 (X™).
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gwen 1 < ¢g <2 and 0 < p < % with pq’ > 1 large enough, and provided that 0 < k < 1 is small
enough, we have for all1 <m < N and t > O,2

m
N7 _1 - A t ]V7 j ]
HFt - U?mHW;&q(X)@m 5 N + Ze 7op HFo )= M?J||W£)27q(x)®ja (1-14)
=1
where we have set for abbreviation m = m for m even and m = m + 1 for m odd.

We turn to the creation of chaos at the level of correlation estimates. The precise combination of
initial correlations that needs to be tracked quickly becomes quite cumbersome for high-order corre-
lations. Although its expression is easily inferred from the proof, we stick here, for readability, to a
simpler statement where we assume that correlations have a definite scaling initially. We emphasize
that for estimates on m-particle correlations we only need information on initial j-particle correlations
with j < 2m — 1, cf. (1.16), in contrast to the much stronger requirements for hierarchical arguments.
In the case of chaotic initial data, we recover in particular the uniform-in-time correlation estimates
obtained in [2], cf. (1.18).

Theorem 1.2 (Creation of chaos in correlation estimates). Let W, A, FN )Xo, p, q, k be as in the state-
ment of Theorem 1.1, and further assume W € Cp° N HOO(Rd). Then the two-particle correlation
function satisfies for all t >0,

||Giv’2”wp‘3’q(x)®2 S N7+ 6_/\OptHGé\[’2

|W£)2’Q(X)®2' (115)
In addition, given 2 <m < N and « € [0,1], if we have initially

HGgVJHWJ,q(X)@j < CSNUTD forall2 < j < 2m -1, (1.16)

and if k is small enough (further depending on m), then we have for all t > 0,

¢ llw, (X)

for ron = m+ 1, some ¢, ~m ¢, and pm ~m D with pmq,, = pq’. In particular, if the initial data are
chaotic, that is, if FY = u®N for some po € P(X), then we have for all2 <m < N and t >0,

N, _
Gy m”wp—rr?;m’qm(x)@m S NtT™, (1.18)

Remark 1.3 (Smallness assumption). In the above results (1.17)—(1.18), the smallness assumption
on x depends on the order m of the correlation function of interest. This is necessary in our approach
(except in the simpler setting of the overdamped dynamics, see Section 1.3.1 below), but it can be at
least partially relaxed. More precisely, focusing for shortness on the particular case of chaotic initial
data, FN = u®N | we can prove the following suboptimal bounds: letting W, A, FV . p,q, k be as in
Theorem 1.1 (hence, with  independent of m), we have for all 2 <m < N and t > 0,

N, _m
Gy mHW@s!q(x)@m SNz

(To see this, we refer to Step 1 of the proof of Theorem 1.2 in Section 4, simply specializing it to the
case of chaotic data, hence a = 1.)

1.3. Extensions. We briefly discuss some simple extensions of the above results. The adaptation to
the Kac model, based on ergodic estimates for the space-homogeneous Boltzmann equation and the
use of a similar BBGKY hierarchy, is a bit more demanding and is postponed to a separate work,
improving the recent result of Lukkarinen and Vuoksenmaa in [17].

2In this statement, the exponent Ao only depends on d, 3, a, HWHWLM(Rd); the condition pq’ > 1 only depends
on d, 8, a; the smallness condition x < 1 further depends on p, ¢, Q2(10), Qg(Fffv’l), and on controlled norms of W; and
the multiplicative constant in (1.14) further depends on m and Qup(Fa ).

3The multiplicative constant in (1.15) only depends on d, 3, a, Q2(F2'!), and on (Wl 35d+3.00 rre(xy for some s > 445,
the additional smallness condition on k only depends on p,q, QQ(FON’I),m; and the multiplicative constants in (1.17)
and (1.18) further depend on Qu,(FX!), Wl d+m+2.00 (ray, and on the constants (C7)2<j<2m—1 in (1.16).
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1.3.1. Owverdamped dynamics. Our results also apply to the overdamped Langevin dynamics, as de-
scribed by the following system of coupled SDEs: for 1 <i < N,

N
ay N = 2N KN -y At - VAYSY) +dB], >0, (1.19)
j=1
where K : R? — R? is a smooth force kernel with the action-reaction condition K (z) = —K(—x) (we

may take K of the form K = —VW, but this is not necessary). In terms of a probability density F¥
on the N-particle phase space (R?)Y, this particle dynamics is equivalent to the following Liouville
equation,

N N N
OFN =13 N, BN - % > divy, (K (i — ) FN) + ) divy, (VA(z;) FN). (1.20)
=1 i,7=1 =1

The associated mean-field equation is now the McKean—Vlasov equation
O =200 — kdiv(W(K = 1)) + div(iV A). (1.21)

In this setting, by standard parabolic theory, ergodic estimates for the linearized mean-field equation
hold in the unweighted spaces W—"1(R?) for k > 0, see [8, 2|. This simplifies our proof substantially:
while working in weighted Sobolev spaces in the kinetic setting forces us to use fine concentration
estimates for moments of the particle dynamics, this is no longer needed here. In addition, when
adapting the proof to the present unweighted framework, we find that the smallness requirement on s
in correlation estimates is no longer required to depend on the order of the correlation. More precisely,
we obtain the following.

Theorem 1.4 (Creation of chaos — overdamped setting). Let the interaction force K be odd, smooth
and decaying in the sense of K € C° N H*®(R?), and let the confining potential A be quadratic (1.2).
Given an exchangeable N-particle distribution FN € P((RYN) with bounded second moments, we con-
sider the solution FN € C(RT; P(RY)N)) of (1.20) with initial data FYN and denote by {GN"™}ocmen
the corresponding correlation functions. Given fio € P(R?) with bounded second moments, also con-
sider the weak solution ji € C(RT;P(RY)) of the McKean—Viasov equation (1.21) with initial data fi.
Then there is A9 > 0 such that the following hold for 0 < k < 1 small enough.*

— Foralll <m < N and t > 0 we have
~ ﬁl . ~ . .
IEN™ — 5™ s gayom S N7H4D " eI FNT — 533y 0 gayes, (1.22)
j=1

where we recall the short-hand notation m = m + 1,, odd-
— Given 2 <m < N and « € [0, 1], if we have initially

G2 |y -2 gayes < CEN 0 forall 1 < j <2m—1, (1.23)

then we have for all t > 0,
G ™ -1 gayom S N7 e Mot yel=m), (1.24)
In addition, if the initial data are chaotic, that is, if FN = a®N | then for all2 <m < N andt >0,

|’G~(iV7m|’W7m71’1(Rd)®m S Nl—m.

4In this statement, the exponent Ao only depends on d, 3, a, [[W1li51.00 ge); the smallness condition on x further

depends on Q2(uo), Q2 (Fcfv’l), and on some norms of W; the multiplicative constant in (1.22) further depends on m
and on some norms of W also depending on m; the multiplicative constant in (1.24) further depends on the constants
(C;)zgjggmfl in (123)
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1.3.2. Periodic setting. Our analysis is easily adapted to particle systems on the torus T, for instance
in the spatially homogeneous setting A = 0. However, in that case, for the Langevin dynamics (1.1),
ergodic estimates for the linearized mean-field equation only yield a super-polynomial decay ¢~
instead of exponential; see indeed [20, Theorem 56| and [2, Remark 2.14]. As a result, Theorems 1.1
and 1.2 then take the same form as above up to replacing the exponential time decay e~ by ¢t~°°. For
the overdamped dynamics (1.19), on the other hand, the exponential decay still holds in the periodic
setting.

