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ON EINSTEIN’S EFFECTIVE VISCOSITY FORMULA

MITIA DUERINCKX AND ANTOINE GLORIA

ABSTRACT. In his PhD thesis, Einstein derived an explicit first-order expansion for the
effective viscosity of a Stokes fluid with a suspension of small rigid particles at low density.
His formal derivation relied on two implicit assumptions: (i) there is a scale separation
between the size of the particles and the observation scale; and (ii) at first order, dilute
particles do not interact with one another. In mathematical terms, the first assumption
amounts to the validity of a homogenization result defining the effective viscosity tensor,
which is now well understood. Next, the second assumption allowed Einstein to approx-
imate this effective viscosity at low density by considering particles as being isolated.
The rigorous justification is, in fact, quite subtle as the effective viscosity is a nonlinear
nonlocal function of the ensemble of particles and as hydrodynamic interactions have
borderline integrability. In the present memoir, we establish Einstein’s effective viscosity
formula in the most general setting. In addition, we pursue the low-density expansion to
arbitrary order in form of a cluster expansion, where the summation of hydrodynamic
interactions crucially requires suitable renormalizations. In particular, we justify a cel-
ebrated result by Batchelor and Green on the second-order correction and we explicitly
describe all higher-order renormalizations for the first time. In some specific settings,
we further address the summability of the whole cluster expansion. Our approach relies
on a combination of combinatorial arguments, variational analysis, elliptic regularity,
probability theory, and diagrammatic integration methods.
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1.1. Historical context. At the dawn of the 20th century, the debate was still raging
on the existence of atoms, and Einstein’s PhD thesis “A New Determination of Molecular
Dimensions” [21] aimed to support the atomic theory. This was the second of his five
celebrated 1905 contributions and constitutes his most cited work. The main part was
devoted to the hydrodynamic derivation of a formula for the effective viscosity of a fluid
with a dilute suspension of rigid particles: the so-called Einstein formula in fluid mechanics,
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which is the focus of the present memoir. Next, in the same work, Einstein derived a
relation between the diffusion constant for suspended particles and their mobility: the
so-called Einstein relation in kinetic theory. He then applied these two relations to sugar
dissolved in water: using available empirical data, he deduced an estimate of the Avogadro
number and of the size of sugar molecules (after eliminating a calculation error [22]). We
refer to [60] for an inspiring account of this seminal work. As discussed by Perrin in his
extensive report [57] at the first Solvay conference in 1911 in Brussels, these discoveries were
confirmed by further experiments and shown to agree with other methods to determine
the Avogadro number, which sealed the triumph of the atomic theory.

We briefly describe Einstein’s argument to estimate the effective viscosity of a dilute
suspension. Viscosity of a fluid is usually measured by shear-flow experiments: a cylindri-
cal vessel is filled with the fluid, a rotating spindle is immersed in it, and one measures
the torque needed to make it rotate at constant angular speed. Assume now that the fluid
contains a suspension of small rigid spherical particles and consider their influence on the
measured viscosity. As particles are rigid, they act as obstacles and hinder the fluid flow,
thus effectively increasing the measured viscosity. A first challenging question concerns
the dynamics of the particles: do they reach a statistical steady state? If this is the case
and if one indeed measures a constant-in-time effective viscosity, then the latter depends
on the steady state, hence possibly on the speed of the spindle itself, which corresponds to
possible non-Newtonian behaviors [30, Section 7|. Einstein’s main idea in [21] was that, in
the low-density regime, for spherical particles, the first-order effective change in viscosity
should only depend on the volume fraction of the particles and not on their distribution. In
particular, this universality would relegate non-Newtonian effects to higher-order correc-
tions. More precisely, in 3D, given a fluid with isotropic viscosity Id and given suspended
spherical particles with small volume fraction ¢ < 1, Einstein’s formula for the effective
viscosity takes the form

B =1d(1+3¢p+o0(p). (1.1)
Heuristically, the argument is as follows: at low density, particles are scarce and typically
well separated, hence their interactions are negligible to leading order. The first-order effect
on the viscosity should thus be proportional to the volume fraction and correspond to the
energy dissipation of a single isolated particle in the fluid. The latter can be computed
explicitly for spherical particles and leads to the celebrated % factor in (1.1); we refer to
Section 2.6 below, where this classical calculation is reproduced.

This type of low-density expansions was not new in the physics community at the time,
but was very much in line with other work on the micromechanics of heterogeneous media
of the late 19th century. Einstein’s formula is indeed comparable to the Clausius—-Mossotti
formula for the effective dielectric constant [50, 51, 10], to Maxwell’s formula for the effec-
tive conductivity in electrostatics [48|, or to the Lorentz—Lorenz formula for the effective
refractive index in optics [46, 45]; we refer to [47] for an account of the historical context.

Einstein’s formula triggered a lot of long-lasting activity in fluid mechanics: the large-
scale rheology of suspensions was soon considered as a topic in its own right [41, 23, 40].
Various works have aimed at understanding to what extent Einstein’s formula is robust
and accurate. Robustness has been addressed in particular by establishing corresponding
formulas for particles of different shapes, as e.g. the explicit formulas by Jeffery [39] for
suspensions of ellipsoids (see also [43, 34]). Accuracy is a more subtle issue and essentially
amounts to capturing the next-order term in the low-density expansion. While particle
interactions are neglected at first order, the next-order correction consists of including the
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effects of pairwise interactions. Due to their long-range nature, the sum of pairwise con-
tributions is not summable and some renormalization is therefore needed. This was first
achieved by Batchelor and Green [7], and we refer to [33, 55, 1| for other formal renor-
malization ideas. A related, yet different, topic concerns the sedimentation of suspended
particles under gravity and the computation of their effective settling speed, which happens
to require a similar renormalization: the above-mentioned contribution by Batchelor and
Green 7] was indeed inspired by Batchelor’s work [6] on sedimentation. Interestingly, the
renormalization of higher-order corrections to the effective viscosity had remained open in
the physics community.

We also refer to [62, 54, 2] for the asymptotic analysis of the effective viscosity for dilute
periodic arrays of suspended particles and, in a more mathematical spirit, we mention the
pioneering work by Sanchez-Palencia et al. [59, 44| using formal two-scale expansions for
locally periodic suspensions.

1.2. Mathematical reformulation and objectives. As described above, Einstein’s for-
mal derivation of (1.1) in [21] relies the following two implicit hypotheses:

(E1) Scale separation. There is a scale separation between the “microscopic” particle size
and the “macroscopic” observation scale. Therefore, the suspension behaves on the
observation scale like an “effective” fluid with some effective viscosity tensor B that
can then be measured by shear-flow experiments.

(E2) Particle interactions are negligible. In the low-density regime, particles are typically
well-separated and therefore, to leading order, they do not interact and can be treated
as being isolated.

We briefly discuss the validity of these two working hypotheses and then turn to describing
the literature and our objectives in the present memoir.

1.2.1. Einstein’s hypothesis (E1): scale separation. This first hypothesis concerns the defi-
nition of a notion of effective viscosity for suspensions when the particle size O(g) is much
smaller than the observation scale O(1). Consider a shear-flow experiment to measure the
viscosity, say using a rotational viscosimeter. Let D denote the fluid domain in this device
and let {xén}n C D stand for positions of suspended particles at time ¢, which evolve over
time with the fluid flow. If inertia is neglected, the dynamics is greatly simplified: given
particle positions at a given time, the fluid velocity satisfies steady Stokes equations, which
determine instantaneous particle velocities. In this context, the emergence of an effective
viscosity can be split into two parts:

— Steady-state microstructure. As the measured effective viscosity is expected not to
depend on time, it implicitly requires particle positions to reach a statistical steady
state in the long run. Focussing on a portion of the fluid in the bulk, we may consider
without much loss of generality that the statistical ensemble is stationary (henceforth,
“stationarity” stands for statistical spatial homogeneity). In other words, the point set
{xén}n can be approximately replaced by a random point set {ex,, : ex,, € D} that is
the e-rescaling of some stationary random point process P = {zy},. The law of this
steady state may depend itself on the prescribed shear flow in the viscosimeter, which
leads to possible non-Newtonian effects [30, Section 7).

— Steady homogenization problem. Given a statistical ensemble of particle positions, under
an ergodicity assumption, the steady Stokes equations for the fluid velocity are expected
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to homogenize on the macroscopic observation scale and can be replaced by effective
steady Stokes equations with some effective viscosity tensor B.

While the rigorous analysis of the steady-state flow-induced microstructure remains a fully
open problem at this time, the steady homogenization problem, in contrast, has been
extensively studied under various assumptions in our recent series of articles [18, 12, 17, 19|
and is by now very well understood. Given a statistical ensemble of particle positions, this
provides a rigorous definition of the effective viscosity together with a homogenization
result. More precisely, considering the system at the particle scale, we denote by Z = U, I,
the random ensemble of particles (not necessarily spherical), centered at the points of a
point process P = {x,, }n, say in the d-dimensional Euclidean space R? for generality. The
effective viscosity tensor B is defined as a quadratic form on the set My™ C RIxd of
trace-free symmetric matrices,

E:BE := E[[D(yg) + E*] = |E* +E[D(vg)*], EeM™, (1.2)

where D(¢g) is the unique stationary symmetric gradient solution, with bounded second
moment and vanishing expectation, of the corrector problem

~AYp+VEg =0, in R\ Z,

div(yg) =0, in R%\ Z,

D(¢g + Ex) =0, in Z, (1.3)
faln opv =0, Vn,

faln Oz —x,) - opr =0, Vn, VO € MW,
in terms of the associated Cauchy stress tensor
Of = U(Z/}E+Ex,EE) = 2D<¢E+E$) — Xgrld, (14)

where MV < R4 is the set of skew-symmetric matrices. Throughout this work,
we assume for simplicity that the plain fluid has isotropic viscosity Id. Equation (1.3)
can be viewed as describing the velocity field ¥y + Fx of a Stokes fluid in the whole
space in presence of rigid suspended particles {I,, },, with linear strain imposed at infinity,
Vg + Ex ~ Ex as |z| T co. The last two boundary conditions in (1.3) correspond to the
balance of forces and torques on each particle. Note that, if Z contains an unbounded
chain of touching particles, then the rigidity constraint D(¢¥'g + Ez)|z = 0 entails that the
field g would grow linearly along this chain, which would prevent D(¢g) from having van-
ishing expectation: it shows that this corrector problem can only be well-posed provided
that some suitable non-clustering assumption is made. Different sets of sufficient assump-
tions are recalled in Section 2.1 below and we refer to our previous work [18, 12, 17, 19|
for a detailed account.

1.2.2. Finstein’s hypothesis (E2): interactions are negligible. As it appears from (1.3), the
corrector g depends nonlocally and nonlinearly on the set Z of particles via boundary con-
ditions: this corresponds to the multibody nature of hydrodynamic interactions. Einstein’s
second hypothesis can be reinterpreted as claiming that ¥g can be approximated around
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each inclusion I,, by the unique decaying solution wgl} of the single-particle problem

—ApiM 4 ysit =, in RY\ I,
div(yi™) =0, in R4\ I,
DY + Ex) =0, in I, (1.5)

faln ol g@} + Ex, E;[E"})y =0,
faln O(x — zp) - a(d}gL} + Bz, E}{En})y =0, VO e Mkev,

This amounts to neglecting the effect of other particles on g around I,,, thus precisely
neglecting the multibody nature of the problem. To give a more precise statement, consider
the Voronoi tessellation {V},},, associated with the set of particles {I,}, that is,

Vo = {x s dist(zx, [,,) < inf dist(:v,fm)}.

m:m¥#n

The relevant approximation of g then takes the form

D(yp) ~ whmen .= S Dy, (1.6)

Inserting this into the definition (1.2) of the effective viscosity yields after straightforward
calculations, in case of spherical particles,

E:BE = |[EP + E[D(¢p)]

%

’E‘Q + E[’\P%insteinp]
= [BP(1+ %20+ o(p), (1.7)
in terms of the particle volume fraction

@ = o(I) = }Ele R™YTNRQ), (1.8)

where in 3D we recover the celebrated g factor, cf. (1.1); we refer to Section 2.6 for
the detailed computation. Corrections to Einstein’s formula are obtained by taking into
account that g does, in fact, depend on the positions of all particles at once. As we shall
see, in the low-density regime, this is naturally written in form of a cluster expansion: the
next-order correction, known in the physics literature as the Batchelor—Green correction [7],
involves the two-particle problem, and so on.

1.2.3. Objectives. In this memoir, we focus on the rigorous analysis of Einstein’s hypothe-
sis (E2): we start from the relevant notion of effective viscosity (1.2) as defined by homog-
enization theory and we study its asymptotic behavior at low density, aiming to justify
Einstein’s formula (1.7) and to describe all higher-order corrections.

The early works [59, 44, 31] focussed on Einstein’s formula for locally periodic dilute
arrays of particles. It was extended in [53, 32| to the dilute disordered setting under the
simplifying assumption that the minimal interparticle distance is large enough (that is,
£(P) > 1 with the notation (1.13) below). The next-order Batchelor—Green correction was
captured in [26, 28| in the same setting. The uniform separation assumption is particularly
convenient as it allows to exploit the reflection method and rigorously neglect many-particle
interactions, e.g. [38, 37, 35, 53, 36|, but it is physically quite restrictive and unsatisfactory.
More recently, it was replaced in [27| by some weaker non-concentration condition in the
proof of Einstein’s formula, however still requiring some control on the minimal interparticle
distance. In this context, we shall address the following two main points:
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— We shall justify Einstein’s formula under the weakest assumptions under which homog-
enization is known to hold, in particular covering the case of the general subcritical
percolation condition in [17]. At the same time, we aim at optimal error estimates:
the error o(ip) in (1.1) was often claimed to be O(p?), but we shall see that it actually
strongly depends on the structure of the random ensemble of particles.

— We shall describe higher-order corrections to Einstein’s formula in form of a cluster ex-
pansion. Due to the long-range nature of hydrodynamic interactions, renormalizations
are needed to make sense of cluster contributions. In the physics literature, formal
renormalizations were actually still lacking beyond the second-order Batchelor—Green
correction. On the rigorous side, even the justification of the latter was restricted to
some specific regimes [26, 28, 25].

In terms of techniques, previous results on the topic relied on deterministic analysis, more
precisely on various forms of the reflection method. In the present memoir, we rather take
inspiration from our work [14]| on the Clausius-Mossotti conductivity formula based on
the triad consisting of: (1) finite-volume approximation; (2) cluster expansion; (3) uniform
¢' — 02 energy estimates. Substantially refining on this analysis, we go far beyond [14] by
covering general dilute regimes (beyond the case of explicit dilution by random deletion),
and we shall further describe the explicit renormalization of cluster coefficients.

1.3. Cluster expansion formalism. While Einstein’s formula (1.7) is obtained by con-
sidering dilute particles as being isolated, next-order corrections amount to taking into
account many-particle interactions and the multibody structure of the corrector field 5.
At low density, particles are scarce and one might want to consider contributions of fi-
nite subsets of particles only. As in [14], taking inspiration from statistical mechanics, see
e.g. [61, Chapter 19|, this is naturally performed by means of cluster expansions, which
provide natural asymptotic series at low density. We recall the formalism, discuss the
accuracy of cluster expansions, and describe the key difficulty to apply it to the effective
viscosity problem: the long-range nature of hydrodynamic interactions.

1.3.1. Cluster expansions of multibody quantities. We recall the cluster expansion formal-
ism in the form that we introduced in [14]|. As particles are indexed by natural numbers, we
denote by P(N) the set of subsets of the index set N and we consider the space M (N) of set
functions from P(N) to a given vector space V. Starting from the corrector problem (1.3),
for any index subset H € P(N), we may consider® the associated corrector 1/15 obtained by
replacing the full set Z of particles by its corresponding subset 79 := U, cgI,. The map
wg : H — ¢ is then viewed as an element of M (N), where 9% = 0 and where X = g
is the original corrector defined in (1.3).

In this setting, for all n € N, we introduce a difference operator 61"} : M(N) - M(N),
defined for all ® € M(N) by

sttet = slntelu# .— HUint _oH g N,
which provides a natural measure of the sensitivity of ® with respect to the index n (it
plays the role of a discrete derivative). Note that for all n # m,
(61h?2 = —glnt, sintsim} — sim}sin}
IThe corrector problem (1.3) is, in fact, not well-posed in general for a given deterministic infinite

subset H of particles. In the sequel, we shall rather consider finite-volume approximations of the corrector
problem, for which well-posedness is trivial. We skip this detail at the level of the present discussion.
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For any finite F' C N, we also define the higher-order difference operator

of = T o,

nekr
which acts as follows: for all ® € M(N),
gFeH = Y (—1)IF\ClgtH g N, (1.9)
GCF

We take the natural convention 62®H := ®. These difference operators are the building
blocks to construct the so-called cluster ezpansions, e.g. |61, Chapter 19]: to order k, the
cluster expansion of ® € M(N) takes the form

# #
FURNP L S PP CHI T QI ERAT CHNNSIER Sy [N e)
n

ni,n2 LSRR

where we use the short-hand notation ZZZ s
distinct indices. This can be rewritten in the more compact form

k
oM~ YN 6797, (1.10)

J=0F=j

; for sums over j-tuples (ni,...,n;) of

where Zﬁ Fej stands for the sum over all sets F' of j distinct indices. This expansion is
particularly relevant in the low-density regime when particles are very scarce: the Oth-order
term corresponds to the situation without any particle, the 1st-order term corresponds to
contributions of isolated particles, the 2nd-order term to contributions of pairs of particles,
etc. Formally, it can be viewed as a Taylor expansion associated with the difference oper-
ator 0, where under suitable assumptions higher-order terms will be shown to be indeed
of higher order at low density. Note that, if & € M(N) only depends on indices in a finite
subset K C N in the sense that &/ = MK for all H C N, then the expansion (1.10) is
always a finite sum and is actually equal to ®Y provided k > K.

1.3.2. Multi-point intensities. The general estimation of the terms in the cluster expan-
sion (1.10) naturally leads to the notion of multi-point intensities, which appear as refined
measures of diluteness and seem new to the literature. Given an ergodic stationary point
process P = {zp}n, we start by recalling the standard notion of intensity of the point
process (or one-point intensity in our terminology below),

A(P) == M(P) == E[5(PNQ)],

where @ := [—%, %]d stands for the unit cube. By the ergodic theorem, we have almost
surely
MP) = }%m R™4{n: z, € RQ}. (1.11)

In particular, provided that random shapes satisfy |I;| ~ 1 almost surely for all n, this
relates to the particle volume fraction (1.8) via

o(Z) ~ \(P), (1.12)

so that the low-density regime ¢(Z) < 1 is equivalently characterized by the condi-
tion A(P) < 1. Yet, as we consider nonlinear functions of the point process (like the
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effective viscosity B), this linear notion of diluteness is not strong enough and we need to
introduce refined notions of “multi-point intensities”.

For that purpose, we start by introducing a notation for the minimal distance of the
point process P,

0= L(P) := inf |2y — Tm|oo, (1.13)

n#m

which is almost surely a deterministic characteristic length of P. The point process is
called hardcore if £(P) > 0, which is the case of all the processes considered in this memoir,
cf. (H,) below. For all j > 1, provided ¢ = ¢(P) > 0, we then define the j-point intensity

£
Aj(P) := sup IE[ Z G,y (@ny) - g,z () | (1.14)

2150925 ny,on;

where Q,(z) := z + rQ stands for the cube of sidelength r centered at z. Note that,
by definition (1.13), each cube Qy(z) contains at most one point of P. This definition
corresponds to the maximum expected number of j-tuples of points of P that lie in the
{-neighborhood of an element of (R%)7, properly normalized by £. Alternatively, recalling
that the j-point density f; associated with P is the non-negative function defined by the
following relation,

£
IE[ > g(xm,...,xnj)} = /(Rd)jgfj for all ¢ € C°((R)), (1.15)

the definition (1.14) of j-point intensity can be reformulated as

Aj(P) = sup

f 5 (1.16)
21525 J Qqz1) X ... X Qe (25)

In the case ¢(P) = 0, this definition is naturally extended to A\;(P) = || f;llye((ra)) for
completeness. In view of upcoming arguments, it is convenient to further introduce the
following quantities,

A;(P) = m.inAH)\ji(P) < X\(P) = max H)\ji(P). (1.17)

i di=g > Ji=3g
K T

For a Poisson point process, these quantities are, in fact, equivalent since independence
yields \j(P) = A(P)? for all j > 1, hence \;(P) = X;j(P) = A(P)’. For a hardcore
Poisson point process, we similarly find A\;(P) ~; A(P)?. In other words, the one-point
intensity A(P) is enough to fully describe low-density regimes in those cases. However,
multi-point intensities are non-trivial in general: for any S € [0,1], one can construct
examples of point processes with Aa(P) =~ A(P)*? (see last paragraph of Section 5.1).
For instance, given e € R?, the point process P, := P U (P + e) consists of pairs of points
{2, zn + €} and thus satisfies Aa(Pe) = £(P.) "¢A\(Pe), hence Aa(Pe) ~ A\(Pe) provided P,

is hardcore. The following lemma states some general properties.
Lemma 1.1 (Multi-point intensities). Let P = {x,}, be an ergodic stationary random
point process.
(i) For all j > 1, we have
Aj+1(P) < L(P)~IN;(P).
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(ii) If P is strongly mizing, then for all j > 1 we have
A(P)Y = X(P) < N(P) = N(P).

(The same holds for all 5 < n under the mizing assumption (Mix]) introduced in
Section /.3 provided the rate w decays at infinity.)

(i4i) Given j > 2 and 0 € [0,1], for any nonnegative function ¢ € C°((R%)7) that satisfies

d(z1,...,25) <CP(z,. .. ,z}) forallzi, 2}, ..., 2, Z; provided max; |z; — 2| oo < 0(P)
and minj; |2; — 2j|ee > £(P), we have
/ bfi < COTFN(P) / ¢. 0
(Rd)k (Rd)k

Proof. As each cube Qg(z) contains at most one point of P, we find ), f_d]lQe(z) (z,) < 074
for all z, so that item (i) readily follows from definition (1.14).

We turn to the proof of (ii). Given j > 1, for any partition 0 = k; < ko < ... < k; = 7,
setting j; := kit+1 — ks, the strong mixing of the point process implies

l
][ f]_H<][ fji)—>07
Qe(21)X...xQe(z;) im1 Y Qelar41) % X Qe(2k; )

as min;y dist(Z;, Zy) — oo, where we use the short-hand notation Z; := {zp, 11, .., 2, }-

In view of (1.16), using stationarity, this proves the estimate A;(P) > [T._, A;,(P), from
which the claim (ii) easily follows.

Finally, item (iii) is a direct consequence of definition (1.16) of multi-point intensities,
further using that the j-point density satisfies f;(z1,...,2;) = 0 whenever there are some
i # 1" with |x; — x| < L(P). ]

1.3.3. Scaling of cluster expansions. With the above definitions, we may now determine the
scaling of the terms in the cluster expansion (1.10) and show the relevance of multi-point
intensities. For that purpose, by way of illustration, we place ourselves in the elementary
setting of short-range interactions, which will serve as a guideline in the sequel. More
precisely, consider a set function ® : P(N) — R of the form

oH .= E[g( y h(mn))}, (1.18)

neH
for some h: RY = R and ¢ : R — R such that

(a) h is short-range, in the sense that [p.(supp(,) |h]) dz < oo;
(b) g is smooth, in the sense that g € Cp°(RR).

The cluster expansion of ®", cf. (1.10), then takes the form

(e}
N ~ Z %‘fj, where @7 := j! Z s a2, (1.19)
7=0 fF=j

Although cluster coefficients {®’ }; are defined by infinite series, these series are always
summable in this short-range setting and we show that they are naturally estimated
by multi-point intensities.In particular, the second-order coefficient ®2 is bounded by

O(A2(P)), which contradicts in general the bound O(A(P)?) = O(?) that one could have
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naively expected. Our main goal in this memoir is precisely to establish corresponding
expansions and estimates for the effective viscosity (1.1) & (1.2).

Lemma 1.2 (Cluster expansions in the short-range setting). Let P = {x, }, be an ergodic
stationary point process on R with {(P) < 1, let ® be a set function of the form (1.18)
satisfying the short-range and smoothness assumptions (a) & (b) above, and let {®7}; be
the associated cluster coefficients (1.19). Then we have for all k > 1,

k
‘q’N = %‘i’j‘ Skgh Mer1(P), %] Spgn A(P), (1.20)
=0
in terms of multi-point intensities {\;(P)};, cf. (1.14). O

Proof. Given a sequence Y := {y,}, C R, define a set function ¥y : P(N) — R by
\I’}Bf{ = g(zyn>7 H CN.
neH

By definition of difference operators, cf. (1.9), we find, in the spirit of Taylor’s remainder
formulas,

Yn Yn
slnmib g2 — /1/ C W ) db . dty,
0 0

\I@—Ek: Sefeg =Y /Oyn.l../oynk+1

j=04F=j ny<..<ng41

xg(k+1)(t1+~-+tk+1+ Z yn> dty...dtgs1.

n>ngy1

These identities yield in particular

k
M{m,m,nk}\p;ﬂ/’ < Hg(k)|’Loo(Rd)H’ynJ"7
j=1
k
0D 6] < o ey > TT ol
=0 4F=j fF=k+1neF

Setting Y := {h(xy)}n, noting that definition (1.18) reads ®# = E [Uf], inserting the
definition (1.19) of cluster coefficients, and recalling the definition (1.15) of multi-point
density functions, this yields

< oWl [
(R)F
k
1
oY _ 7@‘ < 1y 0 / @(k+1) '
| 25| = wmle e [

By definition (1.16) of multi-point intensities, the conclusion follows. O



ON EINSTEIN’S EFFECTIVE VISCOSITY FORMULA 11

1.3.4. Effective viscosity: long-range issues and renormalization. We apply the above clus-
ter expansion formalism to the effective viscosity (1.2). For a finite subset H C N, recall
the notation 1 for the solution of the corrector problem (1.3) where the full set Z of par-
ticles is replaced by its subset T = U, eI, (this corrector problem is trivially well-posed
when H is finite). We then define a symmetric linear map B on ngm by

E:B"E = E[D(y5)(0) + E[*], EeMj™.

In these terms, the formal cluster expansion of the effective viscosity (1.2) takes the form

o0
B ~ Z%Bj, where B/ := j! Z §FB?. (1.21)
- {F=;

Note that B® = Id is the plain fluid viscosity. In contrast with the short-range setting of
Lemma 1.2 above, however, series defining cluster coefficients {B’};>1 are not summable
due to the long-range nature of hydrodynamic interactions. Indeed, the first coefficient B!
takes the form

E:B'E = ) E:§"B°E
= Y E[ID@0)2+ 28 : D 0)] (1.22)

As 1?}{;71} satisfies the single-particle problem (1.5), it decays like ]D(ngl})(x)] <Az —z,)7,
which entails that the above series is not absolutely convergent,

> E ID@E)(0)]] = o0

The same borderline divergence is observed for all cluster coefficients {B7},>1 in (1.21).
In order to make sense of cluster coefficients, suitable renormalization procedures are thus
required and constitute the major difficulty of the problem.

To first order, the needed renormalization happens to be trivial: by definition of the
intensity of the point process, identity (1.22) can be equivalently rewritten as follows (say,
in case of deterministic particle shapes),

E:B'E = A(P) /Rd (\D(w}’;)PJrQE;D(w%)),

where 1), stands for the solution of the single-particle problem (1.5) with a particle centered
at the origin. Here, we observe that in any finite-volume approximation the linear term
Jza E : D(¥g,) would be given a vanishing value as the integral of a gradient. Removing
this linear term, we are left with the following summable integral,

E:B'E = \P) /Rd ID(%))?, (1.23)

which happens to coincide with Einstein’s formula (1.7) in case of spherical particles. In
contrast, higher-order renormalizations are not obtained by such simple cancellations. In
the physics literature, the difficulty was recognized by Batchelor and Green [7], who man-
aged to provide a heuristic renormalization for the second-order term B2. The systematic
renormalization of higher orders is more involved and has remained an open problem so
far even on the heuristic level in physics. The present memoir is precisely devoted to
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the systematic treatment of this difficulty: we provide suitable renormalizations of cluster
coefficients and in turn justify the expansion (1.21) to all orders. In the end, we prove es-
sentially the same estimates on the cluster expansion as in the short-range setting (1.20),
up to (sharp) logarithmic corrections that are persisting manifestations of the long-range
nature of interactions, cf. (1.26) below.

1.4. Main results. This section is devoted to a brief, informal account of the main results
of this memoir, with precise references to the relevant sections. We refer to the conclusion
in Section 5 for a detailed recap of all our results. We start with the main assumptions on
the ensemble of rigid particles.

1.4.1. Main assumptions. Given an underlying probability space (Q2,P), let P = {x, },, be
a random point process on R%, consider an associated collection of random shapes {I)}n,
where each I, is a random connected open subset of the unit ball B, centered at the origin
in the sense of [ Y dy = 0, and then define the corresponding inclusions

I, =z, + 1.

Note that random shapes are not required to be independent of the point process P.
We then consider the random set Z := |J,, I, which we assume to satisfy the following
conditions. Note that the disjointness and p-regularity conditions below entail that the
point process P is hardcore with £(P) 2 p, cf. (1.13).

Assumption (H,) — General conditions with parameter p > 0.

e Stationarity and ergodicity: The point process P = {xn}n and the associated random
set T are stationary and ergodic.”

e Disjointness: There holds I, N I,,, = @ almost surely for all n # m.

o p-Regularity: Random shapes {I{}, almost surely satisfy interior and exterior ball
conditions with radius p. %

Next, we define the effective viscosity tensor B associated with the suspension Z as the
quadratic form on M™ given in (1.2). We emphasize that the corrector problem (1.3) only
makes sense provided that all particles {I,}, are separated. If this separation is uniform,
the pressure Y plga\7 can also be uniquely constructed as a stationary field with finite
second moment and vanishing expectation, cf. [18, Proposition 2.1]. When particles are
not well separated, the corrector problem should rather be considered via its variational
formulation and the effective viscosity is then defined as the minimum value

E:BE = inf {E[[D(w) +EP] ¢ ¢ e L2(Q; H, (R)?), V¢ stationary,

div() =0, (D(¥) + E)lz =0, E[D()] =0}. (1.24)

At this stage, nothing prevents this infimum from being infinite: as explained after (1.3)
above, the problem originates from the possible existence of unbounded chains of touching
particles. This will be excluded by means of further geometric assumptions, cf. (H/‘}mf),

2More precisely, stationarity means that the laws of the translated point process x4 P and of translated
set « +Z are independent of the shift z € R%. Ergodicity then means that a measurable function of P or 7
is almost surely unchanged for P or Z replaced by  + P or z + I for any = € R? only if it is almost surely
constant. Note that shifts z € R? can be replaced by discrete shifts ¢ € Z%, and periodic point sets can be
considered as a particular case, for which the expectation is replaced by the average over a period.
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(H2™), or (HPY®) below. Even if the infimum is finite, nothing ensures in general
that B defines the effective viscosity in the sense of homogenization theory: we view this
as a separate question, which is extensively discussed in different settings in our previous
work [18, 12, 17, 19] and will not be further discussed here. We are now in the position to

describe our main results.

1.4.2. First-order expansion: FEinstein’s formula. Assuming that particles are uniformly
separated by a positive distance, cf. (H;““f), we prove in the general ergodic stationary
setting,

B-1d-B'| S Ma(P)log 2+ 555), B ~ A(P), (1.25)

where B! is given by the renormalized cluster formula (1.23) and takes the explicit form
of Einstein’s formula B! = %cp in case of spherical particles. This error estimate is new
and optimal, and the stochastic assumption of mere ergodicity is minimal. In particular,
we find that Einstein’s formula B ~ Id +B' is accurate to leading order provided that

X2 (P) < %, which amounts to a very weak local independence assumption. Yet, the
uniform separation assumption is not satisfactory from the physical point of view. At the
price of weakening the error estimate (1.25), we may relax this assumption as we did for the
homogenization result in [12, 17]: either we assume moment bounds on the interparticle
distance (HJ2™) (see also [27]), or we consider a subcritical percolation condition (HJ %™

(in which case particles are allowed to touch provided they do not cluster — which is new).

We refer to Theorem 1 in Section 2 for a detailed statement.

1.4.3. Higher-order cluster corrections. For the higher-order analysis, we assume for sim-
plicity that particles are uniformly separated by a positive distance, cf. (H;)mif). Under
a slight strengthening of ergodicity, the formal cluster expansion is well-defined, up to
suitable renormalization of cluster coefficients (1.21), and it essentially”® satisfies for all
kE>1,

k
B-Y"B/| S Mn(PllogAP)F,  [BH S M(P)log AP (1.26)
j=0

These estimates coincide remarkably with the corresponding result (1.20) in the short-range
setting, to the exception of logarithmic corrections that are precisely the manifestation of
the long-range nature of hydrodynamic interactions. The result is new for any k > 2
and logarithmic corrections are expected to be optimal (optimality is proved for k = 2,
cf. Theorem 7). We also believe that the slightly strengthened ergodicity assumption
is necessary for the result to hold. We refer to Theorem 9 in Section 5 for a detailed
statement. In particular, our analysis justifies the Batchelor—-Green formula for the second-
order term B2, cf. Proposition 4.6 (see also Corollary 12), and we develop a systematic
renormalization scheme for all higher-order cluster coefficients by means of diagrammatic
expansions, cf. Section 4.4.

We emphasize that the above result (1.26) holds without any structural assumption on
the dilution process (which we call the model-free setting). If we make the dilution more
specific, considering for instance a random deletion procedure (as in [14]) or dilation, then
the cluster expansion can be shown to define an absolutely converging series. We refer to

3The true estimate is in general slightly more complicated than what is stated here; cf. Theorem 9 in
Section 5.
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Theorem 11 for a detailed analyticity statement. All previous results on the second-order
expansion [26, 28, 25| were, in fact, essentially restricted to such specific settings.

1.5. Roadmap to the main results. The rest of the memoir is divided into four sections.
Section 2 is dedicated to the proof of Einstein’s formula. Section 3 studies the cluster
expansion of finite-volume approximations {Bp} 1, of the effective viscosity B. In Section 4,
we deal with the issue of systematic renormalization of cluster coefficients, which leads us to
justifying the cluster expansion of B. Our different results are combined and summarized
in Section 5. We briefly describe below our approach for each step.

1.5.1. FEinstein’s formula: first-order expansion — Section 2. We develop a new, purely
variational approach to Einstein’s formula (1.25); a short self-contained proof is given in
Section 2. It amounts to constructing competitors for the variational problem (1.24) and
to controlling their energy difference by means of elliptic regularity. The variational nature
of the argument allows us to avoid uniform particle separation assumptions and to cover
in particular the case of colliding particles under a general non-clustering assumption. It
also allows to avoid the need for fine pressure estimates, which is crucial as such estimates
would be problematic in case of colliding particles.

1.5.2. Cluster expansion of the effective viscosity — Section 3. While coefficients in the
formal cluster expansion of the effective viscosity B are given by infinite series that are not
summable due to the long-range nature of hydrodynamic interactions, cf. Section 1.3.4,
we start by considering finite-volume approximations {Bz}1>; obtained by periodization
of the variational problem (1.24). Section 3 provides a detailed analysis of the cluster
expansion of By, for fixed L.

e First, we give explicit formulas for the coefficients {B’ }; of the cluster expansion, as
well as an explicit estimate for the remainder RIZH = B — Z?:o %BJL, in terms of
correctors associated with finite subsets of particles; see Theorem 3. The argument is
essentially combinatorial. Note that the proof of remainder estimates further makes key
use of the rigidity of the particles.

e Second, we prove that the cluster coefficients {B7 }, and the remainder RE‘H are bounded
uniformly in L. The idea of the proof is as follows: if infinite-volume cluster formulas are
given by infinite series that are not summable, they can in fact be viewed as complicated
(non-explicit) combinations of Calderén-Zygmund kernels. As the effective viscosity is
an L2-based quantity, we may expect to estimate cluster formulas by means of suitable
energy estimates, carefully avoiding to take absolute values of any Calderéon—Zygmund
kernel. Taking inspiration from our previous work [14], this is achieved by means of a hi-
erarchy of so-called interpolating ¢! —¢2 energy estimates (also crucially used in [29, 20]).
As a corollary, uniform estimates allow to define infinite-volume cluster coefficients in the
limit {B7}; := lim400{B7 };. Yet, being based on energy arguments, these estimates do
not display the desired dependence (1.26) on multi-point intensities {A;};.

e Third, we prove corresponding cluster estimates that have the same dependence on
multi-point intensities as in the short-range setting, but display a logarithmic divergence
in the large-volume limit. This is obtained by proceeding as for the short-range setting
of Lemma 1.2, and the logarithmic divergence follows from estimating hydrodynamic
interactions too roughly.
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It remains to show that the dependence on multi-point intensities is actually kept in the
large-volume limit (at the price of logarithmic corrections).

1.5.3. Renormalization of cluster formulas — Section 4. In order to prove the relevant
infinite-volume cluster estimates (1.26), we need a better understanding of cluster formulas
and of the underlying compensations that make them well-defined in the large-volume
limit. A first route proceeds by assuming an algebraic convergence rate for the finite-
volume approximations {Bp}y of the effective viscosity: this is known to hold under
quantitative a-mixing condition whose rate is then transmitted (suboptimally) to cluster
coefficients {B7 };, which allows in turn to keep the desired dependence on multi-point
intensities in the cluster estimates while removing the logarithmic divergence. This implicit
renormalization argument is particularly robust (see also [14]), but it does not provide any
understanding of underlying cancellations and leaves several questions open.

Next, further assuming that particle shapes are independent of particle positions, we
show that an explicit renormalization of cluster formulas can be developed: taking advan-
tage of several explicit cancellations, cluster formulas can be transformed into summable
integral formulas. This renormalization is trivial for B!, cf. (1.23), and the required can-
cellations are already more involved for B2, as formally understood by Batchelor and
Green [8]. At higher-order, renormalizations rely on a suitable diagrammatic decompo-
sition of cluster formulas to make cancellations manifest. Next, the direct analysis of
renormalized formula allows to recover the desired cluster estimates (1.26) and to show
that logarithmic corrections in those bounds are actually optimal in general.
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Notation.

For vector fields u, v’ and matrix fields T, 7", we set (Vu);; = V u;, div(T); = VT,
T:T = TijTZ»’j, (u@u);; = uiu;, where we systematically use Einstein’s summation
convention on repeated indices. We also denote by (D(u));; = 3(V,u; + Viu;) the
symmetrized gradient. For a velocity field u and associated pressure field P, we define

the associated Cauchy stress tensor, cf. (1.4),
o(u,P) := 2D(u) — P1d. (1.27)

We denote by Mg™ C R¥*? the subset of symmetric trace-free matrices, and by Mke™
the subset of skew-symmetric matrices.

We use the notation < (resp. =) for < C'x (resp. > %X) with a constant C that
depends only on the dimension d and on the parameters appearing in the different
assumptions when applicable. Note that the value of the constant C' is allowed to
change from one line to another. We add subscripts to C, <, or 2 to indicate the
dependence on other parameters. We write a ~ b when both a < b and a 2 b hold.
In addition, we write < (resp. >>) for < &x (resp. > C'x) for some sufficiently large
constant C.

The ball centered at z of radius r in R? is denoted by B,(x), and we set B(x) = Bi(z),
B, = B,(0), and B = B;(0). We denote by Q.(z) = x + [—5,5)? the cube of
sidelength r centered at x, and we set Q(z) = Q1(x), @ = Q,(0), and Q = Q1(0).
For 2 € R?, we denote by || its Euclidean norm and by |x|s its supremum norm. We
also set (z) = (1 + |z[2)'/2, and similarly (V) = (1 — A)Y/2,

We use the short-hand notation fol

indices. We also use the notation Zﬂ Fej for the sum over all subsets F' of j distinct
indices.

1, for sums over j-tuples (n1,...,n;) of distinct
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2. EINSTEIN’S FORMULA: FIRST-ORDER EXPANSION

2.1. Main result. Assumption (H,) first needs to be complemented with suitable geo-
metric assumptions on the ensemble of particles to ensure that the effective viscosity (1.24)
is finite. This can either be performed by means of conditions on interparticle distances,

1
pn = = min dist(lp, I,), (2.1)
2 m:m#n

or in terms of conditions on the size of clusters of close particles. This has been the subject
of our recent series of articles [18, 12, 17|, where the finiteness of the effective viscosity and
the validity of a homogenization result are obtained under any of the following three types
of assumptions:

— interparticle distances are uniformly bounded below, cf. [18];
— interparticle distances satisfy suitable reciprocal moment bounds, cf. [12];

— diameters of clusters of close particles satisfy suitable moment bounds in a subcritical
percolation perspective, cf. [17].

These are formulated more precisely in Assumptions (H}™), (H%™), and (HPZ™) below,
respectively.

Assumption (H;)mif) — Uniform separation with parameter p > 0.
Particles are uniformly separated with minimal distance p, > p, that is, we have almost

surely (I, + pB) N (I, + pB) = & for all n # m. O
Assumption (Hg‘,?m — Moment condition with parameters p > 0, k > 1.

e p-Uniform non-degeneracy of contact points: Pairs of “p-close” particles can be “p-
locally” included in pairs of disjoint spheres with “p-uniformly” bounded radius. For
“p-close” particles, instead of (2.1), we then define py, as (half of ) the distance between
locally covering spheres. For a more precise statement of this geometric condition, we
refer to [12, Assumption (Hf)]. Note that this condition is trivially satisfied in case
of spherical particles.

e Reciprocal moment bound: There exists K, < co such that

. 1 "
i (rncan X, 10r) =5

n:InCQRr

in terms of

t=3(6-d) o d<b,
p(t) = 10g(2 + %) : d=25, (22)
1 :d> 5.
Note that this condition is trivially satisfied for any £ > 1 in case d > 5. O

Assumption (H5%“) — Cluster condition with parameters p > 0, £ > 1.
Let {Kq,}q be the family of connected components of the fattened set T+ pB, and consider
the corresponding clusters

Jgp = U I,.

InCKq,p
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Given py > 1 large enough (related to the existence of correctors in 17, Proposition 2]),
there exists K, < oo such that

=

K

1
lim < diam(Jg, )”p0+d> < Ky (2.3)
Rtoo \#{q : Jg,, NQr # T} Ty pﬂZQR#@ o O

Assumptions (H’™) and (H)Y) are always weaker than (H/‘}“if). While (HJ'o™
only allows for particle contacts in dimension d > 5 and is in particular incompatible
with the 3D steady-state behavior of the two-particle density as computed in [8], Assump-
tion (HDS') is of a different nature and allows for particle contacts in any dimension, but
implicitly requires some strong mixing condition to ensure the validity of moment bounds
on cluster diameters, cf. [17]. In [18, 12, 17|, we show that these assumptions ensure the
finiteness of the effective viscosity (1.24) and the well-posedness of the corrector problem.
In case of (H’?™) or (HPY©), the validity of the homogenization result requires further
strengthened conditions.

The following theorem states the validity of Einstein’s formula under each of those
assumptions. The proof is split between Sections 2.2, 2.3, 2.4, and 2.5 below.

Theorem 1 (Einstein’s formula). Under Assumption (H,) and either Assumption (H/‘}“if),
(HDOom) “or (HPY), for some p >0 and k > 1, we have

DK
B — (1 +B")| S, Xa(P)log (2+ 20) (2.4)
. 0 :in case of (HY™),
K. Aa(P)I"xM(P)s : in case of (Ho™) or (HPZ™),

where B satisfies
and is defined for all E € MJ™ by
S ]10 In n
E:BE = ZE[ ’;’ /Rd ID( }5})|2], (2.5)

where %{En} is the unique decaying solution of the single-particle problem (1.5). In particu-
lar, the estimate |B — (Id +B1)| = o(\(P)) holds provided the point process P satisfies the
weak local independence condition Aa2(P) = o(A(P)/|log A\(P)]). O

As outlined in Section 2.2, our proof is variational and amounts to proving lower and
upper bounds on B that match with Id +B! to the required accuracy. This approach is
particularly robust: it allows to obtain the first optimal error estimate and to cover the
most general setting regarding particle separation assumptions. We briefly emphasize these
two points:

— Optimality: In case of (H;,mif), the error estimate (2.4) for Einstein’s formula is new
and sharp. As will be seen in Theorem 7, it indeed coincides with the general scaling of
the next term B? in the cluster expansion: the logarithmic correction is related to the
long-range nature of hydrodynamic interactions and cannot be avoided in general, thus
contrasting with the short-range setting (1.20).* In case of (Ho™) or (HPY©), the

4In some special cases, however, for instance in the statistically isotropic setting, the logarithmic cor-
rection can be removed, cf. Theorem 7(i).
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error estimate (2.4) displays a further algebraic loss, which is also new and expected
to be optimal in general. If for some exponent v > 1 the moment bounds in (H;“,f’m
or (HPS') hold with constant K, < &7 for all kK > 1,° then the error estimate (2.4)

could be upgraded to Ay(P)log!V7(2 + %) after optimizing in k.

— Particle separation: Most works on the topic [53, 32, 26, 28, 27, 25| have focussed so far
on the simplest setting of (H;)mif) in case when diluteness further holds in the strong
form of ¢(P) > 1. The only exception is the recent independent work [27]|, where
this last condition is relaxed and where the case of (HJ™) is further covered. More
generally, our approach allows to further cover essentially any situation for which the
effective viscosity (1.24) can be proved to be finite. Applied to (HpY ), it allows to

treat for the first time a 3D setting where particles are allowed to touch.

Next, we further simplify formula (2.5) for the first-order cluster coefficient B! in the
case when particle shapes are independent: we recover the formula obtained in [32], as well
as Einstein’s explicit formula (1.7) in case of spherical particles. The proof is postponed
to Section 2.6.

Proposition 2 (First-order coefficient). On top of Assumption (H,), further assume

(Indep) Independent shapes: Random shapes {I:}, are iid copies of a given random
open subset 1° in the unit ball B, independent of the point process P.

Then, the first-order coefficient BY defined in (2.5) can be written as

B! = A(P)B', E:B'E = ]E[/Rd \D(%)?}, (2.6)

in terms of the unique decaying solution of the single-particle problem
— MYy + VRS =0, inRI\I°,
div(y$) =0, in R\ I°,
D(y%)+ E =0, in I°, (2.7)

falo opv =0,
falo Or-o%r =0 VOEe Miskew

In case of spherical particles, I,, = B(xp,ry), with iid random radii {ry},, this reduces to
Einstein’s celebrated formula

B! = #2014, (2.8)
where the volume fraction is in this case ¢ = A(P)E[|1y]]. O

2.2. Variational approach. This section is devoted to setting up our variational ap-
proach to prove Theorem 1, which is partly inspired by the theory of optimal bounds in
homogenization; see e.g. [49, Chapters 13 & 23]. The new main ingredients are the use
of Voronoi tessellations and of elliptic regularity. Let E € M{™ be fixed. In the spirit
of the heuristic approximation (1.6) for the corrector, we start by defining single-particle
problems in the neighborhood of each particle. For a random set Z satisfying (H,), we
define the associated Voronoi tessellation {V,,}, as follows,

Vo = {ze R? : dist(x, I,) < dist(z, I,,) Ym # n}.

5For (H,2™), this would amount to having stretched exponential moment bounds. For (H5S'®), this

holds for some point processes such as the random parking measure with v large enough, cf. [17].
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By definition, these Voronoi cells pave the whole space R? and each V;, contains exactly one
inclusion I,,. We then consider the single-particle problems in V,,, with either homogeneous
Dirichlet or Neumann boundary conditions on 9V/,,

Eup = inf{ [ D@E v € mW) div) =0, (OW) + B, =o}, (2.9)
EnN = inf{/ D) - v e HY(V,)4, div(y) =0, (D) + E)|y, :o}. (2.10)

Provided &, p < oo, the Dirichlet problem (2.9) is well-posed and we denote by %, p
its unique minimizer. The Neumann problem (2.10), on the other hand, is always well-
posed and one has the deterministic uniform bound &, y < 1. We denote by v, n the
corresponding minimizer: as it is only defined up to a rigid motion, it can be uniquely
chosen such that (¢Y, v + E(z — xy))|1, = 0. Next, we define the single-particle problem
on the whole space via

Enoo = inf{/ D) : ¢ € HYRYY, div(y) =0, (D) + E)|r, :o}. (2.11)
Rd

Note that the unique minimizer 1), o, of this variational problem coincides with the solu-

tion 1/)}{;} of (1.5). In case of (HD'“), as we only control clusters of close particles, we
naturally merge Voronoi cells that intersect the same cluster: more precisely, we consider
the Voronoi cell associated with each cluster J, ,,

w,= |J W

n:InCJqg,p

and we then partition the whole space as

Rd:(UVn)U(UWq>,

nes qeS’

where § := {n : p, > p} is the set of indices for well-separated particles and where &' is
the set of indices ¢ such that the cluster J, , is made of at least two particles. For n € &
we shall consider the single-inclusion problems &, p, En N, Enco @s above, while for ¢ € &’
it will suffice to consider the single-cluster problem with Dirichlet conditions,

Fqp = inf{/w D) : o € H&(Wq)d, div(y) =0, (D(¥) + E)l,,, = O}. (2.12)

q

The upcoming lemma shows that the error in the first-order expansion B ~ Id +B! can
be controlled using single-particle problems (as well as single-cluster problems in case
of (HSS®)). This provides a drastic reduction of complexity since B itself involves the
corrector ¥ with the full set of particles. The proof is postponed to Section 2.4 below.
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Lemma 2.1. Under the assumptions of Theorem 1, using the above notation (2.9)—(2.12),
we have

|E: (B— (1d+B"))E| (2.13)
E [Zn ]lfil‘” (En,p — Sn,N)] . in case of (H‘pmif) or (H™),
SYE [ZnGS 1\01%1"(511,0 —&n,N)
+E [qus, %f%p . in case of (HYS'),
where B is defined in (2.5). O

It remains to control the right-hand side in the error estimate (2.13), which amounts
to comparing the single-particle problems with Dirichlet or Neumann boundary conditions
on Voronoi cells. The proof is postponed to Section 2.5 below.

Lemma 2.2. For all n, we have almost surely

0 < &b —Enn S plpn)lp<t + ppl,, 1, (2.14)

where we recall that p, stands for (half of ) the interparticle distance, cf. (2.1), and that
the weight p is defined in (2.2). In addition, there is py < oo such that for all g,

Fo.p S diam(Jg,)"0. (2.15)

%

With these two lemmas at hand, combining the estimates, we may now quickly conclude
the proof of Theorem 1.

Proof of Theorem 1. Combining Lemmas 2.1 and 2.2, we get
|B — (Id+B")| (2.16)
E[Zn ﬂrliﬂ” (,U(Pn)]lpn<1 + p;dﬂpnzl)} : in case of (H})‘“if) or (H/r)“,?m ,
1 _
S| E [Zn F]L,jnpnd]lpny}
+E [qus, Llof‘]q’” diam(Jq’p)pO} : in case of (HEY),

‘LPl

and it remains to estimate these expectations. We split the proof into two steps.

Step 1. Proof that, if g € L°°(R") is non-increasing with g(r) | 0 as 7 1 oo, then

5| S paton)| S RtPlaliscen + [0 (0o ) 2P @17

To start with, we rewrite the left-hand side as
Toer, [
B[S hg(o)| = [ g(r)ar(), (2.18)
— | In] 0
where the positive measure A on R™ is defined by its distribution function

. ]]-OGIn o ]l(]eln
A([0,7]) = E[Z |1, ﬂpn«} - E[Z 1] L3mtns L dist(L ) <r |
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As I, C B(xy,) for all n, we can estimate the latter as

A([O’ T]) < E[Z ]l|zn|§1 ]lﬂm;én: |xmxn§2(r+1):| :

Recalling that ¢ = ¢(P) is the minimal distance (1.13), we deduce that A([0,7]) = 0 for all
r < %E — 1. Moreover, we can bound, on the one hand,

M) < B X L] = AP)IB
n
and on the other hand, in terms of the two-point density and intensity, for r > %é -1,

A(,]) < E[ S e n|xm_xn<2(r+l)]

n#m

= // fol@, x4+ y) dady
BxBy(r41)

= (2(r+ 1))7d // fo(z,z +y) dedy
Bo(r11) X Ba(ry1)

S (P
Combining these estimates yields
A([0,7]) S Ma(P) (1)) AA(P). (2.19)

Under our assumptions on g, an integration by parts yields
/0 g9(r)dA(r) = —g(0)A({0}) +/0 lg' ()| A([0, 7]) dr,

and the conclusion follows in combination with (2.18) and (2.19).

Step 2. Conclusion.
In case of (H})‘mf), as we have p, > p for all n, the contributions of p,, < p can be removed

n (2.16). Applying (2.17) with g(r) = (r)~¢, we are then led to

B (144BY) < B Y )]

S 2P+ [T (CaP)e AP dn

and the conclusion (2.4) follows after estimating this integral.

Next, in case of (H’0™), repeating the same computation as above for the contributions

of pp, > 1in (2.16), and separating the contributions of p, < 1, we find

B — (1d+BY)| < Ao(P)log (2 + +E[Z |OeIn pn<1]

and it remains to estimate the last term. By Holder’s mequahty, we can write for any k > 1,
1

]1061n Loer, 11061n "
[Z 1} SE[Z L “p”“] [Z L] " ] |
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On the one hand, (2.19) yields

E[Z ﬁ“j"ﬂpng] = A([0,1])  Mo(P).

n

On the other hand, by the ergodic theorem, using (1.11) and the reciprocal moment con-
dition in (H}™), we find

Loer, P —d |1, N Qr| QR’
. H{n: I,NQr # T} 1
= hIETigp R4 tH{n: I,NQr # 3} 2

< AP)KL)",

p(pn)"
n:I,NQRr#D
and the conclusion (2.4) follows.

Finally, in case of (HPY'“), repeating again the same computation for the contributions
of pp, > pin (2.16), we find

_ _ 1
B — (Id+B")| < As(P)log (2+ 527)) +E[Z ‘Oi‘];f dia (Jq,,,)po],
qes’

and it remains to estimate the last term. By Holder’s inequality, we can write for any x > 1,

Tocs,, .. Toey, 0eJ,, .
[ o] <[5 ] [ it

qeS’ qeS’

==

On the one hand, by definition of &', (2.19) yields

Loey,,
E{Z W }

qeS’

— B 5 1 s | = 200D S a(P)

n

On the other hand, by the ergodic theorem, using (1.11), the condition (2.3) in (HP%°),
and the fact that there are less clusters than particles, we find

|:Z OGJquam qup)np0:| = lim R~ dz ‘JQP QR’d.am(qup)Rpo

|Jq p| Rfoo |Jq P|
‘ #{q: Joy NQr # @} 1 i
< limsup d diam(J, ,)""°
proils Rd Ha:JopNQr # 2} q;Jq,p%mé@ "
) tH{n: L,NQgr # T} 1 I
< limsu diam(Jg,p)™
- RToop R4 tg: Joy NQr # g} Z e

anR7é®
< AP)(K)",

and the conclusion (2.4) follows. O
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2.3. Preliminary lemmas. Before turning to the proof of Lemmas 2.1 and 2.2, which
are key to Theorem 1 as explained above, we start with a couple of preliminary PDE and
probabilistic lemmas. We first prove the following trace estimates at particle boundaries.

Lemma 2.3 (Trace estimates).
(i) For any € H(I,,), we have
inf —(k+0(x—zn))* < D(y)[2.
LT M TR R  )
(ii) For any ¢ € H'(I,, + pB) satisfying the following relations, for some E € Mg™,
—ANp+VE=0, in (I, + pB)\ I,

diV(W =0, in (In + pB) \In;
D(y)+ E =0, in Iy,

we have
nf [ ez el £ [ )P
c€R Jor, In+pB
where we recall that multiplicative constants may implicitly depend on p. %

Proof. We split the proof into two steps.

Step 1. Proof of (i).
We appeal to a trace estimate in form of

‘/ Y I
oI, In

and the conclusion follows from Poincaré’s and Korn’s inequalities.

Step 2. Proof of (ii).
By definition of the Cauchy stress tensor, a trace estimate yields

/ wwxwwmﬂs/] (V)EVEL 4+ (V) (S — )2 (2.20)
oI, (Int3pB\In

(V)3 (¢ — (k + Oz — z,))) 2,

By the local regularity theory for the steady Stokes equation near a boundary, e.g. |24,
Theorems 1V.5.1-5.3], we have for all m > 0, for all constants x € R? and ¢ € R,

IVl g (14 2o gay T 12 = 1Al s (1,11 ,8)\ 1)
S Ml = 6l g oy T 10 = Kl @arppym) + 15 = cldlivz g, 1 pp1,)-

Choosing ¢ = f(In +pB\ > and using a local pressure estimate for the steady Stokes
equation, e.g. [19, Lemma 3.3], we find

12 = cld]li2(rtpmni) S IVCL2n40B)\ 1)
so that the above reduces to
IVl grmr (1,4 2 pm) gy T 12 = 1Al s (1,118 1)
S 1Yl — K"”Her%(aIn) + 1Y = Kl 51 (1o +pB)\1n)-
As 1) is affine in I, we have

1915, = 8l s o S 1= Bllmeaay = 19 = sllan ),
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and the above then becomes
||Vw”Hm+1(([n+%pB)\[n) + % - CId||H7n+1((In+%pB)\[n) S Y- K||H1(In+pB)~
Further choosing « := fln +pB 1 and applying Poincaré’s inequality, we deduce
Nl grmr (14 2 pmpgy T 12 = 1l gmr gt 208000y S IVOIL21,108)-
In particular, combined with (2.20), this leads us to

inf /m lo(1, %) — cld|? 5/ |Vep|2.

ceR

In+pB
Noting that o(1,Y) and the equations satisfied by (¢, X) are unchanged if a rigid motion
is added to %, the conclusion now follows from Korn’s inequality. O

Next, we recall the following standard elliptic regularity estimate for solutions of the
free steady Stokes equation.

Lemma 2.4 (Mean-value property). Given r > 0, if (¢, %) is a weak solution of the free
Stokes equation in B,,

—Ap+ V3 =0, div(¢)) = 0, in By,
then it satisfies

D)) < ]i D). 0

Proof. By scaling, it suffices to consider r = 1. For m > %, the Sobolev embedding yields
DW)O)] £ IDE) g3 (2.21)

and it remains to estimate this Sobolev norm. By the local regularity theory for the steady
Stokes equation, e.g. [24, Theorem IV.4.1], we find for all K € R? and ¢ € R,

HVW‘Hm(%B) +[1Z - CHHm(%B) S Y = Ellms) + 15 - c||L2(B)'

Choosing ¢ = fB > and using a local pressure estimate for the steady Stokes equation,
e.g. [19, Lemma 3.3], we find

12— CHLQ(B) S ||V¢”L2(B)-

Inserting this into the above and applying Poincaré’s inequality for the choice k = fB Y,
we deduce

IV g
For any © € MV this entails
D@ grm1my < VW = O2)| grm
hence, by Korn’s inequality,
D) iy S D) zcs)-

Inserting this into (2.21), the conclusion follows. O

B) S ”VW’L?(B)-

1
2

B) S V(Y- Gx)HLQ(B)a

1
2

Finally, the following lemma provides a useful property of Voronoi tessellations. Al-
though it could be obtained as a direct consequence of Palm theory, we include a more
elementary proof by means of an approximation argument.
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Lemma 2.5 (Property of Voronoi tessellations). For all stationary random fields ¢ with
E[|{|] < oo, we have in case of (H““‘f) or (H®om),

PR

Bl - E| Y e [ ] (229

n

and in case of (HP'),

E[¢] = L 8106“ /ng Z Locs, ] (2.23)

qeS’ P| <>

Proof. By the monotone convergence theorem, it is enough to prove the result for any
bounded non-negative random field 0 < ¢ < M with any fixed M > 0. Let such a ( be
fixed. We split the proof into two steps.