1.3.3. Non-quadratic confinement. Both for the Langevin dynamics (1.1) and the overdamped dynam-
ics (1.19), our results would hold in the same form if the quadratic confinement (1.2) were replaced
by A(z) = a|z|> + A'(z) for some a > 0 and some smooth potential A’ € C°(R?), provided that
|V2A'| Leo(rd) 1s small enough (only depending on 3, W, a). In that case, we can still appeal to [2] to
ensure the validity of the ergodic estimates of Lemma 2.1 below, while the rest of our approach can be
adapted directly without major difficulties.

1.3.4. More general interactions. While we focus for shortness on pairwise interactions deriving from
a potential, the term %Zjvﬂ VW (XN — X3N) in (1.1) (or correspondingly in (1.19)) could be
)

replaced by a more general interaction term of the form xb(X*N, u) for some smooth functional

b:RY x P(R?) — R, where yV stands for the empirical measure

N
1
u = N;‘SZZ’N € P(X). (1.25)

Equation (1.1) corresponds to the particular choice b(x, u) = —VW % pu(x), but our analysis is easily
adapted to more general functionals b under suitable regularity assumptions both on b and on its
derivatives with respect to the measure argument, together with a corresponding smallness condition
on k. We skip the details and refer to [8] for the needed adaptations (see in particular the regularity
assumptions (Reg) and (Lip) in [8, Section 2.3.2]).

1.4. Strategy and plan of the paper. Our starting point is the derivation of new estimates for
quantities of the form

A" (t) = sng[)/XsO(uiV—ut)’m}

where the supremum runs over a suitable class of smooth test functions ¢. Analyzing the dynamics of
those quantities and appealing to the ergodic estimates of the linearized mean-field equation, we are
led to proving roughly that for all ¢ > 0,

cm
N

see Proposition 2.3. For the Langevin dynamics, as ergodic estimates only hold in weighted Sobolev
spaces, we lose moments of the particle dynamics in the estimates, which we manage to control by
means of suitable concentration estimates.

When reformulating A™ in terms of marginals or correlations, this bound (1.26) leads only to
suboptimal estimates. In particular, as t T co, we only deduce a bound O(N -1/ 2) instead of O(N~1)
for the error in the propagation of chaos, and a bound O(N~"/2) instead of O(N'~™) for the m-
particle correlation. In order to recover the optimal scalings, our next main ingredient is the BBGKY
hierarchy: more precisely, appealing again to ergodic properties of the linearized mean-field equation,
we show that the optimal scalings can be rigorously extracted from the BBGKY hierarchy, noting that
the latter can be truncated using the suboptimal estimates obtained from (1.26).

We emphasize that relatively few ingredients are used in this approach: the basic estimate (1.26)
relies solely on ergodic estimates for the linearized mean-field equation, on concentration properties, and
on some regularity of the interaction kernel. The strategy appears versatile and should be applicable

AT () < ( )m + CmemRomt gm (), (1.26)
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to other mean-field systems, including the Kac model mentioned above, which is postponed to a future
work.

Plan of the paper. Section 2 is devoted to the statement of ergodic estimates, the proof of concentration
bounds for moments of the particle dynamics, and most importantly the proof of (1.26), cf. Proposi-
tion 2.3. Next, Sections 3 and 4 are devoted to the proof of Theorems 1.1 and 1.2 as a consequence
of (1.26) together with BBGKY estimates.

2. PRELIMINARY RESULTS

As correlations are driven by the linearized mean-field operator, a key ingredient to understand the
damping of initial correlations is naturally given by ergodic estimates for linearized mean field. Recall
that p stands for the solution of the mean-field equation (1.4) with initial data pu.. This equation
admits a unique steady state M for 0 < x < 1 small enough, which can be characterized as the unique
solution to the fixed-point Gibbs equation

M (z,v) = cprexp [— ﬁ<%|v\2 + A(z) + kW * M(a:))}, (z,v) € X,

where cjs is the normalizing constant such that fx M = 1. This fixed-point equation has indeed a
unique solution when &B||W || oo (ga) < 1. For h € C2°(X) and t > 0, we consider the (non-autonomous)
backward dual linearized mean-field evolution,

{ OUsih + v+ VaUsih = (= 300 + 380y + (VA+ KIW 5 1) - Vo )Upsh, s <t, 21)

Usth|s=t = h.
In |2, Proposition 7.1], we obtained the following ergodic estimates in weighted Sobolev spaces. This
is a consequence of hypocoercivity techniques together with a suitable use of the enlargement theory

of Mischler and Mouhot [18]. (In [2], an estimate is obtained instead for the forward primal linearized
evolution, but it is equivalent to this one by duality.)

Lemma 2.1 (Dual ergodic estimates, [2]). There ezist 19, Ao > 0 (depending on d, B, a, W |y1.00 (ra))
such that given k € [0, ko] we have for allr > 0,1 < q¢<2,0<p <1 with pg > 1 large enough (only
depending on d, 3,a), t > s >0, and h € C°(X),

H(z)’p<U87th— /X hM)

where the multiplicative constant only depends on d, B,p,q,7,a, HWHWr+d+1,oo(Rd), and Q2 (po).

~

< o= Aop(t—s) -p ,
ot £

We emphasize that the above ergodic estimates are not known to hold in W"*°(X), but only in
weighted spaces (z)PW"? (X) with pg’ > 1. As we work in such weighted spaces, we will need to
control moments of the particle dynamics. More precisely, we will appeal to the following concentration
bounds for moments of the empirical measure p¥ given in (1.25).

Lemma 2.2 (Moment estimates). Let kg > 0 be as in Lemma 2.1. There exist Ao > 0 (only depending
on B,a) and Cy > 0 (further depending on d, [|W||y1.00may), such that for all2 <m < N, 0<p<1,
L > CoQap(pto), and t > 0 we have

Bl(@alu) - 1) < (™) cpeoms| [ @ - )

In addition, for all v > 0,
E[Q, (1)) = Q (F"") < Co(Cor)? + Che M Q, (N1, (2.3)

Proof. We split the proof into two steps, starting with the proof of the concentration estimate (2.2),
before turning to the more classical proof of the moment bound (2.3).

m} . (2.2)
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Step 1. Proof of (2.2).
Let 0 < p <1 be fixed. In the spirit of [3]|, we consider the random process

N

1 , , , . . ,
GY = S BN Ry = L al XN VI X v

i=1

for some 7 € (0,2+/a) to be chosen later on. Note that this range of 7 ensures
i\,\N N
RyY oy (270 GY ap Qapliy))- (24)

The particle dynamics (1.1) and It6’s formula yield
AREY = (ol PP 4 (5 - mIVE NV a