Step 1. Proof of (2.22) & (2.23) under the additional assumption that almost surely

sup diam(V,,) < oo. (2.24)

n

In that case, let K > 1 be such that diam(V},,) < K almost surely for all n. We con-
sider (2.22) and (2.23) separately, and split the proof into two further substeps.

Substep 1.1. Proof of (2.22) under assumption (2.24).
By the ergodic theorem, we have almost surely

Loer, e 11, N Qr|
E[Z I /C] BN Dyl RS

- Vi

As ¢ > 0 and as assumption (2.24) entails V;, C Bg(z,) for all n, we easily get the

two-sided estimate
|1, N Qr|
¢ < ¢ < ¢
/QR—CK Z 1] Va QRr+CK

and the claim (2.22) then follows from the ergodic theorem.

Substep 1.2. Proof of (2.23) under assumption (2.24).
By the ergodic theorem, we have almost surely

|: ]10€In / ]loeJq,p C:|
n Jva‘ Wy

nes ES’ |

o pd 11n N Qr| | Jq,0 N QR|
o (Z 1, /n“Z Sl ch)

qeS’ ’ qP‘
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As 0 < ¢ < M and as assumption (2.24) entails V,, C Bg (zy,) for all n, we get the two-sided
estimate

/QR_CKC—M Sy

q: Jq pm(QRJrl\QR 5’&@

I,NQ JgpNQ
Z| ]I]R‘/RCJFZ‘ 0.0 N QR| ¢

nes qeS’ Wy
<[ crm ¥ w
Qricx a:Jq,pN(Qr+1\QR)#2

By the ergodic theorem, in order to prove (2.23), it thus remains to show almost surely

lim R~ =

Jim R > Wyl =0,

¢:Jq,pN(Qr+1\QR)#2

which would follow provided that we show almost surely

limsup R™% Y W] < oo (2.25)
Rfoo 4:Jq fNQRAD

As |[W,| £ (diam(J,,) + K)9, we can estimate

R > Wyl

q:Jq,pNQRFD

A p—das. . 1 : d
SJ K (R ﬁ{q . Jq’p 4 QR # ®}> <ﬁ{q : Jva m QR ?é Q} q:Jq,%R?&Q dla’m(qup) >

To bound the first factor, we simply note that

R{q: JyNQr# @} < R n:1,NQr+# 2}

< R {n:z, € Qrp1} =1, A(P).

Appealing to the condition (2.3) in (H5S) to estimate the second factor, the claim (2.25)

follows.

Step 2. Relaxing assumption (2.24).
It remains to consider the case when sup,, diam(V,,) = oo, and we proceed by approxima-
tion. Consider a point process P’ = {x/ },, independent of P,Z such that almost surely

> 1, min |z, —x),| <1 for all n.

min |z, —
m:m#n

n#m

For instance, P’ can be chosen as the random parking process of parameter %, cf. [56].
Now, for any integer a > 1, we define the ‘enriched’ point process P, as follows,

Py = PU {22‘%; s dist(2%°2], P) > 22‘”3},
as well as the corresponding random set

T = TU U B(2%%z!).

n:dist(22%x!, ,P)>22a+3
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Denote by V,(z,) the Voronoi cell associated with I,, in Z,, and by V() the Voronoi
cell associated with B(22%x/,). By construction, it can be checked that for all n,

Vi N Boza+2 (:En) - Va(:vn) C VN By2a+a ($n),

which entails that V,(x,) 1 V,, increasingly as o T oo (over integers). In addition, Py, Z,
satisfy (H,), as well as (2.24) with Voronoi diameters bounded by O(22%). They fur-

ther satisfy Assumption (H;)mif , (He™), or (HD5") provided that P, T satisfy the cor-

responding assumption. We focus on the case of (H;)mif) or (HmIom

DK
of (H}Y') is analogous. Applying the result (2.22) of Step 1, by definition of P,, we get

Loer, Locs —
E[¢] = E[Z \Oli! Valx )C] +E[Zﬂdist<22%;,7’>222”‘”EIJ(BI)/V (MC}

As 0 < ¢ £ M, as Voronoi diameters are bounded by C22% almost surely, and using
stationarity and the independence of P,Z and P’,Z’, the second right-hand side term
satisfies

), while the case

Loep(azaqr)

0 < E[zn:]ldist(on‘x%7P)>2m+3|B| /va(x;) C]

Loep(22eay
M22d R [ Z List(220 2, ,p)>220+3 ﬁ
n

A

Loe p(2ea;
- M22adIE[Z OE’T](;TW] P [dist(0, P) > 2%77]

= MMP')P [dist(0,P) > 22*+3].

n
Inserting this into the above, we deduce

Loer,

n

1
<E[] < E[Z 0ln g] + CMA(P") P [dist(0, P) > 2%%3] .
n ’In’ Va(l'n)
and the conclusion (2.22) follows from the monotone convergence theorem. U

2.4. Proof of Lemma 2.1. Without loss of generality, we can assume that &, p < oo
almost surely as otherwise the claimed estimate (2.13) would be trivial. The variational
definition of the effective viscosity (1.24) can be written as

E:BE = |E|* 4+ inf {IE [|D(1j))|2] . ¢ € L2(Q; HL (RD?), Vi stationary,
div(y) =0, (D(¥)+ E)|z =0, E[D(¥)] =0}, (2.26)

and the definition (2.5) of B! as

_ 1
E:B'E = E[Z ")ﬁ" En,oo]. (2.27)

n
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Note that an energy estimate for (2.11) using Bogovskii’s construction yields the uniform
bound &, < |EJ%. In order to prove (2.13), it remains to compare (2.26) to a superpo-
sition of the single-particle problems {&, ~ }» and to recognize (2.27). We split the proof
into three steps.

Step 1. Upper bound: proof that we have in case of (H[‘,mif) or (HO™),

_ 1
E:BE < |E)? +E[Z ’0[“’"5”7,;,}, (2.28)
n n
and in case of (HDY°),
>, 2 ]1061 ]loejqp
E:BE < |[EP+E| Y 2Sr&up+ Y L FuD|- (2.29)
nes ’In’ qGS’ ‘J‘Lp‘

We focus on (2.29), the proof of (2.28) being identical. We define almost surely
Up =Y Ynp+ Y Pep € Hp (R,
nes qeS’

where the summands ¢, p € H3(V,,)? and VgD € HY(W,)? are implicitly extended by
zero outside V;, and Wy, respectively. Properties of Dirichlet minimizers {1, p}n,{%¢.D}q
ensure that Vip is stationary and satisfies div(¢)p) = 0 and (D(¢)p) + E)|z = 0. Assume
that D(¢yp) € LE(Q)%*? (for otherwise the claim is trivial by (2.23)). Then, appealing
to (2.23), we find E [D(¢p)] = 0. We may then use ¢p as a test function in the variational
problem (2.26), to the effect of

E:BE < |E[ +E[D(¢p)[?],
and the claim (2.29) now follows from (2.23).
Step 2. Lower bound: proof that

_ 1
E:BE > |E|2—|—E[Z ﬁ"é‘n,N], (2.30)
n
n
By (2.22), we can write
E:BE = |EP+E|[D®yg)]]
Loer,
— 18P+ B S e [ o).
n n Vn

Using the corrector g as a test function for the Neumann single-particle problem (2.10),
we find &, v < an ID(¢£)|? and the claim (2.30) follows.

Step 3. Conclusion.
In view of (2.28) and (2.30), it remains to compare &, p and &, ny t0 &y 0. On the one
hand, since 1, p is an admissible test function for &, o, we have

2 _ 2 _
Euve < [ DWwo) = [ D@D = Eup.

On the other hand, since the restriction v, « |y, is an admissible test function for &, n,
we have

gn,N < |D(¢n,oo)|2 < gn,oo-
Vn
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This yields

EnN < Enoo < Enp,
or alternatively,

IEnN — Enool + €D — Enool = Enp — EnN.
Further note that the minimality of Neumann problems entails
Z EnNn < FyD,

n:In Clq,p

and thus
Loer, Loes,, Loes,,
B[S ] — £ 2 6] < B 32 (7t

J
n¢S qes’ |a,0] n:l,CJg,p qes’

Combining these observations with (2.28)—(2.30), the conclusion (2.13) follows. O

2.5. Proof of Lemma 2.2. The bound (2.15) on F, p follows from Bogovskii’s construc-
tion in form of [17, Lemma 4.2]. We turn to the proof of (2.14). By [12, Section 4.1], there

exists w, € I/VO1 *°(V;,)4 that is an admissible test function for the Dirichlet problem En.D
such that

& < [ D@ £ ulp),
which entails
0 < gn,D _871,N < gn,D ,S M(pn)
To prove (2.14), it remains to show that in the case p, > 1 we have
EnD —Enn < pil (2.31)

This amounts to investigating the role of the different boundary conditions on dV;,. The
proof will require us to establish in passing the following two fine estimates,

/V Db - tan)’ < oot (2.32)
/ ID(Wnp —an)> S pn?% (2.33)
In+3B

We assume from now on that p, > 1 and, without loss of generality, z,, = 0. We drop the
index n to simplify notation and we set r = p,, (to avoid confusion with the constant p in
Assumption (H,) and elsewhere). We split the argument into three steps.
Step 1. Proof that

Ep —Exo S 774 (2.34)

First recall the following standard bounds on the whole-space single-particle solution
and on the associated pressure field ¥,

[Yoo(2)] S (@)% Voo (@) + [Zoo(@)] S (@)% (2.35)

Define the neighborhood It := I + £ B, which satisfies I C I,F C V and dist(I;5,0V) = £,
and let x € C°(V) be a smooth cut-off function with

Xlpr =1, suppxCI+rBCV, 0<x<1, |[VxSrh
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Now consider the map Yoo € H&(V)d, which coincides with s, on I,F. To make it an
admissible test function for the Dirichlet problem £p, we need to make it divergence-free
in V'\ 7. As the properties of the cut-off function x and the incompressibility of 1), yield

/V\I,T div(xtoo) = /W quoo.u—/lr+ div(xtss) = 0,

Bogovskii’s construction entails that there exists w € HE(V \ IT)9 such that

div(w) = div(xteo) = VX - Yo in V\ I,

By construction, the map X%, —w is now an admissible test function for £p and we deduce

£ < /V|D<xwoo—w)2

/ Do) + 2 / xD(too) : (Vx ® tho0)
1% 1%

1
—1—4/‘/Woo®VX—|—Vx®¢oo!2+/v|D(w)|2—2/vD(w):D(Xwoo).

Using (2.35), (2.36), and properties of the cut-off function x, the claim (2.34) follows.

Step 2. Proof that
o —En S (2.37)

More precisely, we shall note that
Eu—en = [ Dl — ) (239)
\%

and we shall establish the following more precise estimates,
[ 1w~ 60 + [ D~ )P

1% 1%
J Sy B S [ (2.40)

A
=
&

: (2.39)

where we use the short-hand notation I'" := I + %B . We split the proof into five further
substeps.

Substep 2.1. Proof of (2.38).
By the Euler—Lagrange equation for ¢ in form of

/V D(thy) : D(te — th) = 0,
we find
/V Do) 2 — /V D) = /V D(thso + 1) : D(thao — 1)

— /|D<woo—¢N)|2,
1%

that is, (2.38).
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Substep 2.2. Proof that

[ iy = va st ([ D - ) (2.1

As in (1.5), the Euler-Lagrange equation for 1, takes the following form, in terms of the
associated pressure field ¥, and Cauchy stress tensor o := (900 + E2, Xoo),

Aoy +VEs =0, inRI\ I,

div(1eo) = 0, in R\ I,
D(tpoo + Ex) =0, in I, (2.42)
Jor 0oV =0,

fal Oz - osv =0, VO € Mekew,

and similarly the equation for ¥y is as follows, in terms of the associated pressure X and
Cauchy stress tensor oy := o(¢Yn + Ex, Xy),

([ —AYy +VEN =0, inV\I,
div(yn) =0, in V\I,
onv =0, on OV,
D(¢n + Ex) =0, in I,
Joronv =0,
fal Oz -onv =0, VO e Mskew,

Testing both equations with ¥y — 1o, We obtain

2 /V D@y — o) = — /a (=) e (2.43)

In order to estimate the right-hand side, we note that, testing the equation for 1y with
and the equation for ¢, with ¥y in V' yields

2/‘/D(¢oo):D(wN) = - Yoo * ONV,

oI
2 [ D@w): D) = [ neowr— [ oo
1% ov oI
from which we deduce

YN - OV = YN OV — | Yoo - ONV.
oV or or

Inserting this into (2.43), recalling (Y +Ex)|; = (Yoo+Ex)|; = 0, and using the boundary
conditions for Yy, Yeo, We get

B 2 _ . _ ) _
2/V|D(wN Yoo)| /8V¢OO OoolV 8IE:lc (oN — 000V

In view of (2.35), this entails

[ Dy = vl 0 [ o = o,

and thus, by the trace estimate in Lemma 2.3(ii), the claim (2.41) follows.

Substep 2.3. Proxy for ¢y — ¥eo.
If the difference v = YNy — Y satisfied the free steady Stokes equation in the whole
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domain V, then Lemma 2.4 would yield [, [D(¢)* < r—¢ Ji, ID(®)|?, and the conclu-
sion (2.39) for ¢ would already follow from (2.41) together with Young’s inequality. How-
ever, 1s rigid in I and does not satisfy the free steady Stokes equation in the whole
domain.® To overcome this issue, we shall compare 1 to a suitable proxy: we consider the
solution (1/1, E) of the following auxiliary Neumann problem in V,

~AP+VE=0, iV,
div~(¢) =0, inV, (2.44)
o(,X)v = —0oxr, on V.

Note that the solution is only defined up to a rigid motion, which can be fixed for instance

by choosing [, ¥ =0 and I Vi € MF™.
The rest of this step is devoted to the proof of the following estimates for 1%,

[ e st [ @k s e (2.49

For that purpose, we start by testing equation (2.44) with ¥ itself, to the effect of

2 [ D@ = = [ 5

In order to estimate the right-hand side, we note that, testing the equation for 1/; with s
and the equation for ¥, with 1,

2 /V Do) :D@) = — [ e oer

2 [ D)D) = [ Goaw— [ Gon

from which we deduce

/ LZNJ-O'OOZ/:— Yoo * OooV + 1;-0001/.
ov

oV oI
Inserting this into the above yields

R R R 2

and thus, using (2.35), noting that any rigid motion can be added to ¥, and appealing to
the trace estimate in Lemma 2.3(i),

[ p@)E < ([ e

As 1) satisfies the free steady Stokes equation in V and as [I7| <1 and dist(I1, V) > s
we may now appeal to Lemma 2.4, to the effect of

/ D) < / D)2, (2.46)
I+ 1%

6As showed in Lemma A.2 in Appendix A, the mean-value property can actually be extended in presence
of rigid particles. Rather than appealing to this general result here, we provide a self-contained and more
elementary approach in the present single-particle setting.

and the claim (2.45) follows.
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Substep 2.4. Proof of (2.39) & (2.40) for ¢ = ¢Yn — Yo.
Decomposing 1) = (¢ — ) 4 1) and using (2.45), we find

[ @k 5 75 [ =P (2.47)
and thus, inserting this into (2.41),
/ D@)> < rd+ / ID(¢) — )2 (2.48)
Next, noting that v satisfies
([ —AY+ VX =0, in V\I,
div(y)) =0, in V\I,
o(, X)v = —oxol, on 9V,
D) = 0, in 1, (2.49)
faz o, X)v =0,
Jo; Oz - 0(¥), )y =0, VO € MV,

and testing this equation as well as (2.44) with ¢ — 1), we find

2 [ D=0 = [ Gowew

As we may add any rigid motion to 1/), the trace estimates in Lemma 2.3 lead us to

[ pw=a s ([ ip@r /\D

Decomposing again ¢ = (¢ — 1/1 + w and using Young’s inequality, we get

[ pw-i s [ pEP

Inserting this into (2.48) and appealing again to (2.45), the conclusion (2.39) & (2.40)
follows for ¥ = YN — VYoo

Substep 2.5. Proof of (2.39) & (2.40) for ¢p — Pec.
Although this part is in fact not needed for the proof of (2.37), it is included for future
reference. We start by decomposing

- 2: D2— 002— D — Vo) : 50 ) -
/VerD oo)| /V|D<w ) /er ) 2/VD<w o)  D(ths0)

Testing the equation for ¥, with ¢¥p — ¥, we find
2/ D(wD_woo) :D(q/)oo) = - Yoo * Oooly
v

oV
so that the above becomes

J I e A e
\%4 ov
Using (2.34) and (2.35), this entails
[ 1D — v 7 (2.50
%4
that is, (2.39) for ¥p — Veo.
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It remains to prove (2.40). For that purpose, as above, we proceed by defining a suitable
proxy for ¥ p — 1)~ satisfying the free steady Stokes equation in the whole domain V: we
consider the solution (1, Y) of the following auxiliary Dirichlet problem in V,

—~AYp+VE =0, inV,

div(¢y)) =0, inV,

= =Yoo, on JV.
A straightforward adaptation of the proof of (2.45) yields

[ e st [ paE g e

From this together with (2.50), the conclusion (2.40) for ¢)p — 1), easily follows by similar
arguments as in Substep 2.4. O

2.6. Explicit form of Einstein’s formula. This last section is devoted to the proof of
Proposition 2. Under Assumption (Indep), the definition (2.5) of B! becomes

p:BE = APE| [ DR,

that is, (2.6) in terms of the unique decaying solution 3, of the single-particle prob-
lem (2.7). It remains to prove Einstein’s formula (2.8) for spherical particles, I,, = B(x ry,),
with iid random radii {r,},. By scaling, the above becomes

E: BIE = )\ 'rn / |D d}E s
in terms of the unique decaying solution 1/1% of the rescaled elementary problem
AP+ VEG =0, in R\ B,
divgw%) =0, in R\ B,

faB wE—I—Em ZO)V—O
faB@x U(¢E+Eaz 2O %)V =0, VO € Mskew,

Alternatively, using the energy identity for this equation,

E:B'E = %)\(P)E[(rn)d] g Ezx-o()% + Ex, ). (2.51)
B

As is well-known, e.g. [30, Section 2.1.3], 1&% coincides with the unique solution of

— A% 4+ VXS =0, inRY\ B,

div(Pg) =0, in R?\ B,
Yy = —FEu, on 0B,
and is explicitly given by the following formulas for |z| > 1,
~ _ d+2(z-Ex)z 1 Ex (x- FEx)x
) = G 3 g - 042 )
. -FE
Sy(x) = —(d+2) 0y

|m|d+2’



36 M. DUERINCKX AND A. GLORIA

Inserting this into (2.51), a direct computation yields
E:B'E = 2 \(P)E[(r,)"]|B||Ef?,
that is, Einstein’s formula (2.8). O
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3. CLUSTER EXPANSION OF THE EFFECTIVE VISCOSITY

This section is devoted to the higher-order cluster expansion of the effective viscosity B:
starting from finite-volume approximations, we establish cluster formulas and prove uni-
form estimates in the large-volume limit. These results are mainly inspired by our previous
work [14] on the Clausius-Mossotti conductivity formula, where we introduced the triad
consisting of: (1) finite-volume approximation; (2) cluster expansion; (3) uniform ¢! — ¢
energy estimates. We further refine the analysis of [14], in particular improving on error
estimates, and properly estimating cluster coefficients in case of large uniform particle sep-
aration £(P) > 1; there are also some new twists due to the rigidity of the inclusions.
Henceforth, in the rest of this memoir, we assume that particles are uniformly separated
in the sense of (H,) and (Hg“if).

3.1. Finite-volume approximations. In order to make sense of cluster expansions and
avoid diverging series, we start by defining finite-volume approximations of the effective
viscosity, obtained by a periodization procedure, which will in turn provide an implicit
renormalization of cluster coefficients in the large-volume limit. More precisely, we define
a restriction Py, on Qr, of the point process P via
Pri={xn:ne€Nr}, Np:={n:2z,€Qrp}, QLp:= QL 20P)(i+p))

and we consider the corresponding random set

Iy = UnGNL L, I, =z, + 1. (3.1)
For convenience, we choose an enumeration P, = {z, }n and set I, = xpp + I, ;.
Under Assumptions (H,) and (H‘pmif), the periodic extension of Zj, satisfies

e Regularity and separation: For all L, the periodized random set Z; + LZ? satisfies the
p-regularity and uniform separation assumptions in (H,) and (H;)m‘f). Moreover, the

periodized point process Py, + LZ satisfies £(Pr, + LZ%) > £(P) > 1.
e Stabilization: For all L, there holds Pr|q, , = Plq, -

We then define the following finite-volume approximation of the effective viscosity B,

E:BLE = E[][ D(Ye.L) + E|?|, (3.2)
L
where g1, € L3(Q; H...(Qr)?) is almost surely the unique solution in H} (Qr)?, with
vanishing average fQL Yp., = 0, of the periodized version of the corrector problem (1.3),
_AwE;L + VEE;L = 07 in QL \I7
div(¢g.) =0, in Qr\Z,
D(z/}E;L + Ex) =0, in7p, (33)
fa[n;L OFp;LV = O, Vn,

Jor . O(x — n.p) - omrv =0, ¥n, VO € Mkew,

where we use the short-hand notation og.1, := o(¢g., + Ex, EE;L) for the Cauchy stress
tensor. As a corollary of [18, Theorem 1],” in view of the above stabilization property, this

"This requires to replace Dirichlet boundary conditions in [18] by periodic conditions, as is standard in
homogenization theory.
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finite-volume approximation (3.2) is consistent in the sense of

lim B, = B. (3.4)
LToo
As opposed to B, we emphasize that the approximation B; depends only on the finite
number of inclusions {I,, 1 }». Indeed, by (H,), the number of inclusions in @, has almost

surely a deterministic upper bound CL?. The associated cluster expansion is therefore
well-defined.

3.2. Main results. We start with the cluster expansion of the finite-volume approxima-
tion By, establishing suitable formulas for cluster coefficients and for the remainder. This
is analogous to formulas obtained in our previous work on the conductivity problem [14].
While the formula (3.9) for the remainder naturally involves the original corrector with
the whole set Py, of particles, we emphasize that the bound (3.10) only involves correctors
associated with finite numbers of inclusions (uniformly in L): this is key to the optimal
estimates obtained in the sequel and constitutes the first twist wrt [14]. Indeed, this con-
trol is based on the rigidity of the particles and is therefore not available in the generality
considered for the conductivity problem in [14]; it was first observed at second order by
Gérard-Varet in [25]. The proof is displayed in Section 3.4.

Theorem 3 (Finite-volume cluster expansion). Under Assumptions (H,) and (H3™"),
finite-volume approzimations of the effective viscosity can be expanded for all L and k > 1,

k

B, = Id+) 4B} + R} (3.5)
j=1

where the coefficients and remainders are defined as follows:

e The coefficients {Bi}j are given by cluster formulas, cf. (1.21),

E:BJE = j! > E[][ o (ID(W5..) +E|2)}, (3.6)
§F=j L
which can be alternatively expressed as
E:B)E=Lj1L?Y" Z]E[/ E(z—2,1)- 5F\{"}agj§u] (3.7)
§F=j neF On,1.

= 1L Z Z ]E[/BI ) sE\n} (V5. + E(@ —2n1)) -UE;LV}, (3.8)

tF=jner

where we use the short-hand notation UE;L = 0(1/15.]: + Ez, Eg;L) for the Cauchy stress
tensor.

k+1
L

e The remainder R can be represented as

E:R{ME = L7 ) Z]E[/ 5F\{”}(¢2;L+E(xxn,L))-UE;LV}, (3.9)
$F=k+1neF O,

and is estimated as follows,

B REFLE] < E{LdZ/I ‘ 3 D(cSng;L)ﬂ (3.10)

7, tF=k
n¢F
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5> E|L- > (/ X D(aFw%;mf);

J=1

n¢F

X </In,L+pB ‘ ﬁle D (5F(¢g;}.; + E(z — xn,1))) ‘2) é] .0

n¢F

In view of the short-range setting (1.20), we expect B} = O(\;(P)) and we aim to prove
uniform-in-L estimates that would allow to pass to the large-volume limit and recover a
dilute expansion for the original effective viscosity B. This is partially achieved in the
upcoming theorem, which states fine estimates on cluster coefficients and on the remain-
der. However note that we cannot directly obtain uniform-in-L estimates with the desired
scalings O(Aj(P)). Instead, the result is twofold:

— Uniform estimates: In item (i), we state uniform-in-L estimates, which further display
the optimal scaling in the order j and in the minimal distance ¢ = ¢(P), but fail to
capture the general expected dependence on multi-point intensities {\;(P)};.

— Non-uniform estimates: In item (ii), we state non-uniform estimates, which display a
logarithmic divergence in the large-volume limit L 1 oo, but have the merit of capturing
the correct dependence on multi-point intensities.

Uniform estimates in (i) allow to deduce the convergence of cluster coefficients {B7}; in
the large-volume limit L 1 oo, cf. (3.13) below: this actually defines infinite-volume cluster
coefficients in a meaningful way, providing an implicit renormalization of diverging series
and answering the question raised in Section 1.3.4. As they display the optimal dependence
on the minimal distance £ = ¢(P), these estimates already yield the desired infinite-volume
cluster expansion in the large-separation regime £ > 1 with \;(P) replaced by (¢~¢)7, which
is optimal in some cases (see dilation setting in Theorem 11). To treat the general model-
free dilute setting, however, uniform estimates need to be further derived with the correct
dependence on multi-point intensities: this requires to overcome logarithmic divergences
in non-uniform estimates in (ii), which is the subject of Section 4. The proof of the present
result is split between Sections 3.5, 3.6, 3.7, and 3.8.

Theorem 4 (Cluster estimates and large-volume limit). Under Assumptions (H,) and
(H/‘}nif), the coefficients and the remainder of the finite-volume cluster expansion in The-
orem 3 satisfy the following two classes of estimates.

(i) Uniform estimates: For all L and k,j > 1,
Bl < jcey,
IRMFY < (CemdyRL (3.11)

(#i) Non-uniform estimates: For all L and k,j > 1,

B < A(P)(log L)Y,

~J

2k
RS <o Y Na(P)(log L)' (3.12)
1=k
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In particular, as a consequence of (i), for all k,j > 1, the following large-volume limits are

well-defined,

¥ ORI k .kt
B/ = %I&BJL, RFHL = H&RH : (3.13)
so that the cluster expansion (3.5) becomes, for all k > 1,
k
’1‘3— (Id+z;!]_3j>‘ < |RFY| < (Cedk1, (3.14)
=1 0

3.3. Preliminary lemmas. Henceforth, we fix F with |E| = 1 and we skip the associated
subscript for notational convenience. Before turning to the proof of Theorems 3 and 4, we
state a series of preliminary lemmas. We start with the following useful reformulation of
the corrector equation (1.3), where the rigidity constraint is viewed as generating a source
term concentrated at particle boundaries in steady Stokes equations.

Lemma 3.1 (Reformulation of the corrector equation). For all H C N we have in Qr,

— M+ V(ET I\ m) = - > bor, Lor v, (3.15)
neH
where 6y, , stands for the Hausdorff measure on the boundary of In7L.8 %

Proof. For any test function ¢, € Cpg,(Q )%, recalling that wf is divergence-free and that
it satisfies D(¢H) + E =0 in T we find

Vor : Vil — / S8 div(gr)

QL\Tf

— 2 Veuspf)- [ sl
QL QL\If

Qr

- / Vo : o6l + Ba,sl).
QL\IH

Since the steady Stokes equation for ¢ writes div(o (v + Ex, ) =0 in Qr \ ZH, we
deduce, after integration by parts,

Vorsvofl - [ sfiditen) = - [ or-otuf + B S
QL QL\TZf nei Y 9InL

By the arbitrariness of ¢, this proves (3.15). O

Next, the following result provides corresponding Stokes equations for corrector differ-
ences, which will be used abundantly in the sequel.

Lemma 3.2 (Equations for corrector differences). For all disjoint subsets F, H C N with F
finite, we have in Qr,

— 86"y + V6T (ST g, \r) (3.16)
= " 01,070y = 3" br, 6TV, 0
neH neF

8More precisely, we define ‘fQL ¢rdor,, 5 = fm 5 ¢r, for any test function ¢r € Coe,(QL).
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Proof. The starting point is the equation (3.15) satisfied by @beH,
SUH SUH SUH
AP+ V(52 g \pson) = = Y bar, 07w
neSUH
Using the definition (1.9) of the difference operator, we deduce
— 0§ + Vo (S g\ gm) = = Y (DI N b, 07,
ScF n€SUH
and it remains to reformulate the right-hand side. For that purpose, we decompose
FH F(yH
— A& Y + V" (2] ]IQL\I[I:I)
== bor,, > (DI =N "5, > Tpeg(—1)IFElgP

neH ScF neF ScF

Changing summation variables and recognizing the definition (1.9) of the difference oper-

ator, the conclusion follows. O

We now state and prove trace estimates, which constitute an upgraded version of
Lemma 2.3. We shall repeatedly appeal to these estimates to control force terms at particle
boundaries, which appear in our formulation (3.16) of equations for corrector differences.

Lemma 3.3 (Trace estimates). Under Assumptions (H,) and (H;‘“if), for all families F
of finite subsets of N, for all H C N and n € N with n ¢ Jpcr F, we have
2
inf PIEETE +@—n‘</ D(5" !
R B D DU R TR IEEP) [ et

2

9

InL " FeF FeF
and
2 2
inf/ 3 6Fol - cId‘ < / ) 3 DO W + Em))‘ . 0
& Jonr ' per IntteB per

Proof. We split the proof into three steps. We set for abbreviation
Y= syl s = N el op T =D 6o
FeF FeF FeF

We also use the short-hand notation &f = wf + Fx and 1/_{]{ =D per 5F&§ This
expression is equal to ) .~ Py 4+ Bz if @ € F, and to Y orer §TyH otherwise.

Step 1. Proof of the first estimate on wf’H.
By the trace estimate

[ e —mP s [ [0 - (o 0 - a )]
OIn,L In,L

combined with Poincaré’s inequality, the conclusion follows.
Step 2. Proof of the second estimate on af’H in the case n ¢ H.

As O'f’H = O'(?Z)f’H, Zf’H), a trace estimate yields

|oert-enp s | (VTSR DT - 0. (37)
0 n,L (In,L"F%pB)\In,L
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Given n ¢ H, as the uniform separation assumption in (H",f“if) ensures that no other

particle intersects I, 1, + pB, we note that ( 7f’H, E]LE’H) satisfies
~ AT veT T =0, in I, +pB. (3.18)

By the local regularity theory for steady Stokes equations, e.g. [24, Theorem IV.4.1], we
deduce for all m > 0, for all constants x € R? and ¢ € R,

T F,H F.H
”V%bL HHmﬂ"l(In’L-i-%pB)—i_HEL _CHHm-H(In’L—i-%pB)
TF,H F.H
S L™ = Kl o) + 1507 = clliz, L 108)-

Choosing ¢ := fI Z“LT’H and using a local pressure estimate for the steady Stokes

n,L+pB
equation, e.g. [19, Lemma 3.3|, we find

F,H - F,H
HEL - C||L2(In7L+pB) < ||V1/’L ||L2([n7L+pB)7
so that the above reduces to

F,H
ZL

~F.H ~FH
VUL N mer, 23y + = llgmrr, i 1omy S LT = Rl p40m)-

Further choosing « := fl LB &fH and applying Poincaré’s inequality, we conclude

F.H
EL

S F,H ~FH
IV sy 2y + IEE T = el i) S IVE iqr,pmy (319)

In particular, combining this with (3.17) and noting that the Cauchy stress tensor af’H is

unchanged if we add a rigid motion to Q,Z_{’H, the conclusion follows from Korn’s inequality.

Step 3. Proof of the second estimate on af’H in the case n € H.

The starting point is again (3.17). Now, given n € H, we note that (¢
instead of (3.18),

_f’H, E“LTH) satisfies,
_ Aqﬁva —+ VZZ:’H = O’ in (In,L + pB) \In,L; (320)

and zﬁfH is affine in 7,, ;. By the local regularity theory for the steady Stokes equation near
a boundary, e.g. [24, Theorem IV.5.1-5.3], we obtain for all m > 0, for all constants x € R?
and c € R,

F.H F.H
HV% HHmH((In,LJr%pB)\In,L) + ”EL - CHHmH((In,LJr%pB)\In,L)

CFH S FH
S WL —H\|Hm+%(al L)+||¢L — Kl m (1 4 pBNLnL)

F.H
H 207 = el roB) L)

Choosing ¢ := f( Ly b+pB\L 1 E“LT’H and using a local pressure estimate for the steady Stokes
equation, e.g. [19, Lemma 3.3|, we find

FH SFH
15777 = elle2qt, oBninn) S IVUL L2, 40BN 1)

so that the above reduces to

FoH F.H
VYL N (1, p 4 2oL, o) T I3 = ellgmsar, L+ 1o, L)

CFH CFH
S v, — ”HHm%(azn ot 197, = Kllm (1, +oB)\In.r)-
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As zEfH is affine in I,, 1, we have
F.H “F,H < F,H
HwL ’In,L _KHHW+%(8171 L) S ”wL - KHHM‘FQ(I,”’L) = HwL _HHHl(IﬂqL%

and the above then becomes

CFH FH
VYL N s (1, 4 2oL, o) T 132 = ellgmear, L+ 2o L)
CFH
S ™ = slla g, L4oB)-

Further choosing « := f[ LoD &fH and applying Poincaré’s inequality, we deduce

T F,H F,.H T H
VoL N grmss (1 2Bty T IZL = ellamer g s 2pmnnn ) S IV 2, 408)-
In particular, combined with (3.17), this yields the conclusion as in Step 2. ]
3.4. Cluster formulas. This section is devoted to the proof of Theorem 3. We start by
establishing the validity of expansion (3.5) with coefficients given by formula (3.8) and with

the explicit remainder (3.9). The proof is similar to its counterpart for the conductivity
problem in our previous work [14].

Lemma 3.4 (Finite-volume cluster expansion). Under Assumptions (H,) and (Hunlf
finite-volume approxzimations of the effective viscosity can be expanded for all L and k >1
as

B, = Id+z 1B7 + RiHL (3.21)

where the coefficients {B }; and the remainder RY™ are given by formulas (3.8) and (3.9),
respectively. O

Proof. Given E € M{"™ with |E| = 1, we recall that we drop the corresponding subscripts
in the notation. We split the proof into three steps.

Step 1. General strategy.
The starting point is formula (3.2) for the finite-volume approximation of the effective
viscosity,

E:BLE = 1+E[][ |D(¢L)|2}

The energy identity for the corrector equation (3.3) takes the form

2/L ID(wr)? = Z/@m Bz —an1) - oLv, (3.22)

{n}
L

L

+ (o — O'En}), we obtain

el ] ][]
+ZE[/M”L (@ —2ns)- (on — ™. (3.23)

and thus, further decomposing oy, = o
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In addition, we shall prove below that for all k > 1,

> Y| [, W+ B ) (o - oy

fF=kneF
T ZE[ / P2 o] (324
Ol 1,

fF=k+1nelF

We note that (3.22) already proves the claim (3.21) for & = 0. Next, we proceed by
induction: if (3.21) holds for some k > 0, formulas (3.8) and (3.9) for RIE'H, BIZ'H allow to
decompose

.kl k+1
E:R["E = iy B:BfTE
+iL7 Yy EU SN (2 4 B(x —ayp)) - (01, —0f )
$F—k+1nek Oy,

Inserting identity (3.24), noting that for §F = k + 2 there holds
5F\{"}w% = "\ (V7 + E(z — zp,1)),

and recognizing formula (3.9) for RE2 we deduce

Rk’-i—l _

= BT+ B,

hence the claim (3.21) follows with k replaced by k + 1. It remains to prove (3.24), which
we do in the next two steps.

Step 2. Proof that for all fF' =k > 1 and G C F,

Z /8[ (Wf + B(x —xp.1)) - (o0 —of )V = Z/ copv.  (3.25)

neF\G ng¢Fr Oln,L

On the one hand, testing the equation (3.15) for wg with the difference ¢, — 1/)5, and using
the boundary conditions for ¥, %F, @bg on 0I, 1, with n € G C F, we find

V(wr — ) Vg = Z/ (W1 — o) - o = 0. (3.26)

QL neG

On the other hand, equations (3.15) for 97, and ¥f entail

_A<¢L - 1/’5) + V(EL]IQL\IL - ZE]IQL\IE) - = Z 531"7[10_141/ - Z 53[»,%[,(0-[1 - O—g)ya
n¢F ner
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and thus, testing with @ZJ% and using the boundary conditions for ¢, 1,[)5, @ZJ? on 01, 1, with
neGCF,

VYT V(L —vf)

QL
- —Z 4§ o= / 48 (or — o)
8InL neF nL
= —Z Yoy — Z (op —oF )
aInL GF\G aInL
—l—Z/ E(x —xnp)- (0 —of)v.
neG " 9In,L

Combined with (3.26), this entails

Z Y§ - O’LO'LI/—Z/ E(x —xpyp) - (o — ok sz V¥ oy,

ner\G /91 neG ’ Oln.1 Oln,1

or alternatively,

Z /8[ wL—i—E:Jc—an)) (L—af)u

neF\G
Z / — @) (oL — 0 v — Z Yoy, (3.27)
oI,

nel Oln.L
For G = F, the left-hand side vanishes, hence
Z/ E(x —xnp)- (o —0ob)v = Z OvE oy,
nek 8I7L L aI’n L
which allows us to reformulate (3.27) into (3.25).

Step 4. Proof of (3.24).
Denote by T}, 1 the left-hand side of (3.24). By the definition (1.9) of the difference
operator, we have

==X % ¥ R [ (f 4B a) - o o]
§F=kneF GCF\{n} In,L
or alternatively, after changing summation variables,

S AT Z/a[ (W5 + Bz — 2nr)) - (L_Ug)y],

tF=k GCF neF\G

We now appeal to (3.25), to the effect of

Ty = Z Z |F\GIE[Z/ (pE — %) oLu}

=k GCF
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Using that EGcF(—1)|F\G| = 0 for ' # @ and recalling the definition (1.9) of the difference
operator, this implies

Lo = Y Y |F\GIE[Z 1/,5.%,,]

$F—k GCF ngr’ Oln.L
- X E X, o)
and the claim (3.24) follows after changing summation variables. O

In the above result, we have naturally come up with the definition (3.8) of cluster

coefficients {B7 };. We now further establish the alternative formulas (3.6) and (3.7). Note
that (3.6) coincides with the periodized version of the expected cluster formula (1.21).

Lemma 3.5 (Equivalent cluster formulas). Under Assumptions (H,) and (H““‘f) for

all L and j > 1, the finite-volume cluster coefficient BJ defined by formula (3.8) is equiv-
alently given by (3.6) and (3.7). O

Proof. We split the proof into two steps.

Step 1. Equivalence of (3.7) and (3.8).
It suffices to prove that for all finite F' C N,

Z/ 5F\{"} (V7 +E(x—ap1)) otV = Z
nef  0In, ner

Decomposing 5F\{”}wf = (5F\{”}¢£n}—5wa for n € F and using the boundary conditions,

/ E(x—xp1) ‘6F\{”}a£n}v. (3.28)
aln L

we find
Z/ SN (W + B(x — 2,)) - 0fv = Z/ §Fy? oty
ner  9n, oI,
Testing the equation (3.15) for ¢ with 67?7, this becomes
Z/ 5F\{"} (v7 +E(x—1:n))-a£1/ = Vg Vil
neF Oy, QL

Now testing the equation (3.16) for 7 wf with wf , and using the boundary conditions, we
deduce

Z/ 5F\{"} (W7 + E(x — zn)) oty = — Z/ o 5F\{”}U£n}y
nekr Oln, ner Oy,
-y /8 B =) NAGEON
ner

that is, (3.28).

Step 2. Equivalence of (3.6) and (3.7).
It suffices to prove for all finite F' C N,

SFDWEP = 074y / Bz —xnp) - 65 MM ei™y, (3.29)
QL neF 8InL
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Recalling the definition (1.9) of the difference operator, we can write
FIDEDIE= 3 )N
GCF

which entails, in view of the energy identity for ¢, cf. (3.22),

][ D) = = 1L~ d Z Z 1)IG E(x —anz) 0.

Qr GCF neG Oln,1

Qr

After changing summation variables and using again the definition (1.9) of the difference
operator, this yields the claim (3.29). O

To conclude the proof of Theorem 3, it remains to establish the control (3.10) of the
remainder, which is inspired by a recent work of Gérard-Varet [25] and which we prove in
the slightly refined form of (3.30) below. This extends the argument of [25] to all k& > 2.

Lemma 3.6 (Control of the remainder). Under Assumptions (H,) and (H;‘nif), for all L
and j > 1, the remainder term defined in (3.9) can be estimated by

‘Rk+1| < E[ dZ/ 5F¢L>”
n ﬁFng
S [El . (Zpemun): (X perih)]| e
L 3
ﬁF k HF=5—1
n¢F n¢F
where in view of (1.9) we have defined, with a slight abuse of notation,
6TPLT = 3 (myInelg i, (3.31)

GCF

where for all H C N and n € H we denote by QZJEL the solution of the following Neumann
boundary value problem in the inclusion I, 1, (unique up to a rigid motion),

—APH 4+ VSH =0, in I,

div(H ) =0, in Inr, (3.32)
J(d}fL, EH w=aclv ondl,r.
In particular, this yields the bound (3.10). O

Proof. We split the proof into two steps, first showing that (3.32) is well-posed, and then
proving the bound (3.30).

Step 1. Proof that the Neumann problem (3.32) is well-posed for all H C N and n € H,
and that the solution satisfies
[ p@mEs [ i+ Ep (3.33)
In,L In,L+pB
In addition, the proof yields similarly
| X peridf <
In,r ' yr=—j—1 In,p+pB ' yp—j_1

This last estimate entails that the bound (3.10) follows from (3.30).
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We turn to the proof of (3.33). The weak formulation of equation (3.32) yields for all ¢ €
HY(I,, )¢ with div(¢) = 0

: WH Y = oty )
2 /1 D(6) : D(f1,) = /Mnf : (3.34)

n,L

Let us analyze the linear functional defining the right-hand side. Using the incompressibil-

ity of ¢ in form of fal . ¢ -v =0, we can add any multiple of the identity matrix to af.

Further noting that the boundary conditions for 1/15 on 01, 1, with n € H allow to subtract
a rigid motion from the test function ¢, we are led to

1
H . 0\ 3
-orv| < ( inf / —(k+O(x—2z )
’ /6[n,L (b L ‘ KER, @ cMskew ol 1 |¢ ( ( n,L))’

1
X(inf/ \UL—CId\)2
ceR aln,L

Appealing to the trace estimates of Lemma 3.3, this becomes

[, et < ([ pr)'(/ o

This proves that the right-hand side in the weak formulation (3.34) is a continuous lin-
ear functional with respect to D(¢) € L*(I, )%*¢. The Lax-Milgram theorem then en-
sures that equation (3.32) is well-posed in the sense that it admits a unique solution
D( AgL) € L2(I,)%4, and the a priori bound (3.33) follows.

Step 2. Proof of (3.30).
Inserting the energy identity (3.22) and the formula (3.7) for the coefficients, the cluster
expansion (3.5) yields the following formula for the remainder,

k
E:Ri"E = E:BLE—-1-) 4E:BJE

j=1
= 1L d]E[ /
Z Ol 1,
k
S AL SE| [ B e,
n,L

7j=1 tF=j neF

D)+ E2)*. (335)

E(x —xn1) - ULV]

or equivalently, changing summation variables,

E:RME = 11- dE[Z/@ — Znp) <aL—i 3 5Fa§"})u]. (3.36)

In,L j=1 #F=4-1
n¢F
Consider the cluster expansion error
k
Vo= =) Y 8T (3.37)
Jj=1§F=j
=k . F
= = Tilgg, - Z > 0N (ZT1g,\22),

J=1§F=j
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and note that in view of (3.16) it satisfies the following equation in Qp,

— AU 4 vEE = Z&am (aL - Z Y 6o {"}) (3.38)

1 ¢F 1
7= niJF

Testing this equation with 17, and using the boundary conditions, the identity (3.36) for
the remainder becomes

E:REE = Eb[ D(¢r) : D(\Ir’z)].
QL
Adding and subtracting Z§:1 D 4= §E9? to ¢, we deduce by (3.37),

E| JALLTEDS D" u5)] |

By < B[ ID(rhP]
e 4=

The conclusion (3.30) then follows from the estimate

/Q DA < 2/ S D )|

n tF=k
n¢F

, (3.39)

and from the identity for all 1 < j <k

/ D(w): Y DY) = Z/ 5F¢L)) : ( 3 (5%{”})), (3.40)
L tF=j §F=k §F=j—1
ngF n¢F
which we prove in the next two substeps, respectively.
Substep 2.1. Proof of (3.39).
In view of (3.38), the cluster expansion error W% satisfies
~AUY 4 vER = div(P%)=0, inQp\Zs,

which entails

/ phE = 3 / D(W)? + /Q L\ILrDmf’zW
=2/M (W) z/am (W, 2.

Hence, using the boundary conditions and the incompressibility constraint to smuggle in
arbitrary constants in the different factors, as in the proof of (3.35), and appealing to the

trace estimates of Lemma 2.3, we find
1

[, pene s X wwbra ([ b)) ([, )’

n,L

from which we deduce by Young’s inequality,’
JRLCAIEED DY AL (3.41)
QL n In,L

9As argued in [25], this estimate (3.41) can alternatively be deduced from minimizing properties of
Stokes equations for ¥% in Qy, \ Zr with prescribed symmetric gradient in Zr.. We rather give a PDE
argument that is more in line with the other arguments of this memoir.
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Next, the definition of \IIIZ and the rigidity constraint for ¢, in I,, 1, yield

D(WY) = —F — ZZ "9y in . (3.42)

J=1F=j
Distinguishing between the cases n € F and n ¢ F, and noting that for n € F we can
decompose (5wa = (5F\{”}7,/J£n} — 5F\{”}w%, we find

S D) = ST D yE) + Y Dyl — 3 Dted),

tF=j fF=j fF=5—1 fF=5—1
n¢F n¢F n¢F

and thus, in view of the rigidity constraint for 5F1/){n} in I, 1,

> DEFYY) = —Elim+ Y DEFeD) — > DEFgY) i

F=j HF=j HF=j—1
f 7 n¢F n¢F

Inserting this into (3.42) and recognizing a telescoping sum, we deduce for all n,
D(WF) = = Y D("¢f)  inl,L. (3.43)

{F=k
n¢F

Combined with (3.41), this yields the claim (3.39).

Substep 2.2. Proof of (3.40).
Testing the equation (3.16) for 6747 with % and changing summation variables, we find

2/LD(\1/’3): 3" D67y -y Z/ ok L Mg indy,

EF—j tF=jnek ’ 9n.L
= 2 w3 ately
n Oln,1, fF=5—1
n¢F

In view of the equation (3.34) for D(épzﬂing), this can be rewritten as
/ D(Tk) ZD(&%%):—Z/ D(w%): 3 D).
L

§F=j n JInL #F=j—1
Combined with (3.43), this yields the claim (3.40). O

n¢F

3.5. Uniform ¢' — ¢?> energy estimates. In order to prove uniform cluster estimates,
cf. Theorem 4(i), our main analytical achievement is the following hierarchy of interpolating
¢t — (2 energy estimates for corrector differences, inspired by our previous work [14] on
the conductivity problem (which also considers ‘overlapping particles’; see [29, 20| for
refinements in that direction). More precisely, we consider the following quantities, for
all Hc N, all L, and k,5 > 0,

SH(k,j) = Z][ S D

1G=k {F=j
FNG=go

e = 1Y Y p(sFeyi|’

4G=k n¢ GUH "LipB

Fn(Gu{n}) =]
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and we prove the following result. The novelty with respect to [14] is that we further
identify the optimal dependence on the minimal distance ¢ = ¢(P) 2 1, which appears
to be surprisingly challenging and relies on a fine use of elliptic regularity via a duality
argument.

Theorem 3.7 (Uniform ¢! — ¢? energy estimates). Under Assumptions (H,) and (H;‘“if),
we have for all H CN, all L, and k,j > 0,
g—d

. .k 0;
St (k,5) < { (Cod2kei)=1 . f

J=0;
1 >0, k+j52>21;

€—2d

o

H N < ‘ : = _] = 0;
TL (ka]) ~ { (Cgfd)Q(kJr])«H . k‘,] > O, k _|_] > 1.
The proof is split into two parts in the following two subsections: to simplify the pre-

sentation, we first give a short proof in the spirit of [14] without keeping track of the
f-dependence, and we then establish the estimates in their stated optimal form.

O

3.5.1. Proof of Theorem 3.7 without {-dependence. This section is devoted to the proof
that for all H C N, all L, and k,5 > 0,

SH (k,§) + T (k,j) < C*. (3.44)

TH

1
For notational convenience, we set SH(k,j) = TH(k,j) = 0 for j < 0 or k < 0. We split
the proof into three steps.

Step 1. Reduction to Sf: forall HC N and L, k, 7,

TH (k) S SH (K, §) + 7 (k,j — 1), (3.45)
which entails in particular that it suffices to prove the bound (3.44) for Sf .
First note that for all maps f and all n ¢ G we have

Y fFu@) = ) fFuUG+ Y. fFUGU{n}). (3.46)

tF=j iF=j §F=j—1
FNG=0 FN(GU{n})=2 FN(Gu{n})=2

Using this identity to decompose T H(4,k) and changing summation variables, we find

Tf (k,j) S L4 Z/

$G=k n¢ GUH L+PB uF j
FNG=g9

22DVl B DR st
n,L TP

I —
= = §F=j—1
1G=k+1neG\H ﬂG]

DOyl

and thus, using the disjointness of the fattened inclusions {I,,  + pB}, and recognizing
the definition of S, the claim (3.45) follows.

Step 2. Energy estimate for correctors: for all H C N,
SH(0,0) < 1. (3.47)
As in (3.22), the energy identity for the corrector equation (3.15) for ¥ takes the form

2/L = > /8[ E(x —x,1) - ofv. (3.48)

neH n,L
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Using the incompressibility constraint tr(E) = 0 to add an arbitrary constant to the
pressure in af , as in the proof of (3.35), and then appealing to the trace estimates of
Lemma 2.3(ii), we obtain

Jo s ([ ety et

Since the fattened inclusions {1, 1, + pB}n are disjoint, the Cauchy—Schwarz inequality
then yields, recalling the choice of the periodization (3.1),

| WP S e Hime Q) (3.49

QL

As the right-hand side is bounded by C'L?, the claim (3.47) follows. For future reference,
we also note that this bound entails, when taking the expectation,

el f L DWLE| £ AP (3.50)

Step 3. Key recurrence relation: for all H C N and k,j5 > 0,
+ 8 (k= 1)+ S (k= 1,5) + S/ (k,j = 2) + S (k= 1,5 = 1), (3.51)
which then leads to the conclusion (3.44) by a direct double induction argument.

Let a finite subset G C N be momentarily fixed. In view of (3.16), the following equation
holds in @y, for any FF C N with FFNG = &,

A§FIGp 4 v (s lg\zi) = - Z So1, 07 Colly
neH
S bon, APNICHY, T g, PG,
neF\H neG\H

Hence, after summing over F' and changing summation variables,

_A< Z 5FUG¢£I)_|_v< Z 5FUG(25]1QL\Z£I)>

HF=j HF=j
FNG=2 FNG=2
E E FUG _H FUG _HU{n
= — (58[n,L< 1) oy, l/> — E (Sajn’L( E 1) oy, { }U>
neH iF=j n¢ GUH §F=j—1
FNG=2 FN(GU{n})=2
HU
Z 581nL( Z SFU(G\{n}) b {n}y>'
neG\H fF=j
FNG=9

Testing this equation with the solution Zﬂ Fej:FNG=2 oF Uwa itself, we obtain the energy

identity
2[ ] X 6] = AG) + 4G+ ALG). (35
L

HF=j
FNG=g
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in terms of

AL(G,j) = —Z/MM< > 5FU%§)-< > 5FUGU{IV), (3.53)

nc€H fF=j FF—j
FNG=o FNG=o
A%(G;]) = — Z / < Z 5FUG’¢£{>( Z 5FUG0_[I:IU{TL}U>7
ngGUH "’ On.L \ gr=; F—j—1
FNG=92 FN(GU{n})=2
ALGG) = = ) / ( > 5FUG¢5>.( T 5FU(G\{n})UfU{n}V>'
neG\H Oln,L fF=j i
FNG=g FNG=g

We analyze these three contributions separately and we start with the first one. In view
of the boundary conditions for 5FUG¢£I on 0I, 1, with n € H, we can rewrite

aed = Y (X e ma-n)- (X ooty

neH fF=j fF=j
FNG=2 FNG=2
H
= lg=g,=0 E E(x —xnr) - opv.
neH 6In,L

Summing over G C N with G = k, and using the energy identity (3.48), we deduce
L™ AL(G,5) = Dg=jmo SF(0,0). (3.54)
G=k

We turn to the second term A2 in (3.52). Using the boundary conditions and the incom-
pressibility constraints to smuggle in arbitrary constants in the different factors, as in the
proof of (3.35), and then appealing to the trace estimates of Lemma 3.3, we find

sGas X ([ | X e ﬁ)‘z)%

ngGUH NIt gr=;
FNG=2

PUG (UM} | o 2\ 2
x (/MHB’ uFZj:l D", + B ))‘) . (3.55)

FN(Gu{n})=2

Decomposing the second factor via the following identity, for alln ¢ FUGUH and FNG =
a,

5TV (Y Ba) = LgopogBa + §TYUGY 4 TGOl
summing over G C N with §G = k, using the Cauchy—Schwarz inequality, and using the
disjointness of the fattened inclusions {1, 1, + pB}y, we get

1

1 . ) 2
LS ARG S (SF (k) ? (Thmogmr + TE (k= 1)+ SE (k41,5 - 1)) 7. (3.56)
1G=k

We turn to the third contribution A3 in (3.52). Decomposing for n € G\ H and FNG = &,

5FUG¢£J _ 5FU(G\{n})¢fU{n} _ 5FU(G\{n})wg,
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and using the boundary conditions, we can rewrite

A} ((G,j) = Lya=14=0 ) E(x —anp)-op ™y
neG\H ’ 9In.L
+ z / < Z 5FU(G\{n})¢g> . < Z 5FU(G\{n})O_LHU{n}V>.
neG\H * Tn.L N\ yr=; =
FNG=9 FNG—o

Using the boundary conditions and the incompressibility constraints to smuggle in arbitrary
constants in the different factors, as in the proof of (3.35), and then appealing to the trace
estimates of Lemma 3.3, we find

%
AL(C ) S Lgmrgn 3 ( / +BrD<w£“{"}>+E\2)
n,L TP

neG\H
1
2\ 2
£ 3 (] % pamewn|)
neG\H ot e
1
~N
< </ Z D(éFU(G\{n})(wa{"}—l—Ex))‘ >2_ (3.57)
Ln,L4+pB " yp=;
FNG=0

Decomposing the first right-hand side term and the last factor of the second term via the
following identities, for all n € G\ H and FNG = &,

T =l 4 iyl (3.58)
5FU(G\{n})(¢fU{"} + Ex) = lyg14r—0Fx + SEUCN Nl UG} g{nd B

summing over G C N with §G = k, and using the Cauchy—Schwarz inequality and the
disjointness of the fattened inclusions {I,, , + pB}, this becomes

=

L7037 A43(G )] S Tiengmo (1 55(0,0) + 8£(1,0))
tG=k
1

(Lecgmo + TF (k= 1.5) + Sf(k,3)) . (3.59)

N|=

+ (T (k- 1,7))

Inserting this into (3.52), together with (3.54) and (3.56), we obtain

N

SH(k,j) S Lpeojmo ST (0,0) + L1 j—o (1 + S7 (0,0) + S{'(1,0))

+ (57 (k,4))

1
2

N

Lo + T (kyj — 1)+ SP(k+ 1,5 — 1))

1
2

<]1k:1,j:0 + T (k—1,5) + Sf(k,j)) .

1

+ (T (k = 1,5))2
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Using Young’s inequality to absorb the occurrences of S’f (k, j) in the right-hand side into
the left-hand side, we are led to

1
St (k,5) S Lg=0,j=0 ST (0,0) + Lp—gj—1 + Lp=1,j—0 (1 + S7' (0,0))>
+ S (k+1,5 = 1)+ Ty (k,j — 1) + Tf (k = 1,5),
and the claim (3.51) now follows in combination with (3.45) and (3.47). O
3.5.2. Proof of Theorem 3.7 with optimal £-dependence. It remains to refine the proof of the
previous section to capture the optimal dependence on the minimal distance ¢ = £(P) = 1.
The proof involves a new intricate induction argument that combines both S{I and T LH ,
and the optimal scaling is then captured by a suitable application of elliptic regularity via

a duality argument. By the result of the previous section, we may assume £ > 1, in which
case the uniform separation assumption in (H;)"“f) holds in the stronger form of

2 if dist(up,Imz) > 3¢0-1 2> 30> p, (3.60)

and the definition (3.1) of the periodization further ensures

inf dist (In,£,0QL) > £—1 = > p.
We split the proof into four steps.
Step 1. Energy estimate for correctors: for all H C N,

SH(0,0) = f D@ < (3.61)
TH(0,0) = L™ D2 < 1724, 3.62
4(0,0) %/WPB| (WP < (3.62)

By the f-separation property (3.60), the number of points of the process Pr in Qr is
bounded by C(L/£)?, so that the first estimate (3.61) follows from (3.49). It remains to
prove (3.62). For that purpose, first note that for n ¢ H the ¢-separation property (3.60)
entails that the following free steady Stokes equations hold in I, 1, 4+ %B cQp\IH,

A s =0, divwl)=0, inl,z+i¢B. (3.63)
Elliptic regularity in form of Lemma 2.4 then yields
[ pwhp s e D) (364
In,L"l‘pB In,L+i€B

Summing this over n ¢ H and using the ¢-separation property (3.60) in form of the
disjointness of the fattened inclusions {I, 1, + iéB }n, we deduce

S [ peihEs et [ pl?
wg il In.L B QL
and the claim (3.62) now follows from (3.61).
Step 2. Recurrence relation for Sf : forall HC N and k,5 >0,
Sf(kaj) S ]lk+j§1€_d + Sfl(k + 17j - 1)
+TH (k,j) + TH (k,j — 1)+ TH (k- 1,5). (3.65)
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This provides a refined version of the recurrence relation (3.51), which can indeed be
recovered by appealing to (3.45) to bound T in terms of SH. The present refined version
will be combined with a recurrence relation for Tf in the next step.