N
=5 2@V ) VW g - xPNat+ 2V + XY - dBY.
j=1

Provided that 0 < n < 1 is chosen small enough (only depending on 3, a), we can find A\g > 0 only
depending on §,a such that

dRMY < xRN dt + Codt + 2V + XN - dB!, (2.5)
where henceforth Cy stands for a positive constant only depending on d, 3, a, [[W{|y1,00 ray, the value

of which may change from line to line. By Itd’s formula, using p(p — 1) < 0 and (Ri’N)p_l <1, we
deduce

RPN < —2x0p(RyNYPAE + Cop(Ry™MPat + Lp(p — 1)(RYV P22V + X PN 2de
+p(RyV P VY ) N) - dB]
i,N\p i,N\p—1 i,N i,N i
< =2Xop(Ry7 )Pt + Copdt + p(Ry™ )P~ (2V," +nXy) - dBy,

and thus, summing over i and recalling the definition of G}V,

N
dGY < —2X0pGN At + Cop dt + % S (wPNPHVEY +0xpN) - dB;
i=1
Further using Itd’s generalized formula for convex functions, bounding classically the expectation of
the local time using the quadratic variation, we get for all L > 0 and 2 <m < N,

d m m— m—

E1[»3[((;5 - L)7] < IE[ —20pm(GY — L) GY + Copm(GY — L)1
p’m(m—1) mt i, N\2p—2 07 7iN 0N 2
T(Gt - L)¥ Z(Rt ) 2V 4+ X

i=1
Copm?
N

<E [ — 20pm(Gy — L)T'GY + Copm(GY — L) + (GN — L)TZG?]] ,

hence, decomposing G = G — L + L, we get for L > Cpy/ o,

d CoLpm? .
aE[(va —L)}7] <E [ — 2\opm(GY — L) + %(G,{V — L)} 2] .
By Young’s inequality, this entails
d

m m C()Lm %
SEGY = D)7] < —2opmEG] — L)T] + 220p( et )7
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and thus, by Gronwall’s inequality,
%

) ¥ e E[(GY - L)),

B[GY - 07 < (3

AN
Noting that

B[ - 07) < B|(Co [ - £)"| = e B|( [0 = ) + Quptie) - 572)" |
and the conclusion (2.2) follows.

and further imposing L > CyQ2p(pto), we conclude
|
Step 2. Proof of (2.3).

Bl - 07) < () +ape o] [ - )
Using the same notation as in Step 1, and starting from (2.5), we find by It6’s formula, for any r > 0,
d
dt
In case r > 1, using |2Vt1’N + 77Xt1’N|2 < Ri’N and Young’s inequality, we find
d
dt
Hence, by Gronwall’s inequality, recalling » > 1
E[(R,™)] < (C;OOT) + e ME[(Ry)'],

and the conclusion (2.3) then follows (up to renaming the constants), using
B[R] = BlQu )] = B[ [ ()] = Qu(F™)
In case 0 < r < 1, rather using r(r — 1) < 0 and (R}"™)"~! <1 in (2.6), we find

d
dt
and the conclusion follows similarly. O

—E[(R™)] < —220rE[(RF™) ] +CorE[(RyN ) Y +4r(r—D)E[(RPY) 212V, 40X V). (2.6)

C'or)

—E[(RF™M)] < —200rE[(RP™)™] + Cor®E[(RFM)™ 1] < —AorE[(RF™N)] + Ao ( "

—E[(R;N)] < —20rE[(R}N)] + Cor,

With the above two preliminary lemmas at hand, we may now turn to the proof of the following
moment estimates on the mean-field approximation error, which we deduce from a suitable application
of Ito6’s formula together with a Gronwall argument. The proof can be compared with some related
computations in [6].

Proposition 2.3. Consider the following quantities measuring the mean-field approximation error, for
anyl<qg<2,0<p<1l,m>1, andt >0,

A = sw || [ ot - "] o ecZe0, 16 Pelhnae < 1) @)

There exists A\g > 0 (only depending on d, B, a, ||W |y1,00(ray) such that the following holds: given
1<qg<2and0<p<1with p¢’ > 1 large enough (only depending on d, 3,a), there exist g, Co > 0
(further depending on p,q, Qa(to), and [|W||yats.conps(ray for s > 4 +3) such that given k € [0, ko
we have for all2 <m < N and t > 0,

m Com\ 2 m _—Aopm m
ANy < (F30) T+ Care AR o).
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Proof. Let A\g stand for the minimum between the corresponding exponents in Lemmas 2.1 and 2.2.
Let 1 < ¢ <2and 0 < p <1 be fixed with p¢’ >3, 1. Instead of controlling directly the evolution

of ANZ™(t), let us consider

DY (t) = Sup{e”m(“)ED /X (Us ) (1l — )

for some exponent v > 0 to be chosen appropriately later, where we recall that {Us;}o<s<¢ is the
backward linearized mean-field evolution defined in (2.1). Given a test function ¢ € C°(X) with
||<z>_pg0\|W2,q/(X) <1, we find by It6’s formula, for all m > 2 and 0 < s <,

cymit— s)EU/ Usa) (1l — s) m} < e”mt]E“/ Uoae) (1 — o) m]
—’Ym/ eyt T)EU/ Urso) (17 — pir) ]dT

+mn/ emt=T) U/ Ursp) (i = pir) ‘/MT v(Urtp) VW*(uiV—uT)}dT

LERYe T)]EU [ = | [0 P |ar 2

We start by examining the penultimate right-hand side term. Similarly as e.g. in [6], it is convenient
to decompose VW # (uY — 115) as a superposition of Fourier modes,

/X PN Vu(Urp) VW (0 = pr) = € [ i€ () - ( /X VolUrip)eend ) /X e-elul — pr) e,

| 05 st pe o2, 1 Pelwnre < 1)

where we have set e¢(r) := €€, By the ergodic estimates of Lemma 2.1, together with the Sobolev
embedding with ¢ > 2d/q’, we find

1) PV Urielim S 1) PVullridlpercn S €PN Pl (29)

Choosing ¢ > pq’ > 1 large enough, we can choose ¢ > 2d/q" with £ + 1 < 2. Hence, recalling the
choice of ¢ with [[(z) Pelly2q ) < 1, we get

| [ Vi) - W s )| £ Q) [ T [ el = o)

where the multiplicative constant only depends on d, 8,p,q,a, Q2(to), and |[W||ya+s,co(ray. Given a
parameter L > 1 to be chosen appropriately later, decomposing Q,(pY) < L+ (Qp(1Y) — L), noting
that | [y e_¢(uY — pr)] < 2 and that the assumptions on W ensure [q [{W(€)|d€ < 1, we can bound

S L) [ O] [ eelud - )] g

+ e Q) — L)+

‘/Mr o Tt‘P VW*( — fir)

Now using this to estimate the penultimate term in (2.8), we find

m—1
/ eym(t=7) U/ Urae) (0 — pir) ‘/MT o(Ur i) VW*(//TV—MT)}dT
< L/ KW / evmt 7) _Aopt 7) |:’/6 5 _:U'T ’/ Tt(P _,UT)

m—1
/ Ym(t=7) o= dop(t—T) g |:(Qp Ur ‘/ Uro)( —,uT) }dT. (2.10)

0

]def
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Let us start by examining the first right-hand side term in this estimate. Noting that the definition
of Dy ;" (t) entails in particular

E[’/Xe—f(uiv—m) "

and noting that the assumptions on W allow to estimate as follows the remaining integral with respect
to &, for some 6 > 0,

W (4243) 777 : L
L @ReTlae <5 ([ @ F ITQRIE) = Wl ugs, <

we can use Holder’s inequality to estimate
‘ / T tSO - MT)

/ ’fW ’/ ewmt T) —)\op(t T)E|:‘/e E _,UT

< L/ o 1m(t=T) = Aop(t— T)EU/ Uri) (1 — pir)

0

1
m _ 1 1
| < 1 Peelwawo DA% 5 (2D,

- ]drdg

Inserting this into (2.10) and further using Young’s inequality, we get

m -
] Dé\i’]m(T)%dT.
m—1
/evmt T)EU/ Urap) (17— ir) ‘/MT o(Ur 1) VW*(MJTV—MT)}dT
<L/0 ermt= T)EU/ Uri) (1Y — pir) ]dT

4L / e dopm(t=r) pham(ry dr 4+ — / O=AME=NE[(Q, () — L)T]dr.  (2.11)
m Jo m Jo

We turn to the last term in (2.8). Applying again Young’s inequality, we can bound

m(m — 1 9 m—2
()/ m(t— |:’/ TtSO _/_1,7_ /’v Tt()p)’ MT:|dT
'ym m(t—r) ’ _ 2m ym(t—7) / 2 N)?
/ [ / (i —pir) }dfﬂ(,ﬂv) /0 e E ; [Vo(Uri)] MT) dr,
and thus, using again the ergodic estimates of Lemma 2.1 as in (2.9),
—1 m—2
=D [ et || [ e = o[ [ 19,0 ar
ym ) Cm
< / m(t= D/ ool = )|

—Xop)m(t—7 N\Z
| dT + 7(7 ) / e(r—op)ml(t )E[Qgp(uT )z ]dr.
Inserting this together with (2.11) into (2.8), we are led to

0
oI | [ e = || < || [ et —mm]

+(CI€L—%’Y) / it T)EU/ Ur0)( —,uT) :|d’7'

+ CkL / e dormlt=r) pNam (1) dr + Ok / =AomE=NE[(Q, (1) — L)T]dr
0 0

Fr(Cmy¥ [ om0, ()% ar
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Note that for the first right-hand side term the ergodic estimates of Lemma 2.1 and the definition
N,m .
of Dy (0) yield

U | Wose) o = ) ] <@ (e [em)|r, . DY < cme D).

Provided that v > 2CkL, taking the supremum over ¢ and 0 < s < ¢, we deduce

t
Dzjo\,fém(t) S Cme(’Y)\Op)mth(}m(o)_i_CﬁL/o ('y )\op)m(t T)Dé\/qm(T) dr

t
+Cr [P (Qyy () — L7dr
0

+’Y(§ZL)2/O AT [Qy (4N 3] dr. (2.12)

Noting that for pg’ > 1 we have

“/ V2P (g = po)

and choosing L > 1 large enough (only depending on d, 8, a, Q2(fio), [W|[y1.00 (4)), the concentration
bound of Lemma 2.2 yields, for 2 < m < N,

} < C™Dy(0),

t
/ e(v—/\op)m(t—T)E[(QZP(HJTV) _ L)T] dr
0

CLm\% [! (=2 _ b SR
< ~Y—Xop)m(t—7) m N,m (y=Xop)m(t—7) ,—Xopmt
< (7) /0 e dr + C™ Dy (0) ; e e dr,

and thus, provided that v < %/\op,
Fl

t CLm
(y=Xop)m(t—T) Ny _ 1\ym
/0 e\1 0P E[(Qap(pr) — L)T]dr < ( )

Similarly, we can also bound

m t
()7 [ g Q) B Jar

0

m Aop)mt A N,m
+ C™e(Y—20p) qu(o)

m t t
< (C][\’]m> ? / e(“//\op)ﬂ%(tT)dT_,_CTn/ e(%/\op)m(t*T)E[(QQP(MiV) — L)T]dr
0 0
CLm\% m _ m N.m
- ( N )2 + o tD3p:q (0).
Inserting these bounds into (2.12), choosing 7 := %)\op, and assuming that x is small enough in the

sense of 2CkL < %)\op, we find

CL t
DY (t) < (Tfm) + Cmem 2P DI (0) 4 Ok /0 e~ 2hopm(t=1) pNm (0 qr,
and thus, by Gronwall’s inequality,

CLm\% L N
Dzjv\;}m(t) S <T) 2 +Cm€ 2)\0pmtD3p:7Z;(0)

t
+ CHLe—é)\opmt/ eCnL(t—T) <e§)\opm7 <CLim)
0 N

As the smallness requirement on k precisely ensures CkL < %/\op, we get after computing the remaining
time integrals,

m
2

+ CmD3pq (0 )) dr.

m CLm m _ —3 m
DNm(#) < (T> + Cmemidormt piim ).
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As by definition we have Aé,\,]g]m(t) < D,],Y 4" (t) and Aﬁ;{”(o) = Dg 4"(0), the conclusion follows (up to
renaming o). O
3. CREATION OF CHAOS

This section is devoted to the proof of Theorem 1.1 using the preliminary results above. Our argu-
ment shows how the estimates of Proposition 2.3 can be turned into suboptimal mean-field estimates
for marginals, which in turn can be made optimal in N after combination with direct estimates on the
BBGKY hierarchy. A similar idea will be used again for the proof of Theorem 1.2 in the next section.

Proof of Theorem 1.1. We split the proof into three steps. Let Ag,p,q,x be as in Proposition 2.3,
and assume p < %. In the sequel of this proof, all multiplicative constants are allowed to depend on

d,B,a,p,q, Qa(to), QQ(FCZV’I), and |]WHWd+3,oomHs(Rd) for some s > g+5. A subscript ‘m’ to constants

is used to indicate further dependence on m and on Qmp(FoN )

Step 1: Reformulation of Proposition 2.3: proof of the suboptimal mean-field estimate
N,1 2 N2
HFt - Mt”W;Z‘](X) + HGt ||W52’q(X)®2

S N (IR = ol nag + 1GS gzages) - (3:)

EKA@W?-MD]ZL@GﬂKW&

sup { ([ oE = )"+ € 200 10 Pl <1}

_ N,1 2
- HFt _Mt|‘W;2’q(X)’

Noting that

and that

N2
A E(t)

v

Proposition 2.3 implies for m = 2,

N,1 — — N,2
HFt ' _ILLtH?/Vp_21Q(X) S N ! +e 2A0ptA3p77q(0)- (32)

Also note that

2 N7 2 ]\/Y7 N’ N,
E[(/ Qp(uiv_“t)) } = (/@(Ft ! —Mt)) + | ¥*°G, 2+% 2N — & | ¢®*F, 2
X X X X .

and thus, taking the supremum over ¢, and using the Sobolev embedding together with the moment
bounds of Lemma 2.2, which yields in particular

IE ly2agegen /X2<z>p<z*>thN’2<z,z*>dde* = /X<z>2thN’1=sz<FtN’l>7 (3.3)

we get

N2 -6 + ONT1 Qo (R,

Wp—2,q<x)®2 (X)