Let G C N be momentarily fixed. As in the proof of (3.51), the starting point is iden-
tity (3.52), that is,

2 [ | Y peeu| = A+ ARG+ AL (0

fF=j
FNG=2

where we recall that AL, A% A3 are defined in (3.53). We analyze these contributions sep-
arately. The first one satisfies (3.54), and thus, combined with the energy estimate (3.61),

L™ AL(G,5) = Lj—jmo SF(0,0) S Tp—jmol ™. (3.67)
1G=k
It remains to prove refined versions of (3.56) and (3.59) for A% and A%, and we start with

the contribution of A%. The starting point is the trace estimate (3.55) used in the proof
of (3.56), that is,

seas X ([ | X e Wz)é

ngGUH \InL ' irs
FNG=2

X </] +pB‘ Z D(éFUG(¢£IU{“}+E:C))‘2>é,

fF=5—1
FN(GU{n})=o

which we shall now analyze more carefully. Using identity (3.46) to decompose the first
factor, and decomposing the second factor via the following identity, for alln ¢ FUGUH
and FNG =@,

6FUG(¢}[I:IU{7L} —|—E$) —_ ]]-G:F:QEI'+5FUG7,[}[};[ +6FUGU{n}w[{{,
we find

2GS S (/

ngGUH NVimL =g gF=j—1

1

3 D(5FUG¢£{)’2+‘ > D((SFUGU{"}wf)]2>2

Fn(Gu{n})=2 FN(GU{n})=2
& &
1
2 2\ 2
X <1ﬂco,j1+/ ‘ ) D(5FUG¢£{)‘ +‘ > D(5FUGU{”}¢E)‘ >
In,.+pB $F=j—1 fF=5—1
FN(GU{n})=o FN(GU{n})=0
L) ¢

Summing over G C N with G = k, using Young’s inequality, using the separation property
in form of the disjointness of the fattened inclusions {I,, 1, + pB},, using that the number
of points of the process Py, in Q. is bounded by C(L/f)?, and reorganizing the terms, we
conclude
LY JALG )| S 0 Mpmogmr + ST (k41,5 = 1) + Tf (k) + Tf (k,§ — 1), (3.68)
tG=k
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where the last three right-hand side terms come from >, &, #, respectively.

We turn to the contribution of A3. The starting point is the trace estimate (3.57) used in
the proof of (3.59). Further using the decomposition (3.58), this estimate becomes

DEP + DG >|2> ’

ALG ) S Tiamrjmo S <1+ /

neG\H I, +pB
- (/ S D G\{n})wH)‘ >
n€G\H Fhcle

1
% (/ ’ Z D(éFU(G\{n})¢£I)‘2+‘ Z D((SFUG@%{)‘Z)Q. (3.69)
Int+pB ' 4=

fF=j
FNG=2 FNG=2

Summing the first right-hand side term over G C N with §G = 1, using the Cauchy—
Schwarz inequality, recalling that the number of points of the process Py, in ()1, is bounded
by C(L/¢)¢, and appealing to the energy estimate (3.62), we find

1

1 D(wH) 2 D5{n}H2>2
;{( +/IHWB WP + DE™ |

< Lol ‘§<Ldz— +Z/ D(H) |2+Z/ D(sMpH) |2>

< L (e 2 4 - dsf(l,O)) .

L +PB

Now summing (3.69) over G C N with §G = k, inserting the above estimate for the first
right-hand side term, and using the Cauchy—Schwarz inequality, we find

1
L7037 ALGL ) S Ther oo (€2 + €05 (1,0))
1G=k

+ (T (& - 1,j))é(Tf(k — L))+ Sf(k,j))é. (3.70)

Inserting this into (3.66), together with (3.67) and (3.68), we conclude

1
SH(k,7) < g—ojcrl™® + Tgmy j—o (E_Qd +e74sH (1, 0)) 4 SH(k+1,5-1)

N

+ Tf (k) + Tf (b, = 1)+ (T (k= 1,))* (TF (k= 1,5) + S£ (K, ) *

Using Young’s inequality to absorb the occurrence of S’f (K, j) in the right-hand side into
the left-hand side, the claim (3.65) follows.
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Step 3. Recurrence relation for TfI: forall H C Nand k,j7 > 0,
TH (k) < Dpmjmol 2+ Lppjmr 07
02 (T (k= 1,5) + Tf (ke = 1) + Tf (R + 1,5 - 2)
+ S (k) + SE+ 1,5 = 1) + SE(R+2,j-2). (3.71)
Let k,j > 0 be fixed with k£ + 7 > 1 (the case k = j = 0 already follows from (3.62)).

For G € N and n ¢ G, the f(-separation property (3.60) implies that the following free
steady Stokes equations hold in I, 1, + %EB ,

—A( > 5FUG¢5>+V< > 5FuG(zanL\I£{)>:o,

fF=j tF=j
FN(GU{n})=2 FN(Gu{n})=2
div< > Gy > =0, in I,, 1, + +¢B,

fF=j
FN(Gu{n})=2

so that elliptic regularity in form of Lemma 2.4 yields

k) sty S [ | Y peenf. e

1
tG=k ngGUH " InLH1tB " e
FN(Gu{n})=92

In order to analyze the right-hand side, we shall appeal to elliptic regularity a second time,
now via a duality argument. For that purpose, we use the following dual representation

> [ | ¥ pereu

1
$G=k ngGuH ’ In.L+5¢B 4F=j
FA(GU{n})=o

= sup {I(a,h)2 : Z Z langl? =1,

ah 4G=k n¢ GUH

:

/ [hnc|* =1, supphnc C Inr + 1B, vn,G}, (3.73)

L

where for any o = {anglne C R and h = {hpglnc C LQ(QL)S},XHC][ we have set for
abbreviation

Ia,h) = > > a"’G/QL hn,G:< > D((SFUwa)>. (3.74)

1G=k n¢ GUH bF=j
FN(GU{n})=2

Let a = {anclng CRand h = {hyclnc C Lz(QL)gyXH‘f be momentarily fixed, satisfying
the constraints in (3.73),

2. 2 long

#G=k n¢ GUH

21, / lhncl> =1, supphpc C Inr+ 3¢B, Yn,G. (3.75)
QL
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For n ¢ G U H, consider the periodic solution wy, , ¢ of the following auxiliary steady
Stokes problem,

_Awh,n,(; + Vth’G = div(hm(;), in Qyp, \IH7

div(wan,a) =0, in Qp\ 77,

D(whnG) O in I[I:I, (376)
fa]m (whnGaPhnG)V—O VYm € H,

fal L SL‘m’L) (wh,mg, thg)lj =0, VO e MSkeW, vYm € H.

Note that this problem is well-posed since h,, ¢ is supported in I, 1, + %ﬁB C QL \Ig . The
same argument as for (3.15) shows that wy, , ¢ satisfies in Qr,,

— A+ V(Punclgpgn) = div(hng) - > 601,00 (WhinGs Prmc)Vs
meH

and, appealing to (3.16) and changing summation variables, we also find in @y,

_ A( Z 6FUG1/JE) +v< Z 6FUG(Eg]]-QL\I£I)>

fF=j fF=j
FN(Gu{n})=2 FN(Gu{n})=92
FuG _H
= — Z (561m’L( Z 0" or 1/)
meH fF=j

FA(GU{n})=2

> b X SO,

e
mEG\H Fm(cgu{nj}):z

— Z 8ot 1 ( Z 5Fuagfu{m}y> .

BF—j—1
mgéGUHU{n} FN(GU{n,m})=2

Testing the second of these two equations with the solution of the first one, and vice
versa, and using the boundary conditions, we can reformulate I(a, h) in (3.74) as follows,
provided k +j > 1,

I(ah) = =Y % 2ang/Q (wh,n,a):( > D(5FUG¢J£{))

1G=k n¢ GUH F=j
FN(Gu{n})=92

= Il(a,h) +I2(Oé,h), (3.77)

where we have set

Ii(a,h) = Z Z .G Z / wh’n7@.< Z SFUG\m)) Hu{m} >7

Olm,L BF=j
tG—k n¢GUH meG\H FA(GU{nN =5

Iy(a,h) = Z Z an.G / Whn,G - < Z 5FUGan{m}V>.
Ol 1,

¥G=k n¢ GUH mngUHu{n} B



60 M. DUERINCKX AND A. GLORIA

We only treat I;(«, h) in detail since the argument for Is(a, h) is similar. Appealing to
identity (3.46), we can rewrite

Z Z / ( Z O‘"aGwh,n,G>'< Z 5FU(G\{m})JfU{m}V>
ﬂG k GG\H 8IWLL nQGUH HF=j
FNG=9
N Z Z n,G Z /

whnG‘( > 5FU<G\{m}>u{n}Ufu{m}V>7
1G=kn¢GUH meG\H Olm, 1

fF=5—1
FN(GU{n})=o

or equivalently, after further changing summation variables in the second term,

=> > / ( 3 anvgwhm’G)-( T P Hu{m}>

1G=k meG\H * 9Tm.L \ ngGuH 4F=j

FNG=g
Z Z / < nvG\{n}wh,n:G\{n}>
§G=k+1meG\H ’ 9Tm.L \ nea\ (Hu{m))
( 3 5FU(G\{m})UfU{m}V>_
#F=5—1
FNG=g

Now using the boundary conditions and the incompressibility constraints to add arbitrary
constants to the different factors, as in the proof of (3.35), and appealing to the trace
estimates of Lemma 3.3, we are led to

\Il(a,h)] S 1171(04,h> +11’2(C¥, h), (3.78)

/Im,L

where we have set

Lii(a,h) =

2\ 3
Z Oln,GD(wh,n,G)‘ >

$G= kmEG\H< n¢GUH

1
% (5FU(G\{m}) (wa{m} + Ex)) }2) 2 ,

I L+,DB ﬁF—]
FNG=2

2\ 2
U, G\ {n} D(wh,n,G\{n})‘ )

N

tiG k+1meG\H nEG’\ HU{m})

1
% (5FU(G\{m})(wa{m} T Ex))f) 2 '

(
NLo(a,h) = <
(

mL+PB nF j—1
FnG=o

We start by estimating I3 ; (e, h). Decomposing the second factor via the following identity,
forallme G\ H and FNG =g,

FFUCNmN (1AM By = Nygygp_o B + 6THCOMmDpll 4 gFUG I

noting that the f-separation property (3.60) entails that anéGuH O GWh ¢ satisfies the
free steady Stokes equations in I, 1+ L¢B for allm ¢ H, and appealing to elliptic regularity
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in form of Lemma 2.4, we find

1
2\ 2
men Y X (e ]S el )
m, 4

1G=k meG\H n¢GUH
2
X <]lk1,j0+/ ‘ Z D(5FU(G\{m})¢f)‘
I,.+pB "' 45—
FNG=2
2\ 2
+/ ‘ 3 D(éFUwa)‘> . (3.79)
I,p+pB ' 4p—;
FNG=&

Next, the energy estimate for (3.76) yields

Z/ ‘ Z Om,c;D(wh,n,G)’2 S Z/ ’ Z an.Ghnc
L L

1G=k n¢GUH tG=k n¢GUH

2

Y

and thus, using the constraints (3.75) on «a,h, and noting that the (-separation prop-
erty (3.60) entails that the hy ¢’s have disjoint supports for different n’s,

2
> / Y aaDwiee)| S YD lanel / hnal? = 1.
1G=k " QL ngquH $G=k n¢ GUH QL

Inserting this into (3.79), using the Cauchy—Schwarz inequality, the f-separation prop-
erty (3.60) in form of the disjointness of the fattened inclusions {I, 1 + $¢B},, using

that the number of points of the process Pr, in Qr, is bounded by C(L/£)? and changing
summation variables, we deduce

LN h)? S D ool 4 T (k= 1,5) + S (k,5)). (3.80)

We turn to a corresponding estimation for I 2(a, k). For that purpose, we first note that
the disjointness of fattened inclusions {I,, 1, + ﬂB}m allows to decompose

Z Z / Z Cn G\{n} D(wh,n,G\{n})

"
§G=k+1meG\H ’ Im LT 1B " e (HU{m))

S Z / L‘ Z e\ n} D(Whpn.c\ (n})

fG=k+1 neG\H

Y Y el /Q D (wp e o)
L

HG=k+1meG\H

’ 2

‘ 2

and the energy estimate for (3.76) then yields

>y / > ey DWwhncyny)

$G=kt1mec\i * Im.L+5(B ‘ neG\(HU{m})
2
2 2
DY / ‘ Yo anavmpharmy| Y. D lamaml / |Pm,c\ 3
L neG\H $G=k+1 meG\H QL

‘ 2

§G=k+1
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from which we deduce, using the constraints (3.75) on «, h and recalling that the h, g’s
have disjoint supports for different n’s,

> /Im’ﬁiw ’ Y. e DWnncny)

’ 2

$G=k+1meG\H neG\(HU{m})
S > D lmaml =) D lawel =1
fG=k+1neG\H 1G=k n¢ GUH

With this estimate at hand, we may now repeat the same argument as for (3.80) and we
obtain

L0, h)? S Tymoym 024 T (e j = 1)+ SE R+ 1,5 -1)). (381)
Likewise, the second term Iz(«, h) in (3.77) is easily estimated as follows,
LDy, h)? S Tpmojmr 2 7 (Tf (k= 1) + T (k41,5 — 2)

+Sf(k+1,jf1)+Sf(k:+2,j72)>. (3.82)

Combining these different estimates, that is, (3.78), (3.80), (3.81), and (3.82), inserting
them into (3.73), and recalling (3.72), the claim (3.71) follows.

Step 4. Conclusion.
By a direct double induction argument, starting with (3.62), the recurrence relation (3.71)
entails, for all H C N and k,j > 0,

TH(k,j) S Lhjool 2+ Lppjor (CL9)2EFI)H

k+j—1 2(1+1)
+ > (D N S (k+i— 1,5 — ). (3.83)
=0 =0

Combined with the other recurrence relation (3.65), this yields

SH(k,§) < Tpmjmol ™+ Tpy o1 (COH2EHD=T L GH (11 5 1)

k+j—1 20+2
+ Y (2N S (ki — 1,5 — i)
=0 =0
k+j—2 21+3
+ > (e HENN S (ki — 11— 1,5 — ).
=0 =0

For ¢ > 1, occurrences of Sf (k, j) in the right-hand side can be absorbed into the left-hand
side, and we are then left with

SH(k,j) < Tpmjmol ™+ Tppjor (COD2RFD=L LGB (k11,5 — 1)+ ST (k+2,5 —2)

k4j—1 214-2
+ Y (2N g (ki — 1,5 — )
=1 =0
k+j—-2 2143

+ > (2NN S (ki — 11— 1,5 — ).
=0 =0
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By a double induction argument, this relation leads to the conclusion
¢ : k=35=0
H N < ) J )
SrI) { (CeapPED=t s ki >0, k+j> 1.

Combining this with (3.83) further yields

€—2d  k=73=0
H(p . =5
17 (k. J) S { (Cgfd)Q(kJrj)Jrl k320, E+52>1.

Recalling that the case £ ~ 1 was already covered in (3.44), this finally concludes the proof
of Theorem 3.7. U

3.6. Uniform cluster estimates. This section is devoted to the proof of Theorem 4(i),
based on the interpolating ¢! — ¢? energy estimates of Theorem 3.7. We focus on the
bound (3.11) on the remainder R’E'H, while the corresponding bounds on cluster coeffi-
cients follow along the same lines. For k > 1, after changing summation variables, the
definition (3.9) of the remainder can be written as

E:Ry7E = 1170 E[/a (3 o"p) 'aLy].

In,L tF=k
n¢F

Using the boundary conditions and the incompressibility constraint to smuggle in arbitrary
constants in the different factors, as in the proof of (3.35), using the Cauchy—Schwarz
inequality, and then appealing to the trace estimates of Lemma 3.3, we find

ponn s os[S [ | S oerenf] B[S e e

n tF=k
n¢F

Recalling the disjointness of the fattened inclusions {1, 4+ pB},, recognizing the definition

of S; and T?, and using that in case ¢ > 1 the f-separation property (3.60) entails that

the number of points of the process Py, in Qr, is bounded by C(L /)¢, we are led to

1

N 1
B S EITF(0.0)] (1 +E[S1(0,0)]) 7,
and the conclusion (3.11) then follows from Theorem 3.7. O

3.7. Convergence of finite-volume approximations. This section is devoted to the
proof of the convergence result (3.13) in Theorem 4. The idea is as follows: if {B }; could
be viewed as derivatives of B in some sense, then the convergence of By, as L 1 oo and the
uniform bounds on {B? }; would ensure the convergence of latter. We split the proof into
two steps, first appealing to a probabilistic argument to view {B L}j as true derivatives,
and then concluding by means of standard real analysis.

Step 1. Dilution by random deletion.

Given p € [0,1], we consider a sequence {b%p )}n of iid Bernoulli variables, independent
of P,Z, with parameter

p = B = 1],

and we define the corresponding decimated process

PO = {Zn}nenm, W = Unene In, where N®) :={n : P = 1} (3.84)
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Similarly, in the periodized setting (3.1), we set

,Pép) = {xn,L}nEN(P)ﬂ Iép) = UnEN(p) In,L-

By definition, the decimated processes P®), T(P) satisfy (H,) and (H;‘nif) whenever P,Z
) 7(p)

do, and their periodized versions Pép ,Z;" satisfy the same separation and stabilization

properties as Py, Z;, in Section 3.1. We use the notation B®, B(Lp), {B%)’j}j, {R%?)’kﬂ}k
for the effective viscosity, its periodized approximation, cluster coefficients, and cluster re-

(p)
L

mainders associated with decimated processes Z(P), 7
as in (3.4), we have for all p € [0, 1],

. As a corollary of [18, Theorem 1],

lim BY) = B®). (3.85)
Ltoo
In the next two substeps, we shall further prove for all k,7 > 1,
B = piBy, (3.86)
R < (Ope i, (3.87)

Combined with the cluster expansion (3.5), this yields for all L and k > 1,

‘ (Id+ZpJBJ)
»)

which entails that BJL can be seen as the jth derivative of the map p — B ;. atp=0.
(Note that this estimate further shows that this map is real-analytic; we shall later come
back to this observation as part of Theorem 11.)

Substep 1.1. Proof of (3.86).

By definition of decimated processes, the cluster formula (3.6) for B}

B BPE =1 S B[tren f, 07(DWH) + 5]
L

(Cpt=hyk+L, (3.88)

2 can be written as

F=j
As N®) is independent of Z and as IP[F C N(p)] = P[bﬁf’) =1, Vn e F] = p'f" we get
E:BYE =iy} E[][ ¥ (|D(49) +E|2)} — pE:BIE, (3.89)
tr=j -7Qr

that is, (3.86).
Substep 1.2. Proof of (3.87).
(p),k+1

Let k > 1. By definition of decimated processes, the remainder formula (3.9) for R}
can be written as

B RPE < 41 S St [ 8 o]
§F=k+1neF Ol

or equivalently, using the constraint F' C N () to replace U(Lp ) = JJLV @ by UJLV wurF ,

— n (p)
BRPME = 40 S SR tnee [ 5h o]

tF=k+1neF n,L
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In this expression, the integral
/ §F\RY 2 | GNWUE,
8In L

does not depend on the value of {b%p )}ne r and is thus independent of

]]‘FCN<P) = HnEF ]lbslp)zla
hence we are led to
B RPHE = Ly 37 ZJEU §FMnb o . GNWUF,, | (3.90)
tF=k+1neF Oln,L

It remains to estimate the right-hand side and deduce (3.87), which is easily done by
adapting the proof of Theorem 4(i) in Section 3.6. For that purpose, we first note that,
for all F' C N, using that ZH,CH(—1)|H" = 0if H # @, we have

Z 5GU(LP) _ Z Z |G\G’| N(”)UG/

GCF GCF G'cG

// (p) ’
= X (S )
G'CF G'CF\G'
N®yUF
== O'L y

so that formula (3.90) can be decomposed as follows, after changing summation variables,
BORPTE = W Y S Y w[ [ st stef]
§F=k n¢ F GCFU{n} Oln,z
Using the following identity, for all maps f and all n ¢ F,
Y. @) =) @)+ ) f(Guin),
GCFU{n} GCF GCF
we deduce
E - R(LP)JH-IE _ 1 prHip—d Z Z ZE{/ 5Fw%. <5GU(LP) +5Gu{n}a(Lp)>V}
$F=k GCF n¢F In,L

or equivalently, further changing summation variables,

k
E - R(LP)JH-IE _ %pk—&-lL—dZ Z ZE[/M ( Z 5FUG¢}?>
n,L

=0 =9 fF=k—j
J ﬁG ]n§§G Fﬂ(Gu{n}J):z

(69 + 5Gu{n}a(Lp))V]_

(p)
Using the boundary conditions for 6o ( ) + 6GU{”}U( P — 5G0]LV POl and using the in-
compressibility constraint to smuggle in arbltrary constants in the different factors, as in
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the proof of (3.35), and then appealing to the trace estimates of Lemma 3.3, we find

> e[

fF=k—j
FN(GU{n})=92

RS Sy S SR

J=04G=j n¢G

1
2
<E {1]-:0 v [ DR+ |D<6Gu{”}¢%’>>ﬂ
In,LJ"pB

Recalling the disjointness of fattened inclusions {I, 1, + pB}n, recognizing the definition

of 5’2) and Tg, and using that in case £ > 1 the f-separation property (3.60) entails that
the number of points of the process Py, in Qr, is bounded by C(L/£)?, we deduce

|E: RP R

& 1
< p’““ZE[Tf(j,k*j)]l( j=ol™ d+IE[S(p)( 0)] +E[5( )(J+1 0)])5
=0

Now appealing to Theorem 3.7, the claim (3.87) follows.

Step 2. Conclusion.

While the uniform estimates of Theorem 4(i) ensure that the sequence {BJL} L>1 converges
as L T oo up to extraction of a subsequence, we shall use their interpretation as derivatives
of the map p — ]_3%0) at p = 0, together with some real analysis, to deduce the convergence
of the full sequence. We argue by induction: given k > 0, we assume that the limits

B/ = lim oo B exist for all 1 < j <k, and we shall then prove that the limit

Bk+1 — lim Bk+1
LToo

also exists. As B’ZH is bounded uniformly in L by Theorem 4(i), it admits a limit C*F*!
as L 1T oo up to extraction of a subsequence. Passing to the limit along this subsequence
n (3.88), with &k replaced by k + 1, and using (3.85) and the induction assumptions, we
get for all p,
k .
‘B(p) (104 BB 4 e

Faas < (Cp)*2, (3.91)

=1

which proves that CF1 satisfies

k y .
Ck+l _ 1i£w<3(p) _ (Id+21jﬁ!BJ>>7

P =

where in particular the limit exists. Since the right-hand side does not depend on the
choice of the extracted subsequence, we deduce that the limit C**1 is uniquely defined,
hence the limit BF! .= CFt1l = lim 7100 B’ZH actually exists. By induction, this concludes
the proof of the convergence result (3.13) in Theorem 4. u
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3.8. Non-uniform cluster estimates. This section is devoted to the proof of Theo-
rem 4(ii). Taking inspiration from [13, Section 5.A]|, we proceed by a direct analysis of
Green representation formulas for corrector differences. More precisely, we introduce op-
erators {J}" ; In i that describe the fluid velocity generated by localized force dipoles in
the presencé of a finite number of rigid inclusions: these are viewed as Stokeslets for the
problem with rigid inclusions and lead to a useful decomposition of corrector differences,
cf. (3.95) below. The following lemma defines such operators and states their optimal decay
properties, which are shown to coincide with the decay for the explicit Stokeslet associated
with the problem in free space without rigid particles. This result is a particular case of
Lemma A.1, the proof of which is postponed to Appendix A.

Lemma 3.8 (Decay of Stokeslets with rigid inclusions). Let Assumptions (H,) and (H;)mif)
hold, let H C N be finite and n ¢ H, and let ((, P) satisfies the following Stokes problem
in a neighborhood of I, 1,

—A(+ VP =0, in (Inr + pB)\ In,r,
div(¢) =0, in (In,r + pB)\ In.L,
D(¢) =0, in Inp, (3.92)

Jor, , o(¢, Py =0,
faln L O(x —xnr)-0((,P)vr=0, VO € Mskew

Denote by J.y¢ € ngr(QL)d the solution of the following Stokes problem,

—AJ G+ VL ¢ = —dar, ,0(C, P)v, in Qr\I7,

div(jL";HC) =0, in QL\IH,
D(TLin¢) =0 in 7, (3.93)
Jor,., oTLuC QiuC)v =0, Vm € H,

Jor, , ©@—2m.1) o(JTLpC, Qf.yQv =0, Vme H, VO € Mskew,

Then, we have for all z € Qp,

(/B(Z) ID(JEHC)|2>5 <om <(Zxn7L)L>_d</In,L+pB|D(<)|2)é‘ (3.943

The above definition of operators {J}' }n, g is motivated by the following observation:

for all F,H C N with F' finite and nonempty, equations (3.16) for corrector differences
entail, in these terms,

oFypll = N gp s Y 4 B, (3.95)
neF\H

Iterating this identity allows to write 6% ¢f as a combination of iterations of J7' ;’s, which
are viewed as elementary single-particle contributions. With the above result at hand, we
may now conclude with the proof of Theorem 4(ii).

Proof of Theorem /(ii). We focus on the bound (3.12) on the remainder R5™ while the
corresponding bound on cluster coefficients follows along the same lines. We split the proof
into two steps.
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Step 1. Estimation of corrector differences.
For all finite F, H C N with F nonempty, and for all n € N, recalling the decomposi-
tion (3.95) for corrector differences, Lemma 3.8 yields

(f , pareine)
S Y <(9«“n,L—$m,L)L)_d(/

1
D\ (0 o Ba)[*) .
meF\H I, +pB

Iterating this bound, and recalling that the energy estimate (3.49) gives for all finite G C N

| puh < .
QL

we deduce for all n, setting k :=#F > 1,

</ +oB D7) P + D (6" i”})yz)é

#
Sk Y, A@ar =2 n)n) N(@nn = 2o n)n) " (@0 — @y n)n) T (3.96)
ni,...,np €L

Step 2. Conclusion.
The starting point is the estimate (3.10) in Theorem 3 for the cluster remainder,

k
|E:RETE| S AR+ Ajg, (3.97)
in terms of
A = [ dZ / D(7 7)) ] (3.98)
nL tF=k
n¢F
Aj = [ dz< Z (6"97) ’)
nL tF=k
n¢F
2\ 2
([, 2 et s )]
In,.+pB " yp—j_1
n¢F
We shall prove for all 1 < j <k,
k
Ap Sk Z)\k+l+1(P)(10gL)21a (3.99)
=0
Aip Sk D Merirr (P)(log L)2HHF=IHL (3.100)

Inserting this into (3.97), the conclusion (3.12) follows. We split the proof into two further
substeps, separately proving (3.99) and (3.100).
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Substep 2.1. Proof of (3.99).
Let k£ > 1. The deterministic bound (3.96) yields

£
Z / 5F¢L ‘2 + ‘D(5F¢{n})‘ ) S,k Z DL(xn,L7xn1,La v 7xnk,L)7 (3101>

fF=k In, LRI
where we have set -
Dr(yo, v, yx) = H<(2/j —yj1)r) ¢
=0

Inserting this in the definition (3.98) of A7, expanding the square, separating the different
intersection patterns, and reformulating in terms of multi-points densities, cf. (1.15), we
are led to

AO <k ZL / k+l+1 -DL(:Z:vxla--'al‘k)DL(x’xlw"axk—laylv"'ayl)

X fk—i—l-l—l(xvxlv"':xkayla” 'ayl) d.’EdI‘l dekdyl .. 'dyla

hence, in terms of multi-point intensities, appealing to Lemma 1.1(iii),

k

o —d

K Sk Z)\k+l+1(P)L /(Q ot Dp(z,x1,...,78)
=0 L

X DL(.%',:Cl,. s 1Yl - - .,yl) dx dxy da;kdyl dyl

First evaluating integrals over zp_;y1,...,%k, Y1,-- ., ¥y, and noting that
| (= tdy S 0gL,
QL
we find
k
Az gk Z /\k+l+1(77)(10g L)QlLd/( et DL(LL’, T1,... ,xk,l)Q drdxy...dxy_;.
1=0 QL

Now evaluating the remaining integrals, noting that the square yields an integrable decay,
the claim (3.99) follows.

Substep 2.2. Proof of (3.100).
Let £ > j > 1. Inserting (3.101) into the definition (3.98) of A;j, expanding the square,
and separating the different intersection patterns, we now find

jk Nk ZL / k+l+1 DL(vala-"a'Ik)DL(x’xl""7:Ej—l—1ay17"'ayl)

X fk—i—l-l—l(xvxlv"')xkayla” 'ayl) d.’EdI‘l dekdyl .. 'dyla

where for notational convenience we define Dy (x) := 1. This integral can be evaluated
exactly as in the proof of (3.99) and the claim (3.100) follows. O



70 M. DUERINCKX AND A. GLORIA

4. RENORMALIZATION OF CLUSTER FORMULAS

This section is devoted to the proof of infinite-volume cluster estimates with optimal
dependence on multi-point intensities {\;(P)};. It amounts to improving on the non-
uniform cluster estimates (3.12) in Theorem 4, which captures the ‘short-range’ depen-
dence on multi-point intensities but displays a logarithmic divergence in the large-volume
limit. This requires a better understanding of cluster formulas and of the underlying
compensations that make them well-defined in the large-volume limit.

4.1. Main results. We explore two different routes for the renormalization of infinite-
volume cluster formulas, leading to two complementary results, cf. Theorems 5 and 6

below. We also discuss the optimality of our cluster estimates, cf. Theorem 7.

4.1.1. Implicit renormalization. Our first route relies on a slight algebraic quantification
of the convergence of periodic approximations, cf. assumption (QPE) below: it implies a
corresponding convergence rate for periodized cluster formulas, cf. (4.2) below, which in
turn allows to remove the logarithmic divergence in the non-uniform cluster estimates of
Theorem 4. This result is particularly general given that the quantitative periodization
assumption (QPE) holds under a mere algebraic a-mixing condition for Z, cf. Remark 4.1
below. The obtained cluster estimates (4.1) differ from the canonical short-range setting
of Lemma 1.2 by some logarithmic factors, which are expected to be optimal in general in
link with the long-range nature of hydrodynamic interactions, cf. Theorem 7 below. The
proof is displayed in Section 4.2.

Theorem 5 (Implicit renormalization of cluster formulas). On top of Assumptions (H,)

and (H;)mif), let the following hold:

(QPE) Quantitative periodization assumption: There ezist C,y > 0 such that we have
]B(Lp) —BWP| < CL™ for all L > 1 and p € [0,1], where B(LP)’B(p) refer to the
random deletion procedure introduced in Section 3.7, cf. (3.84).

Then, we have the following estimates for the coefficients and the remainder of the infinite-
volume cluster expansion defined by (3.13) in Theorem 4: for all k,j > 1,

B| <0 Ai(P)log A;(P)PH, (4.1)
2k+1

IR < > N(P)|log A (P)[F
I=k+1

In addition, the convergence result (3.13) for finite-volume approximations can be quanti-

fied: for all L and k,j > 1,
BB < L7 R R e 1 (4.2)
where vy is the exponent in (QPE). O

Remark 4.1 (Quantitative periodization assumption). The validity of Assumption (QPE)

can be shown to follow from a slight quantitative mixing condition for the inclusion pro-

cess Z, such as the following;:

(Mix) Algebraic a-mizing condition: There exist C, 3 > 0 such that for all Borel sub-
sets U,V C R? and all events A C o(Z|y) and B € o(Z|y) we have

IP[ANB] —P[A]P[B]| < Cdist(U, V)", (4.3)
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More precisely, this condition (Mix) implies the validity of (QPE) for some 0 < v < 3
(depending on f3,d) and for all 0 < p < 1 (since random deletion preserves (4.3)). This
follows by-now from standard quantitative homogenization theory: we refer to Appendix B,
where we adapt the techniques developed by Armstrong, Kuusi, Mourrat, and Smart [5,
4, 3] to the present fluid context. O

The above result provides optimal cluster estimates and its proof is extremely short,
cf. Section 4.2. Yet, it has three main disadvantages, which call for a more detailed analysis.

— No explicit renormalization: While infinite-volume cluster formulas take the form of di-
verging series, cf. Section 1.3.4, cluster coefficients are defined as limits of finite-volume
approximations, cf. (3.13). Using straightforward cancellations, we showed that the
first-order cluster coefficient B! can be represented by a summable integral, cf. Propo-
sition 2. A similar explicit renormalization was formally performed for the second-order
coefficient B2 by Batchelor and Green [7], based on more subtle cancellations. The im-
plicit renormalization approach sheds no light on such questions. We aim to recover the
Batchelor-Green renormalized formula for B2 rigorously, as also discussed in [26, 28, 25],
and to investigate how explicit renormalizations can be pursued to higher orders.

— Mizing assumption: In view of cluster formulas in Theorem 3, bounds on the cluster
coefficient B7 should only require assumptions on the j-point density. Likewise, in view
of (3.10), bounds on the remainder RIZH should only require assumptions on the 2k-
point density. Instead, assumptions (QPE) and (Mix) boldly involve the whole law
of the inclusion process Z, which we aim to refine.

— Convergence rates: As the above approach builds on a convergence rate for periodic
approximations of the effective viscosity B, cf. (QPE), it does not exploit the fact
that cluster formulas only involve a finite number of particles at a time and are thus
significantly simpler than B itself. In particular, convergence rates for periodic approx-
imations of cluster coefficients are not expected to be worse than for approximations
of B (on the contrary!), while the above result (4.2) displays an exponential degradation
of the rates for higher-order coefficients.

4.1.2. Ezxplicit renormalization. Our second route to renormalization of cluster formulas
aims to remedy the above three issues and we proceed by an explicit analysis of can-
cellations. As in Proposition 2, we assume for convenience that particles have indepen-
dent shapes, cf. (Indep), which makes cluster formulas somewhat simpler. While for B!
and B? relatively simple cancellations are enough to turn cluster formulas into summable
integrals, higher-order coefficients require a much deeper analysis: we are led to introduc-
ing a diagrammatic decomposition of corrector differences that allows to capture relevant
cancellations. This fully resolves the higher-order renormalization question that was still
open in the physics community. We refer in particular to Section 4.4 for an explicit dis-
play of renormalized formulas for B2 and B3, cf. Proposition 4.6 and 4.7: we recover the
Batchelor-Green formula for B2 and provide the first renormalized formula for B2, Inciden-
tally, these results only require assumptions on finite-order multi-point densities (instead
of mixing assumptions) and Dini-type decay (instead of algebraic), which is beyond the
reach of quantitative homogenization methods (and thus of our implicit renormalization).
Renormalized formulas allow to recover the same cluster estimates (4.1) as obtained above
via implicit renormalization and to further prove essentially optimal convergence rates for
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finite-volume approximations: the convergence rate (4.4) for B/ below only degrades loga-
rithmically when increasing j (as opposed to the exponential degradation in (4.2)), and it
is always better (as it should) than the rate for approximations of the effective viscosity B
itself (cf. ¥ < 8 in Remark 4.1). The proof is displayed in Section 4.4.

Theorem 6 (Explicit renormalization of cluster formulas). On top of Assumptions (H,)
and (H;)‘“if), let the independence assumption (Indep) hold for particle shapes, as well as
the following, for some rate w € C°(R™):

(Mix,) a-Mixing assumption with rate w: For all Borel subsets U,V C R? and all events
A Co(Z|y) and B € o(Z|y), we have

[P[ANB] —P[A]P[B]| < w(dist(U,V)).
Then, the following hold.
(i) Forallj > 2, provided w satisfies the Dini type condition [t~ (logt)!~2w(t) dt < oo,
the infinite-volume cluster coefficient B? can be described by means of summable in-
tegrals as detailed in Section 4.4.

(i) In case of an algebraic mizing rate w(t) < Ct=# for some C,B > 0, renormalized
formulas lead to the same cluster estimates (4.1) for all k,j > 1. In addition, the
following holds for finite-volume approzimations: for all L and j > 1,

=¥ =¥ log L)7—1

B, - BI| <; Lk (4.4)
Finally, assumption (Mixw) can be replaced by corresponding assumptions on the j-point
density for results on B7, and on the (2k + 1)-point density for results on RFT!, %

4.1.3. Optimality of cluster estimates. The following result states that logarithmic factors
in cluster estimates (4.1) are optimal in general. These factors contrast with the canonical
short-range setting of Lemma 1.2: they are related to the long-range nature of hydrody-
namic interactions and appear due to the lack of L°°-boundedness of Calderén—Zygmund
operators. We focus on the second-order coefficient B? for illustration, but, starting from
renormalized formulas, the argument could be extended to higher orders as well. The proof
is displayed in Section 4.5.

Theorem 7 (Optimality of estimates on Bs).

(i) Isotropic setting: On top of Assumptions (H,), (H;)mif), and (Indep), assume that
the 2-point correlation function ho(z,y) := fa(x,y) — M(P)? satisfies the following

decay assumption,
Il < wlia -, (15)
B(z)xB(y)

with some rate w satisfying the Dini condition floo t~lw(t) dt < co. If in addition the
point process P is statistically isotropic, which entails that the correlation function is
radial, then the following improved estimate holds,

B?| < Xa(P).

(i7) Optimality in the general setting: There exists an inclusion process I that satisfies
Assumptions (H,), (H},‘“‘f), (Indep), and (4.5), as well as the local independence
condition A2(P) ~ A(P)? < 1, such that we have

IB?| =~ Xo(P)[log A2(P)]. 0
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4.2. Implicit renormalization of cluster formulas. This section is devoted to the
short proof of Theorem 5, which we split into two steps. We start with the quantita-
tive convergence result (4.2) for finite-volume approximations of cluster coefficients, which
we obtain by quantifying the argument for the corresponding qualitative result (3.13) in
Section 3.7. The claimed cluster estimates (4.1) then follow by optimization.

Step 1. Suboptimal convergence result: proof of (4.2).
Starting from the cluster expansion (3.5) in Theorem 3, the triangle inequality yields for
all k>0,

k
R — RMI < |Bp - B+ [B] - B|,
j=1
so that the convergence rate for the remainder in (4.2) follows from Assumption (QPE)
together with the convergence rate for cluster coefficients. It remains to prove the latter,
that is, for all j > 1,
B, -B| 5 L2 (4.6)
For that purpose, we quantify the induction argument in the proof of the corresponding
qualitative convergence result (3.13) in Section 3.7. Let k£ > 0 and assume that (4.6) holds
for all 1 < j < k. Taking the same notation as in Section 3.7 for the random deletion
procedure, we recall the cluster expansion (3.88), for all L, p,

Rl
’Bg’) ~(1a+Y5B])
j=1

Hence, comparing to the corresponding estimate in the large-volume limit, we find

< (Cp)kt2.

k+1 ‘ o
(B -BY) -3 5B - B)
j=1

< (Cp)k+2.

Isolating the difference B’ZH — B**1, and using Assumption (QPE) and the induction
hypothesis to estimate other contributions, we deduce

BYT BN < G ((Cnt e BY <B4 S n) - B

k
S pe YL
=0
The choice p = L=27"""7 then yields IBATL — BRHL <) L=27"77 and the claim (4.6)
follows by induction for all j > 1.
Step 2. Uniform cluster estimates: proof of (4.1).

Combining the non-uniform estimates (3.12) of Theorem 4 with the suboptimal convergence
result (4.2), we find for all k£ > j > 1,

BI| < L7274 \(P)(log L)',
2k
IR < L4 M (P)(log L)
=k



74 M. DUERINCKX AND A. GLORIA

and the conclusion (4.1) follows from the choice L™2 77 = Aj(P) or L727" = N4 (P),
respectively. O

4.3. Preliminary to explicit renormalization. Before turning to the explicit renor-
malization of cluster formulas and to the proof of Theorem 6, we start with some pre-
liminary definitions and technical tools: we define multi-point correlation functions, which
provide a convenient framework to weaken the a-mixing condition, we revisit the decompo-
sition (3.95) for corrector differences in terms of elementary single-particle contributions,
and we state several crucial estimates on the latter.

4.3.1. Multi-point correlation functions. Multi-point correlation functions {h;}; of the point
process P can be defined inductively from the multi-point densities {f;};, cf. (1.15), via
the following relations:'” for all j > 1,

fiw,.xy) =Y ] hen(za), (4.7)

T Hem
where 7 runs over all partitions of the index set {1,...,;}, where H runs over all cells of
the partition 7, and where for H = {i1,...,4} we set g := (24,,..., ;). For the first

values of k, these relations read
filz) = m(z) = A(P),
foly,2) = AP)*+ ha(y, 2),
f3(z,y,2) = AP+ A(P)(hg(w, y) + ha(y, 2) + ha(z, :z:)) + h3(z,y, 2),

from which A1, hs, hs are easily extracted. More generally, note that the inductive defini-
tion (4.7) can be explicitly inverted: for all 7 > 1, we find

hj(a;l, e ,1']‘) = Z(ﬂﬂ' — 1)' (—1)ﬂﬂ-71 H fﬁH(xH)a (48)
T Hem
where 7 runs over all partitions of the index set {1,...,j} and where #7 stands for the
number of cells H € m. The j-point correlation function h; is thus a symmetric function
on the product (R%)’ and is a polynomial combination of multi-point densities (f;);< ;- The
definition of multi-point intensities (1.16) then entails the following bounds on correlations,
for all j > 1,

sup iyl S5 X (P). (4.9)
21525 J Qe21) X X Qe (25)

where we recall the notation (1.17). It is easily checked that the a-mixing assump-
tion (Mix,,) implies the decay of correlation functions in the following quantitative sense.
Since we could not find any precise reference in the literature, we include a short proof

below for completeness.

Lemma 4.2. Assume that the point process P satisfies the a-mizing condition (Mix,,)
with a non-increasing rate w € Cp°(RT). Then, correlation functions satisfy for all j > 2
and x1,...,7; € R?,

/ h;] < C75) minw((%|2; — 2| — 2)4). (4.10)
B(J;l)x...XB(CC]') i#l J <>

1OIncidentally7 these relations are known as Mayer’s cluster erpansions — although unrelated to the
kind of cluster expansions otherwise studied in this work.
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In this view, it is natural to consider a “truncated” version of the a-mixing condi-
tion (Mix,,) in form of the decay of a finite number of correlation functions only. This is
the natural setting for cluster estimates.

(Mix[}) Mizing assumption with rate w to order n: Multi-point correlation functions sat-
isfy for all 2 < j <nand z1,...,2; € R,

/ byl < mineo(|z: — ).
B(xl)x...XB(l‘j) 7’75l

Proof of Lemma /.2. We argue by induction: given j > 2, we assume that the claimed
decay estimate (4.10) is already known to hold for ho,...,hj_1, and we prove that it
also holds for hj. Let z1,...,2; € R? be fixed. The conclusion (4.10) is trivial when
mMax;4 %|xl — 27| < 2, and we may thus assume max; %|mz — 1| > 2. Up to relabeling the
points, we may further assume that there is 1 < j, < j such that

|z1 — 25| = max; |z; — 2y,

2 — x| > Flor —aj] > 2 forall 1 <i<j.<I<j. (4.11)

(The latter condition is obtained by dividing the space between 1 and z; into j stripes of
width %|x1 — x|, by selecting the one that contains none of the points x;’s with 1 <7 < j,
and by distinguishing the points on either side of this stripe.) Let ¢ € C((R%)*) and
¢' € C((R4)7=7+) be supported in B(z1) x ... x B(x;,) and in B(zj,11) X ... x B(x;), re-
spectively, with ||¢||pe((rayi.) = [¢'[[Loc((ma)i-i.) = 1. Appealing to a standard covariance
inequality, see e.g. [11, Lemma 1.2.3], the a-mixing condition (Mix,,) then yields

- -
COV[ Z A(Tpys ey Tny, ); Z qb'(:cnj*+l,...,xnj)H

N1y Mgy Nje+15-4-705
Jx J
< 4w<dist<UB(mi), U B(:@)) < dw(Yay — i) —2). (412)

Now we expand the covariance in terms of multi-point densities: in view of (4.11) and of
the support condition for ¢, ¢, we find that the product ¢(2n,, ..., Zn,, )¢ (Tn,, 415+ Tn;)
vanishes whenever n; = n; for some 1 <1 < j, < < j, hence

4 #
Cov[ Z (s ooy Ty, ) Z gb'(:vnj*+1,...,:cnj)]
1y Tjst1500Tl5

= / (p@¢) (fj = fi. ® fi—j.). (4.13)
(R)J
Recalling the relation (4.7) for density functions in terms of correlations, we get

(fi = fi. ® fij—j )21, s 25) = Z Lspenun{i,..j#o£HA{j 41, 5} H her (2 ).
T Her
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Combining this with (4.12) and (4.13), and isolating the contribution of the j-point corre-
lation h; (obtained for §m = 1), we are led to

)/(]Rd)ﬂ ¢®¢ h ) = Z ILHHEWHH{l I }AEGEHN G +1,...,5} H/ |hﬂH|

mfr>1 Hem
—1—4w(3|x1 — x| — 2),

where for H = {i1,...,4} we set B(zy) := B(x;,) X ... x B(x;,). In view of (4.11), the
induction hypothesis for {h;};<; entails

)/(Rd)jw@cb’)hj) < i Z (lez) f[ (Cisis!w(%pgl — i - 2)%%)

0=2 i1+...+ip=] s=1
+ 40&)(%‘1’1 — a;j\ — 2),

from which we easily infer | f]Rd (p¢')hi| < C7 'w( |z1 — x| —2). By the arbitrariness
of ¢,¢" and of z1,...,x;j, the Conclus10n (4.10) follows for h;. O

4.3.2. Estimates on single-particle contributions. For notational simplicity, we henceforth
assume that particles are spherical with unit radius, I, = B(zy); the adaptation to the
general case (Indep) with independent particle shapes is straightforward. As we shall see,
the explicit renormalization of B7 is particularly intricate for j > 3 since cancellations are
not as apparent as they are for the first two orders: it will require to decompose corrector
differences into elementary single-particle contributions in the spirit of (3.95). We start
by slightly changing the point of view for correctors, focussing on particle positions rather
than on particle indices in the notation: given a set Y C Qr of “background” positions
such that

dist(B(y), B(y')) > 2p, dist(B(y),0QL) > p, forally,y/ €Y, y#£y, (4.14)
we denote by wL € Hrl)er(Q )¢ the solution of the following periodic corrector problem,

using the short-hand notation J}j = U(w}j + Ez, E{),

—AypY +VYY =0, in Qr, \ Uyey B(y),

diV(@ZJz) =0, in QL \ Uyey B(y),
D(y} + E:v) =0, in Uyey B(y),

faB O'LI/ 0, Vy ey,

faB Oz —y)-ofv=0, VO €M, VyecY.

Next, similarly as in (1.9), for any z € @, and any finite subset Z C Qp, provided that
the union set {z} U Z UY satisfies (4.14), we can define corrector differences

e ) SR LD S CS VA

wcz

Compared with the notation that we use elsewhere in this memoir, this means for all index
sets F, H C N,

wL = w{ﬂ?n L}neH, 6Fw[]/{ = 6{xn,L}n€Fw£m"’L}"EH‘
For Y ={y1,...,ym} and Z = {z1,..., z,}, we shall also write for convenience

w%l,...,ym = w}f’ 521,4~~:an3[//1""’ym = 6217[}{ (415)
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Recall that Lemma 3.2 states that the corrector difference 6% @Z)}: satisfies

— DZY +V7EY = = 0op0?\ o) Y i Qu\ Uyey B(y),  (4.16)
z2€Z

together with the rigidity contraint D(6%¢Y) = 0 in Uyey B(y) and with associated
boundary conditions. In view of this equation, as in (3.95), we can decompose correc-
tor differences into elementary single-particle contributions that we express in terms of
operators {7, f;y}@y defined as follows: given a “tagged” position z € @, given a pair
(¢, P) € HY(Bi4,(2))% x L*(B14,(2) \ B(2)) satisfying the following Stokes equations in a
neighborhood of B(z),

—-A(+ VP =0, in Biy,(2) \ B(2),
le(C) = 0, in Bl+p(z) \ B(Z),
D(¢) =0, in B(z), (4.17)

Jon) o(C, Py =0,
faB(z) O(x — 2)-0(¢,P)v =0, VO € Mskew,

and given a finite subset Y C Q1. of “background” positions such that {z}UY satisfies (4.14),
we denote by J7.y( € Hl . (Q )% the solution of the following Stokes problem,

_A‘7E;YC + VQZ,YC = _68B(Z)J(C’ P)Vv in Qp \ UerB(y),

le(j[in) = O, in QL \ UyEYB(y),
D(jLZ;YC) =0, in UyeyB(y),
faB(y) U(jLZ;YC’ QE;YOV =0, Yy ey,

faB(y) Oz —y) - o(Jfy( QiyCv =0, VOE Mskew vy € Y.

These operators {7, LZ;Y} 2y describe the fluid velocity generated by localized force dipoles
in the presence of a finite number of rigid inclusions and are thus viewed as Stokeslets
for the problem with rigid inclusions. In view of our upcoming analysis (see in particular
cancellation properties in Lemma 4.3 below), we further extend the definition of 7, Ly
when the support B(z) of the force dipole intersects rigid inclusions Uyey B(y) or the
cell boundary 0Q)r,, which was excluded above by assuming that {z} UY satisfies (4.14).
A convenient way to proceed is as follows: given z € Qr and Y C @Qp with only Y
satisfying (4.14), we define J7.,C € Héer(QL)d as the solution of the following Stokes
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problem,

( ATy +VQLy( = —0gpr()o((, P, in QL \ Uyey B(y),
diV(jLZ;YC) =0, in Qr, \ UerB(Z/)7
D(jf;YC) =0, in UyEY\YzB(y)v
faB(y) o(JiyC Qiy Qv =0, Yy eY\ Yz,

Joney O — ) - 0(Tfiy ¢, Qhy Ov =0, VO € MEY, Wy € Y\ Vi,
jf;YC =V, + 82(73 - Z), in UyEYzB(y)a

for some V, € R?, ©, e Mskew,
erz faB ) O Ty C QL O
vev. Ipwropr () 7 (¢ P,
Zerz faB (y) @(x ) (jL;YC7 Q3 ;YOV
\ = ZyEYz fB(y)ﬂBBL(z) @(Q? — 2:) . O’(C7 P)V, VO e IMIskew7

(4.18)
where B(z) := (B(z) + LZ%) N Qr, stands for the periodization of the ball B(z) in Qr,
where we have set Y, := {y € Y : B(y) N B%(z) # @}, and where we have implicitly
extended (¢, P) periodically to Biy,(z) + LZ% We emphasize that these equations are
equivalent to the previous simpler ones when {z} UY satisfies (4.14) (hence Y, = &). The
solution J7.y-C is only defined up to a rigid motion in @, which we fix by further choosing

jﬁ;Yg = 07 vaiYC S M?]ym
QL QL

Note that Jf ¢ depends of course on the pair (¢, P), not only on ¢, but we leave the
pressure field implicit in the notation for convenience. We further define

jLZC = jf;@Ca
for which the defining Stokes problem (4.18) reduces to
— AJC+VQi( = =bgpr(»o(C, Py, div(J[¢) =0,  inQr, (4.19)

and we define Jy ¢, J*( as the corresponding operators on whole space, that is, with B(z)
and Qp, replaced by B(z) and RY, respectively, in (4.18) and (4.19). In these terms, as
n (3.95), given Y, Z C Qp, provided that Y U Z satisfies (4.14), the equation (4.16) for
corrector differences allows to decompose

07pY = Y Tiy PN B @Y 4 Ea). (4.20)
z2€Z

The above definition (4.18) of J7.,-, with the particular choice of the extension to all z € Qp,,
is dictated by the following key observation. This constitutes the precise cancellation prop-
erty that we shall repeatedly use for the explicit renormalization of cluster formulas.

Lemma 4.3 (Cancellation property). For any Y C Qp satisfying (4.14), and for any
function ¢ satisfying (4.17) around z = 0, we have for (% := ((- — z),

/Q (7 () dz = 0. o
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Proof. Integrating equations (4.18) for J7.(* over z, and noting that

/L<Z /B(y)maBL(Z)U(CZ,PZ)u) dz = ﬁY|B\/8Ba((,P)y
0

yeY;
M

and similarly

/Q <5aBL(z)\uerB(y)0(Cz, PZ)V) dz
L

_ /L/aBL(Z) U(CZ,PZ)udz—/L ( S

yey,

— Q1 \ Uyer B(y)| /a ol Pw =0,

/ o (¢, PZ)I/> dz
B(y)noBE(z)

the conclusion follows from the uniqueness of the solution to the Stokes problem (4.18). O

Next, we establish optimal decay estimates for these operators {J7.y }.y, which are
shown to coincide with the decay for the explicit Stokeslets {J}}. associated with the
problem in free space without rigid inclusions. This result corresponds to Lemma 3.8 and
the proof is postponed to Appendix A in form of Lemma A.1.

Lemma 4.4 (Decay of Stokeslets with rigid inclusions). Let z € Qr, let (¢, P) sat-
isfy (4.17) at z, and let Y C Q satisfy (4.14). Then, we have for all x € Qp,

DU OP) S (-2
- 2 d

Biyp(2)

D),

(/B(a:) |D(J§C)|2>2 <y (- Z)—d(/B1+ i \D(C)|2)é. <>

Finally, since we aim at finite-volume approximation error estimates, we need to quantify
the difference Ji.y — Jy between periodized and whole-space Stokeslets. The proof is
postponed to Appendix A in form of Lemma A.3. We emphasize that the stated bounds
are not optimal, but will be good enough for our purposes.

Lemma 4.5 (Periodization error). Let z € Qp, let (¢, P) satisfy (4.17) at z, and letY C Qr
such that {z} UY satisfies (4.14). Then, we have for all x € Qr,,

(] DTS~ FOP) S ( [

(L oz (@ = 2)0) ™ 4 0y, s dist(Y \ {z,2},0Q1) ™),

1

D)

where we set for notational convenience dist(&,0Qr) := L, and where we denote by
BE(2) = (B.(2) + LZ%) N Qy, the periodization of the ball B,(z) in Q. In addition,

(/BL . |D(w{¢y)‘2)é gy ((dist(a;@QL»+<diSt(Y\{$},aQL)>> .0
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4.4. Explicit renormalization of cluster formulas. This section is devoted to the
proof of Theorem 6. We first describe the explicit renormalization of the second and third
cluster coefficients B2 and B2, cf. Propositions 4.6 and 4.7 below, before turning to the
general case, cf. Proposition 4.8. For notational simplicity, we assume that particles are
spherical with unit radius, I,, = B(z,), but we emphasize that the general case follows
along the same lines under the independence assumption (Indep). More precisely, it
suffices to replace each occurence of spherical particles below by iid random shapes and to
further take the expectation with respect to the latter; we omit the detail.

4.4.1. Ezplicit renormalization of B2: Batchelor-Green formula. We start with the anal-
ysis of B? and rigorously establish the so-called Batchelor-Green formula [7].

Proposition 4.6 (Batchelor-Green renormalization of B?). Let (H,) and (H[‘)‘“if) hold,
and assume for simplicity that particles are spherical with unit radius, I,, = B(zy). Let
also the mizing assumption (Mix[}) hold to order n = 2 with some non-increasing rate
w € Cp°(RT) satisfying the Dini condition [° 1 w(t)dt < co, as well as the doubling con-
dition w(2t) ~ w(t) for all t > 0. Then, the infinite-volume second-order cluster coeffi-

cient B? defined in (3.13) can be expressed as follows,

¢Z'Uov>h2(0,z)d2+/ ( 8B¢Z~5Zaoy)f2(o,z)dz, (4.21)

Rd
where both integrals are absolutely converging and where we use the notation (4.15). In
addition, the following estimates hold:

E:BE = (
Rd 0B

(i) Uniform cluster estimate:
BE S (@) + [ w0 A N(P) dr

hence, in case of an algebraic weight w(t) < Ct=? for some C, > 0,
IB| S A2(P)[log A(P)|.

(i1) Periodization error estimate:

oo
B} —B?| < (w(L)+ 1)log L+ / i w(t) dt.

1
(#i) Uniform remainder estimate: If (Mix[}) further holds with n = 3, then

B € 2P+ [ o AP i+ [T (o) A 2a(P))

hence, in case of an algebraic weight w(t) < Ct=? for some C, > 0,
IRLl S Aa(P)[log A(P)| + As(P)[log A(P)|*. %

Proof. We split the proof into four steps. Given E € Maym with |E| = 1, for notational
convenience, we write B%, B2, and R% for E : B%E7 E :B?FE, and E : R%E.

Step 1. Reformulation of B%:

B? = Ld// (/ (A U%V) ha(y, z) dydz
QL,pXQL,p 8B(y)

+ L_d// (/ Vi - 5%7%1/) faly, z) dydz
QL,pXQL,p aB(y)
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— )\(P)QL_d// </ Vi - O’%I/) dydz, (4.22)
QL,pX(QrL\QL,p) "~/ I0B(y)

where we recall the short-hand notation Q1 , = Qr_a(ev(14p)), cf- (3.1).
By definition, cf. (3.8), the finite-volume approximation B? is given by
B% = L4 Z ]E[/ Em} -Jim’n}u].
m#n 0B(zn,1)
Decomposing aém’n} = O'En} + 6{’"}0}”}, this turns into

B} =17 E[/ v -02”}v] L) E[/ v stmiafty|.
m;ﬁn 8B(In’L) m;én 8B(xn7L)

In terms of multi-point densities, cf. (1.15), recalling the choice of the finite-volume ap-
proximation with Pr = {x, : x,, € Qr,}, cf. (3.1), and using the notation (4.15), we can
rewrite

B =1 [ ([ wiolv) (s dyds
QL,pXQL,p 8B(y)

+ L_d//Q 0 (/83( )lbi . (520%1/) ]“Q(y7 Z) dydz, (4'23)
Lp*&L,p Y

and it remains to further analyze the first right-hand side term. For that purpose, we note
that 7 = 49 (- — 2) and 0¥ = 09 (- — y), so that

| wieaty= [ ubtry-2)-obn
OB (y) 0B

Integrating over z, using the periodicity of ¢%, and recalling that |, 9B U%V = 0, we deduce

/QL (/BB(y) Vi - O’%V)dz = 0. (4.24)

Decomposing fa(y,z) = A(P)? + ha(y, z) in terms of the 2-point correlation function hg,
and then using this cancellation property (4.24) to reformulate the first right-hand side
term in (4.23), the claim (4.22) follows.

Step 2. Uniform estimate: proof of (i).

Using the boundary conditions and the incompressibility constraints to smuggle in arbitrary
constants in the different factors, as in the proof of (3.35), and appealing to the trace
estimates of Lemma 2.3, we find

‘ /f93(y) Vi U%V‘ : (/B(y) ’DWZ)'Z)%(/BH (¥) D(Wé)ﬁ)é,

‘/BB(y)wz'(sza%V‘ s (/B(y) ’D(W)F)%(/Bl " D(ézwﬁ)lz)é. (4.25)

Hence, applying the decay estimates of Lemma 4.4 to ¢} = J7 (¢} + Ex) and to 6%} =
jLZ,y( Y% + Ex), combined with the energy estimate (3.49), we get

[ o] S e
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[ wierop] 5w (1.26)
9B(y)

Formula (4.22) for BZ can then be estimated as follows,
B Sz [ (w2 haty. ) dydz
QLXQL

—d — —2d 27 —d B —d
o //QLXQLW/ ) faly, 2) dydz + A(P)’L //Q oy @)

In terms of the two-point intensity, recalling that Ao(P) = Aa(P) by Lemma 1.1(ii) in view
of (Mix"), we can estimate the 2-point correlation function as follows: appealing both
to (4.9) and to the decay assumption (Mix]), and arguing as in Lemma 1.1(iii), we find

I w2 st 2) duds
QLxQr
< //Q o (=2 wlly — =) AXo(P)) dyd=. (427)

The above then becomes

B2 < L //Q o (=2 wlly = =) AN () dy

a(P) (L—d //Q =2y 1 //Q om0 dydz) |

As w is non-increasing and as |(y — z) 1| < |y — z|, the first right-hand side term is bounded
by

L //QLXQL«?J —2)) "N (w(ly — 21) A A2(P)) dydz
< ¢ //QLXQL«?J — 20" w((y — 2)1]) A Aa(P)) dydz
S / (2)"H(w(|z]) A Xo(P)) dz

o
S [T Heonxm)
and the conclusion (i) follows after similarly estimating the other terms.