Appealing to Lemma 2.2 in form of Qgp(FtN’l) S1+ Qgp(Fév’l) < 1, this means

N,2 N,1
N2 - |6, S IEY = el e

N,1
A

+CN~L. (3.4)

w2002 (%)

Combining with the result of Proposition 2.3 to get a control on Giv ’2, we obtain
N,2 N,1 2 -1 —2X N,2
||Gt ||W1;2vq(x)®2 5 ||Ft - #t||W;2’q(X) + N +e 0ptA3p,q(0)7
which thus yields, together with (3.2),

N,1 N,2 - _ N2
VEY =l iy + 16 lysagyen S N4 e 207402 (0). (35)
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Now applying (3.4) at ¢t = 0 with p replaced by 3p, we find
N2 : i .
Agyg(0) < IFN — MoHIQ,V3;2,q(X) + HGéVQHW?;Zq(X)@? +CN,
and the claim (3.1) follows.
Step 2: Proof of the improved mean-field bound
N,1
HFt _MtHWP*?’!q(X)

_ Y N N N
< Nlqe °”t<||Fo = ol 2y + 1FS ’1—/‘0”3@2"1(3&)* IGe ’QHWS;“‘Q(X)@?)

_ _1
< Nlte QAopt<||Fév,1_MOHWS;M(X)JF||G§72\|W3;2,Q(X)®2). (3.6)

Integrating the Liouville equation (1.3) with respect to its last N — 1 coordinates, and decomposing
the second marginal as FN:2 = FN:1 @ FN.1 4 GN2 we find that the first marginal FV'! satisfies the
following BBGKY equation,

H(FNY —p) = Ry(FNY — 1) + kYW (FNY — ) - v, N
+ H/XVW(- S 1) V(@Y - LEN2( 2 ) de,

where R, stands for the following (truncated) linearized mean-field operator (linearized at the mean-
field solution p),

Ryh = 3divy((Vy + Bo)h) —v - Voh + (VA+ VW % p) - Vyh.

Given ¢ € C2°(X), recalling the definition (2.1) of the backward linearized evolution {Us;}o<s<t, We
may then compute

t
[ =) = [ B i) = [ ([ ulUnsi)- W (BN = ) ) as
X X 0 X

_ ,.;/Ot ( 5 Vo (Usi0)(2) - VW (2 — x,) (GN2 — %FSN:?)(z, Z) dzdz*>ds. (3.7)

Let us examine the three right-hand side terms separately. Using the ergodic estimates of Lemma 2.1,
the first one is bounded by

|| Wose)F2 = e

For the second term, using again the ergodic estimates of Lemma 2.1 along with the Sobolev embedding,
we can bound

DY - N
Se 0pt||<z> p@“wlq’(x)HFo ! _ﬂOHWp—QvQ(X)-

‘ / Vv(Us,tSO) VIV x (1:19]\771 — bs) FSN71‘
X
< QpFI 1) PV (Us o)l (x) sup /XVW(SU — ) (FN = )
S

S Qu(ENN eI ) Pl oy IF = sl -0,

and thus, further using the moment bounds of Lemma 2.2,

‘ /va(Us,tSO) - VW (FsN’l — Iis) FsN’l N e~ (=) ”<Z>7P‘P|’W27q’(x) ”F;VJ - NSHWP*?’»‘Z(x)'

For the last term in (3.7), we aim to appeal to the bound (3.1) of Step 1 for GV'2. Note, however,
that the map (2, z) — V4 (Ust)(2) - VW (x — z) is not an admissible test function for such estimates

in VV]D_M(X)W7 cf. (1.13). To remedy this, we decompose W as a superposition of Fourier modes,
which indeed allows to reduce to a tensorized test function. More precisely, by polarization, using that
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G2~ %F N2 g symmetric in its two variables, and recalling the short-hand notation e¢(z) = et
we can bound

’ / Vo(Uspp)(2) - VW (z — ) (GY? — £ FN?)(2, 2,.) dzdz,
X2

< [ WO [ ectoe-c@)VuUnp)2) (G2 = FFY)(z, ) dedag (33)

<A|GT? = E

w2 x)e2 / [EW(III(2) " eellype ) 1(2) " ee Vo Usi) w2 ) dE-
Rd
Noting that

1) Peclpeacn S €7 1) PeeVulUsid)lwar g S €7 P () Pollyar o,

we deduce

‘ / Vo(Uas)(2) - VW (@ — 2,) (G2 — LEN2) (2, 2,) dzdz,
X2

< e_Aop(t_S)”<Z>_p@||ws,q’(x)HGéV’2 - %FSMHW;Z(;(X)W /Rd<f>4|fw(§)| dg,

where the last factor can be controlled by [|W|| s e for s > % + 5. Combining these estimates for the
different terms in (3.7), and taking the supremum over ¢, we get

IF = e < e MM

w20 = Hollw; )

t t
—dop(t— N,1 —Xop(t— N,2 N,2
+I€/0 e—op(t s)HFs ) _M5||W];3’q(X) dS—i—fi/O e—Mop(t S)HGS’ _ %Fs ) HW;Q’Q(X)@? ds.

Now inserting the bound (3.1) of Step 1 for G¥'2, using (3.3) together with Qgp(FtN’l) < 1, we obtain

t
1E = o < CN~'+ Cff/ ePENENY — iy s ds
0

w20

+ O (IFNY — ol 2y + IEN = ol sy + 1G22y 20000 ).
Provided that x is chosen small enough so that Cx < %)\op, the claim (3.6) follows from Gronwall’s
inequality.

Step 3: Conclusion.
Let ¢ € C(X) be momentarily fixed with [|(2) Pl s.¢ x) < 1. Moments of the empirical measure
can be computed as follows, for all m > 1,

E[(/Xsowiv —ut))m] N i E[ﬁ (w2 —/}gapm)]

iyeim=1 Ll=1

- Ny N(N—l)...(N—ﬁw—irl)/Xh(

w=[m]

Q (e~ /X wOﬁB)FtN’ﬁ”,

Ber

where we use the same notation as in (1.8) for sums over partitions. Note that the moment bounds
of Lemma 2.2 together with the Sobolev embedding and the choice of ¢ yield, for all 7 F [m],
mimicking (3.3),

L (@l o)

Sm / ()P EN < (Om)S + Cme P Q L, (FNY) <, L
X
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Hence, neglecting all O(N~!) terms in the above, we get

E[(/Xw(uiv—m))m] - /m («p—/xwm)mFtN’m’ Sm N7L
Noting that

f (o= o) R i(?y_l)m_j(/wm)mj [ em
= i <T;)(1)m—j</xcp‘ut>mj /Xj P2I(ENG _ 8T)

J
and focusing on the term corresponding to j = m in the sum, we deduce
N m ®m N7m 7]
‘ER/X@(M—M)) }—/ PO (T - )‘NmN +Z‘/ —u’)|- (3.9)

Taking the supremum over ¢ € C2°(X) with [[(z) Pollysy ) < 1, we deduce in particular for
all m > 1,

m—1
N7 N7
HFt m—thHW 3‘1(X)®m Nm N~— +ANm )+ E ”Ft ]_:utJHW 3‘1( )®j7 (3'10)
and thus, after a direct iteration,

N7 9, 7
1™ = ™ gy s pyom Sm N +X;AN” FIF = plly s -
J

Inserting the result of Proposition 2.3 and the result (3.6) of Step 2, we then get

m
N, - —Xopjt AN.J
[P _F‘t@)mHWp_S’q(X)@m Sm N7 +Z€ Opth?)p,]q(O)
j=2

_1
+e 2/\°pt<HFé\7’1 _/'LOHW?;Z’[Z(X) + HGéV’QHW{l,?’q(X)m)' (3.11)

From here, it remains to express the A3p q( )’s in terms of initial correlations. Noting that

EU/XMMN—“)H < E|( S —m)’] : jeven,

1 1
i—172 i+1] 2 .
E(froe® —m) ™ B[ (o™ =)™ ]* + joda,
using (3.9) at t = 0, and taking the supremum over ¢ € C°(X) with ||<z>_3pg0||wz,q/(x) < 1, we find
for all j > 2,

(3.12)

j
N,j - Z N, ®l ~
A3qu( ) S,j N ! + HFo _/'Lo HW 2q(x)®l’ J =] +]ljodd-
=1
Inserting this into (3.11), we get

m
N, _ _ 1y, i _lyopi g .
B = 1™y saggyem Sm N7 €7 2PNGE2 |y aayen + ) e 2P F — 17 a0y
j=1
with m = m + 1,,0qq. Decomposing
Go? = (FY2 = uF?) = (F = o) @ )V = 1o @ (FOO = o), (3.13)

the conclusion (1.14) follows for all m > 1 (up to renaming Ag). O
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4. CORRELATION ESTIMATES

This section is devoted to the proof of Theorem 1.2. Similarly as for Theorem 1.1, our argument
starts from the estimates of Proposition 2.3: we show how these can be used to deduce suboptimal
estimates on correlations, which in turn can be made optimal in N after combination with direct
estimates on the BBGKY hierarchy. Note that this time we will need to iterate BBGKY estimates
multiple times to achieve optimality. We split the proof into the next three subsections.

While in the introduction we defined correlation functions so as to satisfy the cluster expansion (1.8),
we recall that they can be defined more explicitly as polynomial combinations of marginals:

aN1 _— pNi
- Y
GN2 _ pN2_ pNlg pNi
- 9y
GV = sym(FN? - 3FN2 @ PN 4 2(FN e,
GV = sym(FN —4FN3 @ PN 3FN2 @ FN? 4 12PN @ (PP — 6(FN)EY),
and so on, where the symbol ‘sym’ stands for the symmetrization of coordinates. More generally, we
can write for all 2 < m < N,

GN™M(z1, . zm) = Y (gm = DI(=1)F ! ] FY*E(2p), (4.1)
w=[m] Benm
where we use a similar notation as in (1.8) for sums over partitions and where i stands for the number

of blocks in a partition w. We also use the following abbreviation for functional spaces: for all r, p, ¢, m
W4 .= Wp_“q(X)@)m.

p?m
4.1. From moment mean-field estimates to correlations. From now on, we let u be the weak
solution of the mean-field equation (1.4) with initial condition
o 1= F(fv 1
In this section, we examine how the correlation functions {G™"™}s<,,<n can be related to the mo-

ments of p¥ — p; in terms of the A;f,\f 4"’s defined in (2.7), and we show that Proposition 2.3 implies

the following hierarchy of estimates on correlations with suboptimal N-dependence (N —m/2 instead
of N1=™ cf. (1.9)).

Proposition 4.1. Let Ay, p,q,x be as in Proposition 2.3 with p, = FNY Then we have for all
QSmSN;T227O<p0§p; andt20>

N, - l—k—m+1 .
HGt m”W{J;Z Sm N72 + Z Z N m+ HHG ]z”W .
1<k<I<m—1 j1,ik>1 i=1 Ji
g1+ tip=l
2
2 Cercsnam iy NFETMHILE Gy 2y : m even,
_i_ef)\opmtx 1+ Jig=L Ji )

k2 E .
S Cecnecrcom Yz (NEH2 T Gy 20 )T 5 moodd,

j1+.+ig=L

where the multiplicative constant only depends on d, 3, a, po,p, q, T, M, QQ(F(fV’l), and [|W |y a+3.00nprs ()
for some s > g + 3.

Proof. As a starting point, we recall the standard link between cumulants of the empirical measure and
correlation functions. We first used this link in [10, Section 4] and we further included a self-contained

statement and proof in [2, Lemma 2.6]. It can be stated as follows: for all ¢ € CX(X), 1 <m < N,
and t > 0,

N,
- et
X Xm
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Smo D ZN“”_”p_”‘*l/ (@) (RGN () der. (42)
i PT Ber Dep

where k™[] stands for the m-th cumulant. For m > 2, as cumulants are invariant under translation,
we can write k™[ [y opi'] = ™[ [y (' — pe)]. By the definition of cumulants in terms of moments,
we also recall for any random variable X,

RMX] =) (D - DY ] EIXCPT S EIIXTT (4.3)
w=[m] Ber

Hence, from the above, we deduce in particular for all ¢ € C°(X),2 <m < N, and ¢t > 0,

[ emat ] o gl Lot ]

+ Z ZNﬁﬂ—ﬁp—m—l—l

m[m] pkm
fr<m

| (@¢)(Q6N*(p)) x|,

Berm Dep

For r > 2,1 < q <2 with ¢ > d, and 0 < pp < p < 1, taking the supremum over the test function ¢,

recognizing the definition (2.7) of Ap/#'(t), noting that for py < p we have Aot < AN™ and also
noting that the Sobolev embedding implies
£t
() ey S 1) PPl gy, for €21, (4.4)
we deduce for all 2 <m < N and t > 0,
k
Nvm N, l—k— +1 N’]’L
|Gy ||Wp5’j;;{ Sm Apg"(t) + Z Z N H IG: HW;;{)(IJZ-'
1<k<ISm—1 j1sif>1 i=1
i+ +ip=l

Hence, by Proposition 2.3, for suitable Ag, p, q, &

v % e N, I—k—m+1 :
IGY  lyyrg Sm N7F 4 eormagibo) + Y0 Y0 N HnG #Nyzra
1<k<i<m—1 J1,--s Jp>1
Jj1t+-+ig=l

It remains to express Aévp’fg(O) in the right-hand side in terms of initial correlations. For that purpose,
we first appeal to the cluster expansion of moments in terms of cumulants: given ¢ € C°(X), by
definition of cumulants, we can expand for all m > 1,

E[(/Xso(uév—uo) } | [/ —uo)]-

w[m] BET

With the choice o = Fi"', we note that U S5 (0 = o)) = Elfx (1) — po)] = 0, and we may thus
restrict the sum to partitions 7 such that B > 1 for all B € w. Appealing to (4.2) at ¢ = 0 in order to
control cumulants back in terms of correlation functions, and taking the supremum over ¢, we deduce

sup (B[ ([ oty 1)) "] 5 € 0200, 1 elhganen <1}
ST (X S e, )

=1 J1,---3¢22 =1 N1<k<I<j; n1,--np>1 s=1
J1+--+ig=m ny+..np=l

In the right-hand side, we note that the sum over ji,...,j¢ > 2 with j1 +...4 jy = m requires 2¢ < m,
so the first sum can be restricted accordingly. Reorganizing the sums, we are then led to
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sup (| ( [L ot = 4)"] 5 0 € €200, 16 Pplhyani < 1]

m/2

< Z Z Z NL—K- m+EHHGN,]ZH o .