Step 3. Convergence result: proof of (ii).
Comparing identities (4.21) and (4.22), we have

|B? —B?| < A} + A3 4 A3, (4.28)

where we have set for abbreviation

L // (/ (i 0%1/) ha(y, z) dydz
QL,pXQL,p 8B(y)

_/]Rd( - wz-aou)hg(o,z) dz

Ai =

i
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A3 = 'Ld// (/ wi-éza%u> fa(y, 2) dydz
QL,pXQL,p 8B(y)
—/ ( P® - 5ZO'OI/> f2(0, 2) d=
Rd \JoB

A3 = )\(P)QL_d// ‘/ wz-aﬁu’dydz.
Qr,,x(Qr\Qr,p) ' Y 0B(y)

We estimate these three contributions separately and we start with AlL. Noting that
stationarity yields ha(y,z) = h2(0,z — y), and using that ¢* = *7Y(- — y) and o¥ =
o%(- —y), we can write

L_d// </ P* - O'yl/> ho(y, z) dydz
QL,pXQL,p 8B(y)
= Ld// (/ P 001/) ho(0, z — y) dydz
QL,pXQL,p 0B

= [0 @yt z)y(/aB 07 0% ha(0,2) dz,

and thus, setting for abbreviation ’y%,p(z) =L Qr,N(Qr,+2)|, we get by the triangle
inequality,

AL N/ (1=12,(2) / W - UV’\hQOZ\dz (4.29)

o //QLXQL ( /8B( Wi =97 ULV‘ i ‘ /8B(y - Uy)yD‘hQ(y’ )l dyd.

Appealing to the trace estimates of Lemma 3.3, decomposing

v =" = Ji(Wp+ Ex) = J*(Y° + Ex)
T*Wr —¢°) + (TL = T*) (Wi + Ex),

using the decay estimates of Lemma 4.4, the periodization error estimates of Lemma 4.5,
and the energy estimate (3.49), we find

PR
(/B(y) ~ef) ([ o+ Enp)
(

S - z>—d( /B i vR)’

N|=

N

[ [P~ 6D+ DU = 7Y+ B
B(y)
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and similarly,

[ o] 5 @

[, oot -on
0B(y)

Inserting these estimates into (4.29), we get

A
h
a
<
|
X
a

AL [ (1=2:0) () ha(0.2)| ds

e // (1ol =)™ 4 1,y D7) Iha(y, ) dyd=.
QrLxQr 4 1
Using the decay assumption (Mix!) for ho, noting that

1—2,(2) = 1-L79Q1,N(Qr,+2) < 2 a1, (4.30)

and using that [, 01 (y)~%dy < log L, we conclude after straightforward simplifications,

A< /Rd(';'A1)<z>—dw(\z\)dz+w(L)1ogL+L—d/ w(|2]) dz

2L
< w(L)logL+/ = w(t) dt. (4.31)
0

We turn to the estimation of the second term A% in (4.28). By stationarity, as above, we
find

A2 < / (1—7L’p / Y* - (VUOV‘fQOz

+ L~ //QLXQL (‘/83 (W} —¢*)-6%0iv ’—F’/@B (670 — 5zay)l/D fa(y, z) dydz.

Recalling ¢ —¢* = J*(¥] — %) + (Jf — T?)(¢} + Ex), further decomposing
53% - oY = Ji,(Wp + Ex) — J; (VY7 + Ex)
= JyWp* =)+ (JLy — Ty )Wy” + Ex),

and using the trace estimates of Lemma 3.3, the decay estimates of Lemma 4.4, the peri-
odization error estimates of Lemma 4.5, and the energy estimate (3.49), we find

‘ wz X (SZUOV < <z>—2d’

~

0B
[, ) o] 5 {2 )+ dne)

| /83) (Y — o] S - 2 M (dy(y) + di(2) "+ LNy — 2))

where we have set for abbreviation dy,(z) := (dist(z,0Qp)). Inserting these estimates into
the above, we get

A7 S /Rd (1 =77 ,(2))(2) > f2(0,2) dz + L™ //chxQL<(y —2)1) YL (y) " foly, 2) dydz.
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In terms of the two-point intensity, appealing to Lemma 1.1(iii), recalling (4.30), and using
that fQL (y)~?dy < log L and fQL dr(y) "%y < L1, we deduce

A5 ) [ e i@t [ )y

< No(P)lek, (4.32)

~

It remains to estimate the last term A3 in (4.28). Using again the trace estimates of
Lemma 3.3, the decay estimates of Lemma 4.4, and the energy estimate (3.49), we find

[, o] S o

and thus

Al < AP)PL // ((y — 2)1) "~ dydz
Qr,px(Qr\Qr,p)

EPYCORE (4.33)

Combining this with (4.28), (4.31), and (4.32), the conclusion (ii) follows.

Step 4. Uniform remainder estimate: proof of (iii).
The starting point is the refined estimate (3.30) on remainders, which reads in this case

IR| < E[ dZ/ o DY im})ﬂ
‘ [ > / (X Dwim%):wi?g)}

m:m#n

m m;én

)

where we recall that @Z;ing is defined by (3.32). Expanding the square and separating the
different intersection patterns, this can be rewritten as follows, in terms of multi-point
densities,

IRl < L_d//(QL’p)z (/B(x) \D(iﬂ%)’Q)fQ(:U,y) dxdy
- ///(QL,p)?’ (/B(x)D(”‘/’%) : D(¢i)>f3($,y,2) drdydz
- //QL ) (/B (=) D(¥p) : D(lﬁg,L))fz(fc,y) dxdy|,

where we use the obvious notation for wx L such that 1/)@, L= @Z){n} Replacing fs, f3 by

+ L

+L

their expansions (4.7) in terms of correlation functions, and notlng that several contribu-
tions can be turned into boundary terms by apphcatlon of the identity fQ (¥¥)dy =0,
we obtain

R //Qm ( /B D)t ) ey

D(6Y) : D)) (A(P)ha(y, 2) + hy(w,y, 2)) dudydz

L,p
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+ L4

//( )2 ( /B . D7) : D(zZi,L))hg(a;,y) da;dy‘
///(QL,p)2x<QL\QL,p) </B(x) D(6}) : D(Y;) )b (e, y) dudydz
/ /QL,pX(QL\QL,pV </B(m) D) : D(¢E)) drdydz
//QL,px@L\QL,p) </B(m) D) : D))

Using (3.33) to estimate @gL in terms of ¢7,

+A\(P)L ™

+ AP)2L7

+ A(P)2L™

/ D@ ) < / D)+ EP < 1.
B(z)

Bi4p(z)

and appealing to the decay estimates of Lemma 4.4, we deduce

’R%| S L_d //(QL7P)2<('%, o y)L>_2df2(x, y) dxdy
+ 17 ///(Qw)g((ﬂﬁ —y)n) U@ —2)p) ™ (A(P)\hz(y, 2)| + |hs(z, y, z)|) dxdydz
+ L7 //(QLW ((x —y)r) Y |ho(2,y)| dzdy

)2
—d — (g —2)) ¢ T €T z
+ A(P)L ///@L,p)?x(QL\QL,p)((x y)r) Nz = 2)r) “|ha(z,y)| dxdyd

A 3p—d x — Ay — 2V 4 dadydz
L APPL ///Q o T ) ey
—d

FAPRL // (@ — y)p)~ dzdy.
Qr,,x(QrL\QrL,p)

In terms of multi-point intensities, appealing to Lemma 1.1(ii)—(iii), and using both (4.9)
and the decay assumption (Mix”) to estimate correlation functions similarly as in (4.27),
the conclusion (iii) follows after straightforward computations. O

4.4.2. Explicit renormalization of B3. The explicit renormalization of B? above is solely
based on the simple and neat cancellation property (4.24). Higher-order cluster formulas
require more subtle cancellations, which can only be captured after suitably decomposing
corrector differences in terms of elementary single-particle contributions as in (4.20). Before
turning to the general case and proving Theorem 6, we start with a detailed account of
the third-order cluster coefficient B, which contains all the necessary new ingredients.

Proposition 4.7 (Renormalization of B*). Let (H,) and (H1™) hold, and assume for
simplicity that particles are spherical with unit radius, I, = B(xy). Let also the mizing
assumption (Mix[") hold to order n = 3 with some non-increasing rate w € Cp°(RT)
satisfying the Dini type condition floo 1(’Tgtw(t) dt < oo, as well as the doubling condition

w(2t) =~ w(t) for all t > 0. Then, the infinite-volume third-order cluster coefficient B?
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defined in (3.13) can be expressed as follows,
E:BE = 3// / (7T} ()* + Ex)) -O'OV) (A(P)h2(0, z) + h3(0,y, 2)) dydz
R4 xR4 0B

+3//RdXRd (/83 (TYT;89¢%) - o )(fg(O,y, 2) = A(P) fa(y, 2)) dydz
//Rded / jyjz (* + E:L‘)) . 5ygoy> (fg(O,y, z) — )\(P)f2(07y)) dydz

oB

(
//Rded ( . (T?694%) - 52«/(;01/)1"3(0,%2) dydz
(

+3 // / (JVTZ69%) - 6 1/) £3(0,y, 2) dydz
RIx R4 0B

+ % // §YFah? . 59’2001/) £3(0,y, 2) dydz, (4.34)
Rded oB

where all the integrals are absolutely convergent and where we use the notation (4.15). In

addition, the following estimates hold:
(i) Uniform cluster estimate:

B} < a(P) + / o8t (4y(4) A Mg (P)) .

hence, in case of an algebraic weight w(t) < Ct=? for some C, > 0,
Bi| S As(P)[log A(P)|*.

(ii) Periodization error estimate:

B3 —B? < loiL—irw(L)(logL)?—i—/l el (1) dt.

(#i) Uniform remainder estimate: If (Mix/}) further holds with n =5, then

R < 2s(P +2/ Uos )™ (1,(1) A A;(P)) dt,

hence, in case of an algebraic weight w(t) < Ct=8 for some C, 3 > 0,
[RLl S A3(P)log A(P)[? + Aa(P)[log A(P) > + A5(P)[log A(P)[*. %

Proof. We split the proof into four steps. Given E € Mg_ym with |E| = 1, for notational
convenience, we write B%, B3, and R% for E : B%E, E:B?E, and E : R%E.

Step 1. Reformulation of B%
B} = E3 (4.35)

+ ?)Ld///(QL’p)3 (AB(z)(JEJE;wa) . afV) (A(P)ha(z, 2) + hs(z,y, 2)) dedydz
+ 3Ld///QL i /aB( )(jgjf;yjl?{;z&ﬂz) . O'fl/> (f3($7 Y, Z) - )\('P)fg(y, z)) dxdydz
+ 3L~ /// /a . (TLTi07) - 5yaj’-fu) (f3(z,y,2) = N(P) fa(x,y)) dzdydz
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+3L7¢ /// , / (jfjg;z Y2y - 5%7%1/) f3(z,y, 2) dedydz
+ 3L~ /// / (T, jf;ng;z 7%3) . 5y0§y> fa(z,y, z) dedydz

+ %If /// / 5y’z¢? . (5y’zafu> fa(z,y, z) dedydz,
(Qr,p)?* *JOB(x)

where we henceforth use the short-hand notation @—j = T/’f + Ex, and where E]?—i stands
for boundary terms,

E3 = 3\(P) /// (/ (T Tt wa) JLI/) dxdydz
QL,px(QrL\QL,»)? “JIB(x)

—3A\(P /// / jgjL wa) UIQSV> ho(z,y) dedydz
(QL,p)*x(QL\QL,p) /OB(x

_3A(P ///
(QRL\QL,p)X(QL,p)

_3A(P ///
(QL\QL,p)x(QL,p)?

~3\(P)L ¢ /// ( / (T TEy0) - 00w ) folw,y) dudydz.
(QL,p)*x(QL\QL,p) ~/IB(x)

By definition, cf. (3.8), the finite-volume approximation B? is given by

£
B} = gL—dZE[/
0

n,m,p B(ZR’L)

/ NN yq/JL) afl/) ha(y, z) dzdydz
OB(z

| TETE T 0 - 01) o 2) oy

6{m7p}w% . O'En’m’p} V:| .
Decomposing

Jin’m’p} = Uin} + (5{m}(7£n} + (5{”}0?} + 5{m’p}(7£n},
this becomes by symmetry,

£
B} sz—dZEU
0

n,m,p Bwn,L)

+3L7¢ i E[/a

n,m,p B(zn,L)

4
+ 3L Z E[/aB slmphy@.. 5{m,p}ggl},/

n,m,p (xn,L)

5{myp}¢% . 02"},/}

slmphye 5{m}a§n}4

In terms of multi-point densities, cf. (1.15), recalling the choice of the finite-volume ap-
proximation with Pr, = {z, : , € Qr,}, cf. (3.1), we can rewrite

B =30 ///(Q )3 (/83( )5‘%'%% ' Uf’/)fs(x,y,z) dxdydz
L,p T
e ///(Q )3 </83( ) 59’Z¢% ' 53/0_%”) f3(z,y, z) dedydz
L,p T
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3L /// / §VEp? - dyyzgfu> fa(x,y, z) dedydz. (4.36)
L,p 0B(x)

It remains to further analyze the ﬁrst two right-hand side terms and we split the proof into
two further substeps. To capture cancellations, we shall expand 59721/1% and 0Y97 in terms
of one-particle contributions as in (4.20).

Substep 1.1. Proof that

o ([, P et -

= mptannflf (] R o) (Pt ) + ey, ) dedyd:

oL /ﬂ 3 / (TETE TH087) - 050) (2,9, 2) = A(P)faly, 2)) dudydz,

where we recall the short-hand notation )Y .= Y 1 +FEx, and where Ei’l stands for boundary
terms,

EY = 2)\(73)3L_d/// </ (TLTf07) - Jfl/) dxdydz
QLpx(QL\QL,»)? “JOB(z)

—2\(P)L~¢ /// (/ (ijjLz;y@Z_Ji) : afu) ho(z,y) dedydz
(Qr.,p)?*x(QL\QL,,) “/IB(z)

— 2)\(73)L_d /// (/ (jgjf;yzﬂi) . afu) ha(y, z) dedydz
(QL\QL,p)*x(QL,p)? “/OB(x)

- QA(P)L_d /// (/ (jgjf;ng;z _%Z) ) U%”) fa(y, 2) dzdydz.
(QrL\QL,p)x(QL,p)? “/OB(x)

In view of (4.20), corrector differences can be decomposed as
§¥E? = JUWY + JP6VY;
- ijLwa’ +ijLZ 5 (438)
and thus, further writing
©T o= VYL = v+ T
= Y 8] = ]+ TLN77
we deduce
T = TLTE b7 + TETL Y + TLTEy TE L+ TETLTE 01 (4.39)

From this decomposition, we get by symmetry

~d /// 3 / ng.afu) Fa(z,y, 2) dedydz (4.40)
= 2L~ ///QL /8 - (Jﬁjf;yzﬂz)-afu)fg(x,y,z)da:dydz

+2L7¢ /// / (TLTE 4 TL AT - gfy) fa(x,y, z) dedydz.
(QrL,p)® “JOB(z)
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We are now in position to exploit cancellations properties. First, we note that Lemma 4.3
yields, recalling 97 = ¢%( —2),

| iyiias <o (4.41)

L

and thus, for all z,y € R?,

/ (/ (ijjff;yzzi) 'va) dz = 0.
QL 8B(x)

In addition, similarly to what was done in (4.24) for the renormalization of B?, writing
| i) iy = [ (TG o) o
OB(x) OB
and using the condition faB 0%1/ =0, we find

[ (] (aaii)-otv)ar = (1.42)
QL OB(x)

and likewise,

| (] @tz i) s = o
QL OB(x)

Turning back to (4.40), replacing f3 by its expansion (4.7) in terms of correlation functions,
and using these three cancellation properties, the claim (4.37) follows.

Substep 1.2. Proof that

Ld/// (/ 5“%}? . 5yafu> fa(z,y, z) dedydz (4.43)
(Qr,p)* “JOB(x)
= el (] T 0 2) - NP o)y

+L7¢ ///(Q ' </83( )(JEJE;Z&L@) . 6%;%1/) fa(x,y, z) dedydz
L,p €T

et flf (] T 901 ey, dadyd,
L,p x

where Ei’2 stands for a boundary term,

B = i fff (| (272,00 1) olo.y) dodydz.
(Qr,p)*x(Qr\QL,p) ~/0B(x)

Inserting this into (4.36), together with (4.37), the claim (4.35) follows.

We turn to the proof of (4.43). As this term benefits from some additional decay due to
the factor 6Yo7, we only need the following (asymetric) simpler version of (4.39),

0] = TVIf 01+ TETL AL + T T, TLAY, (4.44)

which leads us to

L ///(Q . </{93( )5y’z¢f . 5yafy> f3(x,y, z) dedydz (4.45)
L,p z
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L_d [//H </ (jgjLzyizi) ) (Syail/> fg(.%', Y, Z) dmdydz
(Qr,p)? “oB(z)
Lid /// (/ (jfji/z 7%2‘) : 5y019i1/> f3 (‘Ta Y, Z) dxdydz
(QL,p)? W/ IB(x) ’

ot (T 901 e o
L,p x

and it remains to analyze the first right-hand side term. For that purpose, we use again
the elementary cancellation property (4.41), now in form of

/ (/ (jgjf;yzzz) . 5yafl/)dz =0,
L 0B(x)

which entails

o ///(QL,p>3 ( /83(z) (TLTE D) 5%’%”) fs(x,y, z) dzdydz
_ ///@L,p>3 ( /8 oy ETE01) §05) (Js(2.v.2) ~ A(P) fo(a,v)) drdyd:

e fff ([ (3272,00) a1v) (o) dedydz,
(QL.p)2x(Q1\Q1,p) \J0B(x) Y

and the claim (4.43) follows.

Step 2. Uniform estimates: proof of (i).

As in the proof of Proposition 4.6(i), appealing to the trace estimates of Lemma 2.3, the
decay estimates of Lemma 4.4, and the energy estimate (3.49), formula (4.35) for B3 can
be estimated as follows,

Bi| < |E})
" L_W(QLN — 1))~ = 2)0) " AP ha(w, 2)| + [ha(w, y, 2)]) dedydz
* L_d///(QL)J(x = 9)0) U = 2)r) | fs(2,9,2) = N(P) foly, 2)| dadydz
+L ///(QL)3<($ —2)0) Uz = y)r) Uy —2)0) " fa(,y, 2) dedydz
+L ///(QL)3<($ —y)) Ny — 2)0) " fa(w, y, 2) dwdydz,

and, for boundary terms,

3 37—d B ~di(y — N deduds

m s aer fff e - ) ey
—d T — “(y—2)) ¢ z)| dxdydz
el e 9 () dedye

—d — Ay —2)) "2 z)dxdydz.
et ffl D= 90 () dedyd
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In terms of multi-point intensities, appealing to Lemma 1.1, using both (4.9) and the decay
assumption (Mix") to estimate correlation functions similarly as in (4.27), we deduce after
straightforward computations

BY < B+ n(P) + / I8 (1) A Ag(P)) dt,
1

L
B3| < biL(Ag(P)Jr/l 1(w(t)m3(7>))dt>, (4.46)

and the conclusion (i) follows.

Step 3. Convergence result: proof of (ii).

In terms of 'y%’p(y, z) = L™ YQr,N(y+QL,)N(2+QL,)|, using stationarity and recalling
that 0Y¢* = JY1%7, the formula (4.34) for the infinite-volume cluster coefficient B? takes
the equivalent form

B? =

w3 (] T o) (Pt 2) sy, ) dad:

—d Y TZ 7Y, Y2 . LT B
+ 3L ///(Qw)3 /{)B VANV )0V)(f3(9c,y,z) MP) fa(y, z)) dedydz

+3L—d//
o

L3 // (/ jijz;ijyQZy,z> . 5y01‘y> fa(x,y, 2) dedydz
(Qr.,p)3 OB(x

+ %Lfd /// / §Y*? 6y’zaxl/> fs(x,y, z) dedydz,
(Qr.,p)? OB(x)

where

E} = 3//RdXRd — (2 (/aB (TVTZD7) - )(A(P)h2(o,z) + hg(0,, 2)) dydz

—
\

([ (@7F;0%) -6 ) (fa(a.. 2) = A(P)fala,y)) dadyd:
(Qr,)?* */OB(x)

—

/ (T*TYPY*) - 5yaxl/) f3(x,y, 2) dedydz
OB(x

—

3 //Rded L2 (/(93<~7y~725y¢z ) (£3(0,y,2) = A(P) fa(y, 2)) dydz
+3//Rdxm L= 02 (/BB (TVT07) - 890%0 ) (£3(0,9,2) = A(P) f2(0,)) dyd2
)
lt

+3// (1 =%,y 2 /

R xR4 0B

+3// (1—72 ,(y, 2 /
R4 xR4 OB

w3 [ aatwean( [ e 8ot) f(0.y.2) duds,
R xR4 0B

(T?6Y9%) - 6Y0 V) f3(0,y, 2) dydz
(TVTy6Y4%) - 5%’01/) f3(0,y, 2) dydz

l\D\C.O
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so that the identity (4.35) for B? entails
B} —-B? = F} — F} (4.47)

" 3L‘d/// ( / (T} TEy03) - oty — (T T70) - ")
(Qr,p)® \JOB(z)
< (A(P)ha(, 2) + hs(z,y, 2)) dzdydz
- 3Ld/// (/ (TLTLyTL 17 - oty — (T Ty TEH?) - ny>
(Qr,p)® “JoB(z) ,
x (f3(w,y,2) — A(P) fa(y, 2)) dadydz
s [l ([ (i) ety — (55 o)
(Qr,p)® “JOB()
x (f3(w,y,2) = N(P) falw, y)) dudydz
+ 3L /// (/ (TETL A7) - 8Yofv — (T TIPY?) - 5%%) f3(x,y, 2) dedydz
(Qr,p)? “JoB(z) '

o ///(Q )3 </aB( )(Ji’ TL Il 007) - 0oty — (T Ty TE"7) - 5ya“u>
| x f3(z,y,z) dedydz

+ %L_d /// (/ §VEYT Y E oty — §V YT 6y’zax1/) fa(x,y, z) dedydz.
(Qr,p)® *J0B(x)

The first boundary contribution E? is already estimated in (4.46). Noting that
1_7%7p(yaz) 5 %/\14_(%/\17

using the trace estimates of Lemma 3.3, the decay estimates of Lemma 4.4, the energy esti-
mate (3.49), and Lemma 1.1(iii), and further using (4.9) and the decay assumption (Mix]})
to estimate correlation functions similarly as in (4.27), we obtain for the second boundary
contribution in (4.47),

L 00
E} < i/l (logt) w(t) dt+/L 8% (,(t) dt.

It remains to estimate the remaining six right-hand side terms in (4.47). We focus on the
first term, which is the most involved, and we skip the detail for the last five ones. We
split the proof into two further substeps.

Substep 3.1. First periodization error term in (4.47): proof that

'Ld/ﬂ(czmﬁ (/88(:1:) (TETEVE) oty = (T T707) - ny)

X (MP)ho(z, ) + h3(z,y, 2)) dedydz

L
< w(L)(logL)? + + /1 (logt)w(t) dt. (4.48)

Decomposing
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(TLTEVL) - oty — (TVTG07) - o"v = (TLTLy01) (0 — 0" )+ (TE =T Ty o'y
+ TN Ty — TyWE - o"v + TVT; (Wf, — %) - o',
and appealing to the trace estimates of Lemma 3.3, we find

[ (GtTiy0) - ote = (0550
0B(x)

< ([, g il) (f pwi-wR)

e ([ =il ([ pwr)’

Bitp(z)
1

~(f DTy ) ( [, PwIr)

Bl+p(x)

(o Pt er) ([ per)

1+p(x)

We then appeal to the decay estimates of Lemma 4.4, to the periodization error estimates
of Lemma 4.5, and to the energy estimate (3.49), in form of

(f, . pwi-w) 5 o
1+p(T

(f, . PGTEIDR) 5 (@0 ==

1

(f, PR =aTi)f) S (=20

[NIES
24N
£}

|
<
IS

([, . D, = 00F)

SIS
A
9

U
_
8

|
<
\/‘ ’A‘

U
—
—~~
<

|
N
N—
h
~

|
L&

(f, DT —vr)

so that the above becomes

)/83( )(jl%jf;ylﬁi) opy = (JVIGP7) oty
S Yyt (@ —9)n) N = 2)0) " 1,y LNy — 2)n) ™
+ ﬂ\yﬁb% (z — y>_d<(y - Z)L>_d + ]l‘y—z|§%L_d<x - y>_d~

Further using (4.9) and the decay assumption (Mix/}) to estimate correlation functions
similarly as in (4.27), we get by symmetry
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'Ld///<QL,p>s ()], (T35 -t = (70 o)

X (MP)ha(z, ) + h3(z,y, 2)) dedydz

///(QL)3 Doy (z=y))" Yy —2)r) “w(lz — 2]) dedyd=

—2d ANV (e — 2 de . .
L ///(QL)3ﬂ|x—ys{;<(y )n) (] ) dedydz.  (4.49)

We start with the first right-hand side term, which is the most delicate one to estimate.
By properties of w, we may decompose

The first contribution with |z — z| > L is easily estimated,

] b (@ = 90 — 20 dadyds S w(E) s L)
(Qr)?

and we turn to the contribution with |z —z| < %. For that purpose, we interpolate between
two bounds for the integral with respect to y,

[ Bt b es =) =200 dy
S Lger (@ = 2)) ™ log(2 + [(@ = 2)2)) A (dist({x, 2}, 0Q1)) ™
< ((:c — z) + dist({z, 2}, 8QL))_dlog(2 + |z —z|),

where we further used that (r — 2z)p =z —z if |z — 2| < %. By symmetry, we then get

- ///(QL)3 ]l|x*y|>%]l|xfz|§%<($ — ) Ny — 2)r) w(|z — 2|) dedydz

< L—d// . ((x — z) +dist({z}, 8@,;)) log(2+ |z — z]) w(|z — 2|) dxdz

< 1 / ' log(t)w(t) dt, (4.50)

1

where the last bound follows from a straightforward computation, carefully distinguishing
between the cases (v — z) > dist({z},0Qr) and (z — z) < dist({z},0QL). Indeed, on the
one hand, the part with (x — z) > (dist({z},0QL)) can be estimated by

L@ //(Q - Laist({2},0Q1)<(z—2)(T — z>—d10g(2 + |z — 2|)w(|z — 2|) dodz
L

< L / (L)) ()~ log(2 + [y])w([y])dy

L
< i/l (log 7)w(r) dr,
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and on the other hand the part with (z — z) < dist({z}, 0QL) is estimated by

L_d/ <dist({x},8QL))_d(/ log(2 + |z — z))w(|z — 2]) dz)dx
L {2€Qr:(z—2)<dist({x},0QL)}
L L—r
< Ld/ rd1<L—r>d(/ 57 (log s)w(s) ds)dr
1 1
L L—r L
< i/ <L—r>d</ s (log s)w(s) ds dr + L~ / Ylog s)w(s)ds
1 1

L)2

L/2 L-s L
S }4/ Sdl(logs)w(3)</ (L—r)" ddr ds+ L~ d/ s (log s)w(s) ds
1 L/2 1

L
<1 / (log 5)w(s) ds,

Which yields the bound (4.50). It remains to estimate the second right-hand side term
n (4.49), for which we directly find

I Qd///Q el 2)0) (e — =) dacdyds

L L
< (logL)L_d/ ) dt < i/ (log t)w(t) dt.
1 1

Inserting these different estimates into (4.49), the claim (4.48) follows using the doubling
property of w.

Substep 3.2. Conclusion.

The next four terms of (4.47) are estimated similarly as the first periodization error term,
and we skip most details for brevity. We solely briefly comment on the last term in (4.47),
which is slightly different as it involves second-order corrector differences. We claim that

'L—d /// (/ 5y,z¢? -0V Foty — 52 5y,szy) fa(z,y, z) dedydz
(QL,p)? “J0B(z)

< Ma(P). (451)

S

By (4.38), and arguing similarly as for §¥#47, we can decompose
5y,z¢? = ijjLZ yqﬁyaz + JZJi’;Z&%z
Y] = T aTiwygVi" + Tia Tl 00”7,

so that, proceeding as in Substep 3.1 above, we can write §¥*¢% - §%%gF — §¥-*¢)? . §¥*5*
as the difference of four terms, which can each be written as a telescoplc sum of six
terms involving “elementary” periodization errors. The most delicate of those terms is the
following one,

_d///( L)? (/Bu) ’D(jyjﬂy’@\Q)é

([ D@L - ) R) fa(e.y.2) dodyd
Biyp(z)
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By the decay estimates of Lemma 4.4, the periodization error estimates of Lemma 4.5, and
the energy estimate (3.49), and further appealing to Lemma 1.1(iii) to control f3 in terms
of the multi-point intensity, this term is bounded by

L_d)\g(P) ///(Q )3(1: — y>_d(x — z)_d<y — z)_Qd(dist(y, GQL))_d drdydz < )\3(77)%.

All the other terms can be bounded similarly, and the claim (4.51) follows. This concludes
the proof of (ii).