3mP]
(=1 I<K<L<L<m Jj1,-Jig=>1
j1+--+ig=L

For m even, this means
m/2

A?])\If?q;l Z Z Z NL K— m—MHHGN]lHW_Qq. ,

= ].ESKSLSm Jls-es ]K>1
it Jdg=L

and for m odd, after combination with (3.12),

1

K
N, m( L—K—2m+e N,ji 2
AU S SENED SN CChl | [y
1=1 I<K<L<2m 1551 ,i g Sm+1 i=1 ‘
j1+-+ig=L

This concludes the proof. O
4.2. BBGKY hierarchical estimates. Starting from the BBGKY hierarchy for marginals of F*V,
and recalling how marginals can be expanded in terms of correlations (and vice versa), we can de-
rive a corresponding BBGKY hierarchy of equations for correlations. Before stating it, we start by
introducing some useful notation.

Definition 4.2. Consider a collection {h"™}1<m<n of functions A™ : X™ — R such that for all m the
function A™ is symmetric in its m entries (such as {FN™}<<n or {GN™ o an).

— For P C [m] with P # @, we define h*’ : X — R as
W (2pmp) = h¥¥(zp),
and for P = & we set h? := 0.
— For P C [m] with P # [N], we define h"VH} : X+ 5 R as

hPU{*}(z[[m]],z*) = WP (2p, 2,),
and for P = [N] we set hINIW{} = 0.
— For P C [m] and k, ¢ € P, we define
Speh’ = VW (xp —2¢) -V,
— For P C [m] and k € P, we define

nt.

k

HphPVt* }(z[[ 1) /VW T — o) - Vy APV }(z[[ Is %) AT

With this notation, we may now formulate the BBGKY hierarchy of equations satisfied by correlation
functions. To the best of our knowledge, such hierarchies for correlations were first written down by
Ernst and Cohen [12] in the context of Boltzmann-type systems. We refer to [14, Section 4| for
the derivation in the case of the overdamped dynamics (1.19): lengthy but straightforward algebraic
manipulations are needed to collect the different factors in the correlation hierarchy. For convenience,
we shall write A — B = A\ B for set difference, with for instance A — B —C = A\ (BUC) and
AUB-C=(AUB)\C.

Lemma 4.3 (Correlation hierarchy, e.g. [14]). For fized N, correlation functions {GN"™}1<m<n satisfy
the following hierarchy of equations: for alll1 <m < N,

N-—-m
RGN = Ly GN 4 R Z Hy, NIVt
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S m—1— ﬁA * m|— —
_ KZ Z N Hk: (GN,AU{k, }GN’[[ 1—{k} A)
k=1 AC[m]—{k}

N _m - m kr—A—
the >, D, H(GNAVIENImIn ATt
k=1 ACIm]—{k}
A#Y
_ RZ Z Z m—1 —ijA - ﬁBHk (GN’AU{’“}GN’BU{*}GN,[[m]]fAfB—{k})

k=1 AC[m]~{k} BC[m]—{k}~A

e N,[m e N,AU{k} ~N,[m]—A—{k
+ v Z Sy.sG [ml 4 NZ Z Ske(G {k} Vo [m]-A—{ })
k=1 k¢ AC[m]—{k,£}

N—-—m
m

+ K

ZHk((FN,{*} _ ,U(Z*)) GN’[[m]] + (FN,{k} . ,U(Zk)) GN:[[m]]U{*}—{k})7
k=1

where Ly ., stands for the following (non-autonomous) m-particle linearized mean-field operator,

Lym = » Id®'@LY,, @ " (4.5)
k=1
N _
Smh = 3div((Vy + Bu)h) — v - Vh + <VA Ty vaw . u) - V,h

N-—m
N

+K Vot - / VW (x — xi)h(zs) dzs.
X

Starting from this hierarchy of equations for correlations, combined with ergodic estimates for the
linearized mean-field evolution, we establish the following a priori estimates.

Proposition 4.4. There is Ao > 0 (only depending on d, 3, a, ||W||y1.00(ray) such that the following
holds: given 1 < ¢ <2 and 0 <p < % with pg' > 1 large enough (only depending on d, 3,a), provided
that 0 < k < 1 is small enough (further depending on p,q, QQ(FéV’l), and on ||W||Wd+3,oomHs(Rd) for
Somes>%+5), we have for all2 <m < N,r >4, andt >0,

t
N.m —Xopmt || AN, Y t— N,m+1
HGt ||W1:;>1,q < e toPmt || G mHW,;Z;;q_‘_/O e~ ropm( s)<||GS m ||W;:n’+‘11

+ Y G eGP = + N5 D G [—nal|GR 21—
T Py prio i e Py Pprin
1<iqig<m—1 1<y ig <m—1

— N,i N,i N,i
4+ N1 Z |Gg" prlglr,qHGS @HWPI’;;’(ZHGS vZSHWpl;Br,q

i1+ig+iz=m+1
1<iq,i9,i3<m—1

-1, - N2 N
+ (N + e ors|| g Wg;jéq) |Gy 7m||W;7m,«,q> ds, (4.6)
where the multiplicative constant further depends on m,r, Qmp(Fch’l), and on [|W{|yatri1,00n s (re)
forsomes>27“—|—%—1.

Proof. We start by recalling the available ergodic estimates for the linearized mean-field operator Ly .
Given m > 1 and u® € C(X™) with [y ul*(2[m))dz; = 0 for all 1 < j < m, let us consider the
solution u™ of

O™ = Ly mu™, t2>0,
um’tZO = u’gna
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where in the definition (4.5) of Ly ,, we recall that we have chosen p as the solution of the mean-field
equation (1.4) with initial condition p, = N By definition of Ly, as a Kronecker sum, we can
write

uy" = (V()]}m)@mugl,

where {‘Q{\g’m}ogsgt stands for the one-particle evolution defined by

,m st

OV h =LY, VN, t>s,
V" hli—s = h. s

In each component, we may then appeal to the ergodic estimate derived in [2, Theorem 2.13]: there
exist o, Ao > 0 (only depending on d, 3, a, [[W|[yy1,00(ray) such that, given x € [0, ko], 1 < ¢ <2, and
0 < p <1 with p¢’ > 1 (only depending on d, 3, a), we have for all » > 2 and t > 0,

5 67)\0pmt”u

[[ud"|l o ll
—r,q o —7,q,
t Wy, m Wp.m

where the multiplicative constant only depends on d, 3, a, p, q, 7, m, QQ(F(fV’l), W wa+r+1,00may. Test-

ing the definition of Sk,ghP with a tensorized test function, decomposing W as a superposition of
Fourier modes and using polarization similarly as in (3.8) to rewrite the resulting expression as a
superposition of integrals of A tested with a tensorized test function (recall the definition (1.13) of
functional spaces), we are led to

ISkehllyra S 1A 1o

and similarly,

PU{x} e < PU{x} .
IR g B

where the multiplicative constants only depend on d,r, 4P, and |[W | fsga) for some s > 2r + -1
Now applying this to the equation for GV in Lemma 4.3, we get for all 2 < m < N, r > 2, and t > 0,

N =\ N,
1Gy ’m”wz;’;{q S e PGy ’mHWI;;ﬂ
t
+/ e—)\opm(t—s) <||Gé\f,m+1le_w1 + N—l Z ||G£V7”HWI—,WHGéV’mHWPW
0 pimt i1+ig=m+1 Pt Pot2
1<iy,ig<m
+ Y G yrra G g + NTE D T IGE g-ra|GR 2 [
i1 Higomt] Pyi1 pyig iy tigem Pyi1 pyig
1<iq,ig<m—1 1<iq ig<m—1
— N,i N,i N,i
+ Nt Z |Gg" ||W;;1r’qHGS 712HWT};2r,q||GS ﬂsHWpl;;,q

i1+ig+ig=m+1
1<iq,ig,ig<m—1

+ <N*1 + ||FNL - Ms”wz}?vq) HGév’mHWE,mr’q> ds.

Note that in the first sum in the right-hand side the terms with (i1,i2) = (m,1) or (1,m) can be
bounded by NG|, 1-r.a,
restricted to 1 < iq,i9 < mpin 1, which is then bounded by the second sum. For the last right-hand side
term, involving F'N'! — i1, we appeal to Theorem 1.1 with initial condition o = FNL provided that Ag
is chosen small enough (only depending on d, 3, a, HWHWI,OO(Rd)), foralll < ¢g<2and 0 <p < %
with pg’ > 1 large enough (only depending on d, 3,a), provided that £ < 1 is small enough (further
depending on p, g, Q2(F2), Wl wats.conps(ray for some s > % + 5), we have

which already appears in the last term. Hence, this first sum can be

N,1 _ _ :
HFt _/*’LtHWpif’vq 5 N ! +€ 2)\Opt|’GéVQHW3;?éQ7

which then yields the conclusion. (I
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4.3. Proof of Theorem 1.2. The claim (1.15) already follows from (3.1) in the proof of Theorem 1.1
with the choice po = FNL 1t remains to prove (1.17). Let 1 < ¢ <2and 0 < p < é with pg’ > 1 large
enough (only depending on d, 8,a), let 2 < m < N and « € [0, 1] be fixed, and assume that initially

1G]z < CSNTUD . forall 1 < j < 2m — 1. (4.7)
3p,J

We split the proof into two main steps.

Step 1: Suboptimal estimates.
Let Ao, k be as in Proposition 2.3. By a straightforward computation, under the initial assumption (4.7),
the result of Proposition 4.1 with pg = p/n! yields for all 2 <n <2m —1, r > 2, and t > 0,

k
N, _n _20Py 4 o N.Jji
HGt " ‘Wf'r,'q SN 24e tN—eg o § E NIk n+1HHGt ]ZHVV*WI .
1, —1),5,
p/mbn 1<k<I<n—1 J1vdg>1 i=1 p/(n=Dhii
J1+etip=l

By a direct iteration of these estimates, inductively eliminating correlations in the right-hand side, and
using HG,{V’Iqu,q <1, we deduce for all 2<n <2m —1,r > 2, and ¢t > 0,
p,1

16 g S N7H e N (48)
p/nln

Step 2: Conclusion via BBGKY analysis.

We leverage the suboptimal correlation estimates of Step 1, using the BBGKY estimates of Propo-
sition 4.4 and arguing by induction. As the desired estimates (1.17) are already known to hold for
two-particle correlations, cf. (1.15), we can assume that there is some 3 < n < m such that the following
holds: provided that k is small enough (also depending on n), we have for all ¢t > 0,

||G§V’j||wﬂj,qj < NI 4 g dopst yoll=) forall2<j<n-1, (4.9)
PjsJ
where we have set
g . o _(2j-2)
=it h o S gty G T

Under this induction assumption, we shall show that the same estimate (4.9) is also automatically
valid for j = n up to further restricting the range of x, which then concludes the proof. We split the
argument into two further substeps.

Substep 2.1: Proof that for x small enough (also depending on n) we have for all 0 < k < n — 2,
r>4,and t > 0,

HGN,n—I—kH Cran < lenfk_i_ef)\opntNa(lfnfk)
t an;n#»k ~

t
+ / eAopn<n+k><tS><||va’n+k+1||wlr,qn +(N*l+e*AOPnSN*a)HG;V:MHWH,%

0 pn,n+k+1 prntk
k+1
+3 :(Nl" +e—AOPnSNaﬂ—l))||G§’”+k+1—2||wl_r,qn ds. (4.10)
i—9 pn ,n+k+1—1
1=

We apply Proposition 4.4 with m = n + k and with exponents p,, ¢, satisfying p,q,, = pg’ > 1.
Provided that  is small enough (depending on n), we get from Proposition 4.4, for all 0 < k <n — 2,
r>4,and t > 0,

t
Nn+k —Xopnt ||~ N,n+k -\ +k)(t— Nn+k+1
|G, ”Wpf,’gik < e opnt | GNn ”Wp_nr,ﬁik +/0 o~ Aopn(ntk)( s)(HGS n HW;;Z?ZLH
+ D IGY M ly1ran |G | y1ran + N 71 NG lly1-ran |G yy1-ran
iy +ig—=ntkt1 Pnst] Pn,tQ i1 in—ntk Pn,t] Pn,tQ
172 172

1<iyigSntk—1 1<iyigSntk—1
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+NTUY |G [ y=ran |G || ypr=raan |GR | s
i1 +igtiz=nthk+l protl prot2 prts
1<y ig,ig<ntk—1

pn,ntk

-1 —Xopns N,2 N,n+k
(N Gy )Gy ) s
Note that the conditions qu§~ =pq > 2d and r; = j + 1 entail by Jensen’s inequality, for j <n —1,

G - S |G

[
W3
Using the initial assumption (4.7), as well as the induction assumption (4.9) for GV with j <n — 1,

the claim (4.10) follows from the above estimate after straightforward simplifications.

Substep 2.2: Proof that for x small enough (depending on n) we have for all 0 < ¢ <n—2and ¢t > 0,

_ntk+t nt+k+4

\\G§V7"+kuw_3_ign SN2 fetotN=e T forall0< k<n—2—L (4.11)
Pn,n

This will conclude the proof: indeed, choosing ¢ = n — 2 and & = 0, the above estimate precisely
yields (4.9) with j = n as desired. We turn to the proof of (4.11) and argue by induction on ¢. As
for £ = 0 the claim (4.11) follows from (4.8), we can assume that there is some 1 < L < n — 1 such
that (4.11) holds with £ = L — 1, that is,

”Gi\/"n_;’_k _n+k~5L71

n+k+L—1
2

<N + e Mopnt Ny

ly—2-2an S
an,n+k

, foral0<k<n-—1-1L, (4.12)

and it remains to show that (4.11) then automatically also holds for ¢ = L. This immediately follows
from the result (4.10) of Step 2.1 combined with the induction assumption (4.12). O
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