Step 4. Analysis of remainders.
Starting from (3.30), expanding the products, and separating the different intersection
patterns, we are led to the following, in terms of multi-point intensities,

IRi| < L7

/ ( / D(6**07) : DY 65)) fo(w.y. 2.y, 2') dudydzdy d=
(Qr,p)* 7/ B(x)

+1L7¢

[ (] D@=uf) D@ D)) fulwy. ) dedydzds’
(Qr,p)* “V B(x)

+L~¢

[ (] D@u5) D)) faw, 2, ) dudydads
(QrL,p)* */B(=)

414 /(Q E </B( )|D(5y,z1/}%)|2) fa(z,y, z) dedydz
L,p T

r—d / </ D(6v*¢?) : I)((Syq/}g’g,L)> fa(x,y, z) dedydz
(Qr,p)® “JB(=z)

L~ / (/ IO D(@E)) f3(z,y, z) dedydz|.
(Qr,p)* “/B(x)

As in the analysis of B% in Step 1, cancellations are unravelled by decomposing (W%ﬁ% in
terms of single-particle contributions. We leave the details to the reader. O

4.4.3. Higher-order explicit renormalization. Finally, we turn to the general higher-order
case. The obtained renormalized formulas are not displayed in the statement as they take
the form of intricate diagrammatic expansions and require notation that will be introduced
in the proof.

Proposition 4.8 (Higher-order renormalizations). Let (H,) and (H;‘“if) hold, and assume
for simplicity that particles are spherical with unit radius, I, = B(xy,). Let also the mizing
assumption (Mix[)) hold to order n = k+1 > 2 with rate w € C;°(R™) satisfying the Dini
type condition [ +(logt)k~w(t) dt < co. Then, the infinite-volume (k+1)th-order cluster
coefficient BFT1, cf. (3.13), can be expressed by means of absolutely convergent integrals.
In addition, in case of an algebraic rate w(t) < Ct=P for some C, B > 0, the following hold.

(1) Uniform estimate:
B S Akya(P)llog A(P)[".

(i1) Convergence result:

5ktl  Bk+l log L)*
B - B < Lkt
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(#i) Uniform remainder estimate: If (Mix/}) further holds with n = 2k + 1 with algebraic
weight w(t) < Ct=P, then

R ZAJH Y|log A(P)). (4.523

Proof. Let k > 1 be fixed. By definition, cf. (3.8), the periodic approximation B]ZH is

given by
Bt =+ it 3 SRl [ onigof)
fF=k+1neF 9B(zn,1)

and thus, decomposing Uf = ZGcF\{n} 5Ga£n} for n € F', we get by symmetry,
#

k
I 1) D S A
=0 l MO, ey T 6B(Jf'n0,L)

In terms of multi-point densities, cf. (1.15), recalling the choice (3.1) of the finite-volume
approximation, and using the notation (4.15), this becomes

k
_ k
Bk—l—l _ k41 L—d/ / STy Tk ®.5x1+1,...,xk o
L 2 E : l (Q1,)k+ 9B(z0) 1/1L o v

=0
X fk+1(£L‘0, ey .’L'k) dxo AN d.ﬁlfk (453)

We now need to capture enough cancellations to make these integrals absolutely summable
uniformly in the large-volume limit. For that purpose, similarly to what we did for B3 7 in
the proof of Proposition 4.7, we shall proceed to a suitable expansion of §%1:%k 1[)% in terms
one-particle contributions. For general order k, the expansion is conveniently expressed in
terms of diagrams. We split the proof into six steps.

Step 1. Diagrammatic decomposition of 5:”17""“1/1%.

We start with some terminology and notation:

— We use the standard notation [k] := {1,...,k} and for any subset S C [k] we de-
fine zg := (zi)ies-

— Given a sequence I = (i1,...,1;) of indices, the first index i; is called the root of I, the
last index i; is its endpoint, and [ is its length. The associated index set is denoted by
(I) == {i1,...,1;} and we define the cardinality of I as §I := #(I). An index ¢ is then
said to belong to I (for short, i € I) if it belongs to the index set (I), and we define
Tpi=xpy = (xi)iEU)' Two sequences I and J are said to be disjoint if there is no index
belonging to both, that is, (I) N (J) = @.

— The concatenation of two sequences I = (i1,...,4;) and J = (j1,...,Jm) is denoted by
Ty J:= (il,...,il,jl,...,jm).

— A string of indices is defined as any sequence of distinct indices with length > 1.

— Given a string I = (i1,...,%;) and an index set S, we define the elementary contribution
of I given S as the following composition of operators,
x; Z; L. Lq
Ris(@n) = TrieTrim, Tris ay Ty oy (4.54)

where we recall that the J7 y’s are defined in (4.18).
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ONENO (D
O—H—F——0—
II

B By B

By

FIGURE 1. Each term in (4.57) can be represented by means of a directed
graph on the index set {0}U[k], where edges are given by pairs of consecutive
elements in B W...W B, with possible multiplicities and where we include
the edge (0,b) with b the root of By. In this way, an edge to i corresponds to
an operator J. foxT in (4.57). For instance, the above diagram is associated
to blocks By = (1) W (2,1), By = (3) W (4,5,3) W (6,7,5), B3 = (8), and
By = (9) W (10,11, 9).

— A block is defined as any sequence B of indices that takes the form
B=bOWwWhy.. . WI,, (4.55)

where 7 > 0 (for 7 = 0 we simply have B = (b)) and where Iy, ..., I, are strings of
length > 2 with the following property: for all 1 < j < r, the endpoint of I; belongs to
(b) Wi W...wW ;1 but other elements of I; do not.

— Given a block B = (b)) W I; W...W I, and an index set S, we define the elementary
contribution of B given S as the following composition of operators,

B L x I I In
Crs(zp) = jL;l;:sRLl;{b}(x[k’])RLQ;((Z;)LHIQ (@) - -RL;((b)wlw...wn,g(x[k]>- (4.56)

In these terms, we claim that %1% w% can be decomposed as follows,

k
Gt T = NN CpL () (@) - Chus, (@) VL (4.57)

r=1 Bi,..,Br

where we recall the short-hand notation 1/7)? "= szT + Ex, and where the sum ) p  p
runs over all r-tuples of disjoint blocks By, ..., B, such that

(BiW...wB,) = [k].

Note that this sum (4.57) is obviously finite, uniformly in L. Any sequence of indices of [k]
can be viewed as a walk on the vertex set [k], thus inducing a (traversable) graph on [k]
where edges are defined by successive elements of the sequence (with possible multiplicities).
In this view, each term in (4.57) can be conveniently represented by a corresponding
diagram, cf. Figure 1; as we shall see, these graphical representations will prove crucial in
estimating the different terms.
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We turn to the proof of (4.57). More precisely, we shall prove the following seemingly
simpler statement: for all disjoint index sets S, T C [k] with S # &, we have

_ n Iw(c) T,
srsysr = ST g g+ S0 ST R grsungrrer (4.58)
besS I(;grcinsg ceT *'

We quickly argue that this indeed implies (4.57). First, we iteratively replace the corrector
difference & in (4.58), using (4.58) itself, to the effect that

5365me
Iltﬂ(q) ( )
DD 2 > RV RES T (o)
l>0 Iq,..., I; disjoint strings pc S\ ([ ... W], Clsees cl
' <I1l>q~-<J,<Il> s & beS\h l>v e €TU(I ... W15 _q)
Niw(er)

Tb TS\ (I W... eI (b)) o/, b
L;TU(Iltﬂ...&le—ﬂ(x[k])jL;rTu<11uwIl>5 ! ! wL

Ii(cr) IoW(c2)
+ > > Riar @) RE0(n) (@)

>1 Iy, I; disjoint strings Cleeny cy
(I1)U...u(I;)=S Vi €TU(I .. W1 _q)

IW(c) o~
RLZ;TUlUlw,..wI,,Q(x[k])¢LS T

In particular, recalling the notation (4.54) for elementary contributions Ri; g, and recog-

nizing the definition (4.56) of block contributions, we deduce for all disjoint index sets
S,T C [k] with S # @,

ui xr
Y Tih 5
besS
B :Bb T 7Ty B n
Y chalan) (| 3 I 000 ) 4 3 ot
B block bES\ B block
(B)CS <B>:S

Iterating this identity, starting from (4.20) in form of

§sq? = Z T e §us\eoee

bes

the claim (4.57) follows.

We are left with the proof of (4.58). Given disjoint index sets S,7T" C [k] with S # @&, in
view of (4.20), corrector differences can be decomposed as

x x — Ty T 1, Th,XT
OTSYT = Y Tl ST

beS
Decomposing 17>"" = 7® + (7>"T — 1b7*), this becomes
O = D Tl SO+ Y T, O WP ), (459)

beS beS
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and it remains to further decompose the last right-hand side term. For that purpose in
view of Lemma 3.2, for all D C S with D # &, we note that §*5\P (¢72" —¢)7P) satisfies

— AGTS\P (wxD@T - ) + V&ES\D( xD7xT]lQL\UieDuTB($¢) - ZzD]lQL\UbEDB(mb)>
= =SB, 05\ P (077" = 07P)
beD
N Z 58B(xi)5xS\DU{i} (JiD@mﬁT IDVTZ Z 58B 5135\D0_$D7517T
1€S\D €T

which then allows to write
Tp,T x o ; ; TD,T4,T Tp,T; ; TTD,T
§TS\D W’LD T _ LD) — Z j[ll';szé‘l'S\Du{z} (wLD T _ wLD )+ Z jLI;ZmD 5z5\D¢LD T
ieS\D ieT

Using iteratively this identity for D exhausting S, we obtain upon recognizing the defini-
tion (4.54) of elementary contributions,

ZJ?;‘;;T(SJZS\{I)} (d)zbJT _ fvb — Z ZR Jf[k] )oTS\¢ 1)1/}11,96T

beS I string c€T'
(Iycs

Inserting this into (4.59), the claim (4.58) follows.

Step 2. Estimation of block contributions and graphical notation.
Let B be a block of indices with root b and endpoint f. By definition of elementary block
contributions, cf. (4.56), for any index set S that is disjoint from (B), Lemma 4.4 yields

1 1
([ 19€EstamcP)’ s (G- an Daten)( [ 1) 0)
B(2) B(zy)
where for any sequence C = (¢y, ..., ¢p) we define
Do(xc) = ((ze; = we)) ™ o ATy = Te L)% (4.61)

As such contributions will be combined in intricate ways in the sequel, we introduce a
convenient graphical notation. Integration variables are represented by small black circles
and frozen variables by small white circles. The index of a frozen variable is occasionally
indicated in the corresponding circle. A solid line between two vertices ¢ and j represents
a factor ((z; — z;)1)~% In particular, multiple edges correspond to powers of this factor.
For instance, we have

G(‘ (1) = /(Q )2<(901 —29)1) " N(xo — 23)1) 2N (x5 — 1)) (23 — 24) 1) "¢ daodrs.

When evaluating integrals with borderline factors ((z; — x;)1)~¢

logarithmic factors, for which we shall use the short-hand notation

Li((z)ies) = log (2 + max| (= .)L|). (4.62)
i,j€J

, we naturally obtain

This is combined into our graphical notation as follows: a symbolic prefactor £ in front of
a diagram indicates that a factor L (xg) is to be included into the corresponding integral,
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where S stands for the set of all implemented indices. For instance, for any power pu > 0,
we have

Q(‘ Ok /L 11, 72, 3, 24)"

((x1 — 22) 1) "N (22 — 23) 1) 2 (23 — 21) 1) "N (23 — 24) 1) "¢ dwadus.

Noting that for any v > 0 and p > 0 a direct evaluation of integrals yields

{(x —2)) "L (x, 2)" Doy >d,
Lr(x,y,2)"{(x —y)) Ny —2)) Tdy S { ((@—2)) Lz, 2"+ y=4,
e ((x=2)p) " Lrla, )y <d,
we deduce with our graphical notation
LPo—e—o < P (4.63)
LV Se—o S L o—o

which allows for instance to estimate graphically

S S = ((z1 —x)1) ™"

The counting of logarithmic factors in the sequel will be quite trivial as we shall notice
that at most one logarithmic factor appears each time a vertex disappears in the graphical
representation. This rough bound can often be improved, but it suffices for our purposes.

We need to add one more ingredient to our graphical notation. Indeed, in the sequel, we
replace the density function fri; in (4.53) by its expansion (4.7) in terms of correlation
functions, and we estimate the latter by appealing both to the decay assumption (Mix)
and to the uniform bound (4.9). This leads us to combine products of the form D¢ (z¢)
with products of factors of the form w((x; —x;)r) AAp, (P) for some p; > 0. In our graphical
notation, such a factor is represented by a dashed line between vertices 7 and j. In principle,
the value p; should be included in the notation to precise the value of the edge. For conve-
nience, we rather use a simplified notation: for a diagram with s dashed lines, a symbolic
prefactor A} indicates that the dashed lines correspond to factors (w((-)r) A Ap,(P))1<i<s
with any p1,...,ps > 1 satisfying p; +... +ps = k, and we take the sum over the different
possible choices of such p;’s. For instance,

o(JoR p [, (el =) A P el = 20 A A (P)

X <(.T}2 — $3)L>_d<(a¢3 — xl)L)_d<(x3 — $4)L>_d dl‘zdxg.

In addition, a symbolic prefactor A in front of a diagram with s dashed lines indicates that
the whole expression is multiplied by a factor A,,(P) and that the dashed lines correspond
to factors (w((-)r) AAp, (P))1<i<s with any po, ..., ps > 1 satisfying po+...+ps = k, where
we again take the sum over all possible choices. In other words,

Z)‘ )‘k p)
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As obviously w((-)r) A Ap,(P) < Ap,(P), we get with our notation
)\EO < N, o—o = )\k(P)o—o (4.64)

Next, we combine this with the notation £ for logarithmic factors: in front of a diagram
with a prefactor A7, a symbolic prefactor £ indicates that either a factor L£(zg) is to be
included into the corresponding integral, where .S stands for the set of implemented indices,
or that one of the factors w((z; — x;)1) A Ap,(P) is to be replaced by

(w((@i =)L) Lr(zi, z5)) A (Ap (P)[log A(P)]),

and we take the sum over the two choices. Powers of £ are defined accordingly: for instance,
for any p > 0,

E"/\g: > > / L(w1, w2, T3, 14)"°

ko-H1,1220  po,p1,p22>1
rot+r1tu2=p potp1+pa=k

X ((w((:rl — acg)L)ﬁL(xl,xg)’“) A ()\pl (P)|log A(P)\’“))
% ((@(@2 = 3)2)L (@2, 23)2) A (Apa(P)log A(P)|))

X (w2 — w3)1) " N(w3 — 21) )" N(x3 — 24) 1)~ daadas.

When £ is in front of a diagram with a prefactor A}, we add the possibility of multiplying
the whole expression by a factor |log A(P)|: for all p > 0, this means

(LX) ZZA )log A(P)” x (L*7M5_,).
v=0 p=1

In case of an algebraic rate w(t) = Ct~? for some 3 € (0, d), a direct evaluation of integrals
yields, for all A > 0 and p,v > 0,

Ly, 2 (@ = )~ (@l - 2)0)Lr,2)) A (Alog ) ) dy

< (w((x = 2)p)Lr(x — 2)P T A (Alog AJPTVHD).

~

QL

With our graphical notation, recalling Lemma 1.1(ii), this estimate and similar computa-
tions yield for all p > 0,

LEN)o—e-o < LEPTIN om0 (4.65)
LEN) om0 S LEA ==
D“)\ZO—O g £“+1)\;€o—o
LEN, TSm0 S LPTIN om0

which allows for instance to estimate graphically

ex QO 5 QO 5 CNO-O
< M(P){(z1 — 22) 1) " (log A(P)| + L1 (w1, 24))" .

This notation will be used abundantly in the sequel.
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Step 3. Partial integration on blocks.
Let B be a block of indices with root b and endpoint f. We shall establish the following
key estimate for partial integrals on B: for all «, 8 € (B),

D xr dZL' o < E €T 73;‘ ,3:‘ ,.T ﬂ(B>\{b7f7Oé7ﬁ}
/(QL)n<B>\{b,f,a,a} B(eB) 2B\ f0p) 5B L1025 Tas Tp)

X (D(a,b,fﬁ)(ﬂf[k}) + D(a, 10,8 (@) (26 — xf)L>_d>

A (D(a,f,b,ﬁ) (@) + Diap,f,8) (@) (26 — xf)L>_d>- (4.66)

With the above graphical notation, if b, f, , 8 are all distinct, this can be written as

e:e < Lﬁ34<+) A (+), o

where henceforth gray squares stand for integration on a generic block. As these estimates
will be abundantly used in the sequel, we also display the important special case when one
further integrates over b or f, which is deduced by applying (4.63),

)
(<) (=) (<) O
(») < L3 and (1) < £273 (1) (4.68)
) O, ) )

and we further display the special cases when o = 3,
L3 () A O
O—O O—O

LiB-2 /o (4.70)
O

£iB2 o\ (4.71)

0o O £ =) (4.72)

We shall in fact prove a much more precise estimates, see (4.75) below, but the above
convenient estimates will be enough for our purposes. Powers of the logarithmic factor in
each of these estimates is equal to the difference between the numbers of vertices in the
left-hand side and in the right-hand side: indeed, in view of (4.63), each vertex that is
integrated yields at most one logarithmic factor. This could in fact be improved in (4.70)—
(4.72) based on (4.75), but we shall not need such refinements.

AN

(4.69)

N

AN

()
MK KK
)
A

Before turning to the proof, we make a notational comment. A special role is of course
played in the above estimates by the root b and by the endpoint f of the block. In the
sequel, even when vertices are not labeled explicitly, as e.g. in (4.75), we take the convention
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that the root and the endpoint are always drawn respectively on the left and on the right
sides of the square (or at one of these two locations in case they coincide), while all other
distinguished vertices are drawn indistinctly on the upper and lower sides.

We turn to the proof of (4.66). For that purpose, we shall study geometric properties of the
graph & associated with the block B. Letting B = (b, ba,...,b;) with by = b and b = f,
we recall that we define vertices of & as the elements of the index set (B) = {b;}1<i<i,
and edges of & as pairs of consecutive indices (b;,b;41) with 1 < ¢ < [. Note that &
is connected and may have multiple edges but no self-loop. We shall repeatedly use the
following observation: as edges of & are defined from the block B, we note that b and f
have odd degree > 3 and that other vertices have even degree > 2 (where the degree of
a vertex is the number of unoriented edges containing that vertex; see e.g. Figure 2). We
split the proof into three further substeps.

Substep 3.1. Cyclic estimate.
In the spirit of (4.61), for a graph $) on the index set [k], we define

Dg(zp) =[] (@i—2)0) (4.73)

(4,9)€H

where the notation (¢, 7) € $ means that (7, j) is an edge of $). Provided that § is Eulerian
(that is, provided that ) is connected and that each vertex has even degree), we claim that
for all vertices «, 3,7 € ($),

D )d o
/(QL)uﬁ\{an} o(@ [k] Tioept

< Eﬁﬁ\{aﬁ’y} ‘ A (4.74)
A ) @-@ @’@ @ 0

We will use standard terminology from graph theory, which we recall here for clarity: a
walk is a sequence of edges joining a sequence of vertices; a trail is a walk in which all edges
are distinct (taking edge multiplicity into account); a path is a trail in which all vertices
are also distinct; a circuit is a trail in which the first and last vertices coincide; a cycle is
a circuit in which only the first and last vertices coincide.

We turn to the proof of (4.74) and we argue by induction on the size of §. Assume
that «, 3, are distinct (the cases @ =  # v and o« = 8 = y can be treated similarly and
are skipped for brevity). The result is straightforward if §§) = 3 as no integral is performed
in that case. We turn to the case §$) > 3. As §) is Eulerian, there is a circuit that covers
(that is, a circuit that visits every edge of §) exactly once). Removing some subcircuits, we
deduce that one of the following two possibilities must hold up to a permutation of «, 3,~:

(a) either there is a cycle € visiting «, 3, 7;

(b) or there is a cycle €; visiting «, f and a cycle €q visiting «, v such that vertices of €;
and €, are all distinct except a.

Both cases can be treated similarly and we focus on the first one for brevity. Let € be a
cycle visiting «, 8,v. Denote by $)’ the (possibly empty) subgraph of § induced by the
complement of the edge set of the cycle €. As § is Eulerian and as € is a cycle, we notice
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that £ is the union of Eulerian subgraphs £, ..., 9’ that are edge-disjoint. We may then
decompose

Dg(zx1) = De(@p) Dy (zy) - - - Doy, (T [g)-
For all 1 < i < s, there is a vertex j; of $ that also belongs to the cycle €. Summing
separately over repeated variables, we may then estimate

/(Q Y9\ {a,8,7} Dg () d2(s)\{a,6,1)
L )

< D¢(z / Dei(x) dx g ».)d:c o .
/(QL)W\{QM el [kﬂ(E oyysit Do) B2ty )T o)

As the $’s are strict Eulerian subgraphs of §), an induction argument allows to assume that
the claim (4.74) is already known to hold for $) replaced by any of the $}’s. In particular,
upon integration, this entails

5 —1
/(‘QL)WJQ—I Dﬁé(x[k])dxmé)\{ji} 5 [}i -1

The above then reduces to

D Aot gt < gziwﬁ;—n/ D it s,
/(QL)WJ\{Q»[?N} f)(l’[k}) TN {87} ~ (L)) @(Cl?[k]) Z(@e\ {87}

where the right-hand side is now simply an integral of the form

RS

Using (4.63) to evaluate the integrals, noting that the number of appearing logarithmic
factors is bounded by the length of € minus 3 and that the length of € is bounded by the
total number of vertices minus the number of vertices not in the cycle (that is, Y, (8, —1)),
the claim (4.74) follows. More precisely, we obtain in this way the first right-hand side
term in (4.74), while other terms correspond to case (b) above.

Substep 3.2. Path decomposition of the graph & associated with a block B.

We show that, if b # f, there exist three edge-disjoint trails £!, £2 €3 that cover & (that
is, the union of their vertex sets is the vertex set of & and the disjoint union of their edge
sets is the edge set of &). We refer to Figure 2 for an illustrative example.

As b and f have odd degree > 3 and as all other vertices of & have even degree, we can
find a trail £ from b to f. Without loss of generality, we can assume that b and f are
visited only once by £!. Then consider the subgraph &’ of & induced by the complement
of the edge set of £!. By construction, all vertices of &’ now have even degree, and the
definition of the block B ensures that &’ must be connected. This allows to find two other
disjoint trails £2, €3 from b to f in &'.

Next, assume that a vertex o € (&) is not visited by any of the three constructed trails
g1, 22 €3 Recalling that & is connected, a degree argument as above ensures that there
exists a circuit £ from « to itself that is disjoint from the trails £!, £2, £3 and that crosses
at least one of them. A detour via £ is then easily added to those trails in such a way
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FIGURE 2. This graph represents the block B = (1) W (2,3,1) W (4,3) ¥
(5,2)W(6,4) W (7,6). The path decomposition of Substep 2.3 can be chosen
in this case as £! = (1,2,6), £2 = (1,4,7,6), and £3 = (1,3,2,5,3,4,6).

that they remain disjoint and that at least one of them now visits a. Repeating this
construction, we are led to edge-disjoint trails €', £2, €3 that visit all vertices of &.

Finally, consider the subgraph &” of & induced by the complement of the union of the
edge sets of £1, £2, €3, By construction, all vertices of &” have even degree, which allows
to write ®” as a union of edge-disjoint circuits. Adding detours via these circuits, we can
assume that the trails £', £2, £3 cover the whole graph &, and the claim follows.

Substep 3.3. Proof of (4.66).

Let £1, £2, £3 be three covering edge-disjoint trails from b to f as constructed above. Given
a vertex «, distinguishing between the number of paths from b to f to which « belongs,
and removing cycles, we get the following four possibilities:

(a) either there exists a cycle € from b or from f that visits a and there exist three paths
A1 /2. &3 from b to f, such that ¢, &', 82, &3 are edge-disjoint and cross each other
only at b or f;

(b) or there exists a path &' from b to f that visits a and there exist two other paths
82,83 from b to f that do not, such that 8!, 82, 8 are edge-disjoint and cross each
other only at b or f;

(c) or there exist two paths &', 82 from b to f that visit a and there exists another path
£3 from b to f that does not, such that &', 82, 8 are edge-disjoint and cross each
other only at «, b or f;

(d) or there exist three paths &', 2, 8 from b to f that visit o and that are edge-disjoint
and cross each other only at o, b and f.

Given another vertex 8, and distinguishing between corresponding cases, we obtain three
distinguished paths &', 82, 8 from b to f that may visit or not « and 3, in different
possible orders, and we obtain up to two cycles ¢!, ¢? from b or f visiting o or 5. The
subgraph of & induced by the complement of the union of the edge sets of those three
paths and possible cycles is necessarily a disjoint union of Eulerian graphs and can be
removed by duplicating variables as in Substep 3.1. It remains to consider the union of
those three paths and possible cycles. Considering different patterns and using (4.63) to
estimate consecutive edges along each path between frozen vertices b, f, a, 3, we are led to

B (S S oy dyram),
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where for brevity “sym.” stands for the sum of all other graphs obtained by reflecting the
six pictured graphs with respect to the vertical axis, the horizontal axis, or both (which
corresponds to permuting « and 3, b and f, or both). In fact, the analysis of all possible
patterns produces a larger number of terms, but we claim that all others are bounded by
the above. For instance, another possible pattern corresponds to the case of three paths
81,82, &3 from b to f visiting both a and 3, where &', 82 visit a before 8 while 82 visit
them in reverse order: we claim that the corresponding contribution can be bounded as

follows,
@ 47 (4.76)

which is indeed bounded by the right-hand side of (4.75). This bound follows from

AN
which is itself nothing but the triangle inequality ((z1 —z3)r) < ((#1—22)1) + ((z2—73)L)
post-processed into ((x1 —x3)r) < 2((x1 — z2)r){(x2 — x3)1) and put to the power —d. A
straightforward similar inspection of all other possible patterns shows that the bound (4.75)
indeed holds; we skip the detail for brevity.

Finally, removing a few edges in (4.75), we are led in particular to the claim (4.67). The
claims (4.68)—(4.72) follow as straightforward corollaries after integrations using (4.63).

Step 4. Approximate cancellation of translation-invariant averages on given blocks.

Let B be a block of indices with root b and endpoint f, and let S, T be disjoint index sets
with (SUT) N (B) = 2. Let m := B and s := {S. For all zp, v, let (77, € Héer(QL)d
satisfy (4.17) at z = xf, and assume that (z, is equivariant under translations in the sense
that

G, t 2 =G, foralze B

where [z]p (resp. [z]s) stands for the element of (R%)™ (resp. (R?)*) with all coordinates
equal to z. Then, for any function h on (Qr)™"* that is translation-invariant in the
sense that h(zp + [2], 25 + [2]s) = h(xp,zs) for all z € RY we have for any linear
functional F : H! (Qr)? — R

per

'/ - F[CET(x[k])Cf;SIB] h(zp,xs)drpdrs
L m-s

< J U
L N (Qptay) e I\(Qp)m et

X (!hL(xB, xs)| + |h(.1‘B,335)|) dx<B>\{b}dl's> dxp, (4.77)

F [CE;T(:E[k])CffxB]

where we have defined the periodization hp(z) := h(zr) where 2z, € (Qr)™"* stands for
the reduction of z € (R4)™+* modulo (LZ%)™**. Note that we do not obtain an exact
cancellation in general for such a symmetric average on a block, but this bound reduces it
to a boundary term.

We turn to the proof of (4.77). Set for abbreviation C' := (B) \ {b}. By definition of

elementary block contributions, cf. (4.56), we can write

Clr(am)Cis, = Tih o, (4.78)
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for some function 52%’:5 that satisfies (4.17) at z = x3 and is such that £, is equivariant
under translations. The left-hand side of (4.77) then becomes

/(Q - F[CﬁT(x[k])Cf;SxB] h(zp,xs)drpdxrg
L m-s

= o o P2 €IS o) didrcds.
L

and thus, using the equivariance of £ under translations,

/(Q - F[CET(x[k])Cf;SxB} h(zp,xzs)drpdxrg
L m-s

- /(Q ymt [ LwT (gxc rlesmstlnls °( _xb))} h(xp, vc,xs) deydrodrs.
L m-+Ss

Replacing h by its periodization hy, (which we can on (Qr)"™"*), changing variables and
using periodicity, the above becomes in these terms,

/(Q - F[CET(x[k])Cf;SxB} h(zp,xzs)drpdxrg
L m-s

N /(Q ym+ |: LmT (gxc’xs( a xb))} hL(xb’xC + [xb]C;l’S + [l‘b]s) drpdrcdzs.
L m—+s

If hr(xy, xc + [Tp]c, x5 + [Tp]g) Were replaced by h(0,z¢, xg) in the integrand, the cancel-
lation property of Lemma 4.3 would precisely entail that the integral vanishes (this would
have been the case if we had considered a periodization in law of Z rather than (3.1)).
Adding and subtracting h(0, z¢, zg), we deduce

/(Q - F[CLB;T(x[k])QifIB] hzp,xs)drpdzrg
L m-rS

X (hL (zp, zc + [mp]0y 28 + [T8) ) — R(0, 20, mg))dmbdxcdxg.

If xp, w0, s are such that (zp, xo + [xp]c, v + []s) € (QL)™ TS, then the definition of
the periodization h; and the translation invariance of h imply that the integrand vanishes.
This leads us to the bound

/(Q - F[CET(x[k])szxB] h(zp,zs)drpdrs
L m-S8

< 1,
I (QL)m+s—l\(QL_xb)m+s—1

(‘hL (:cb,a:c + [Jfb]c,xg + H?b )} + ’h 0 xc,xs)‘) d$<B>\{b}d.’E5> dl‘b.

FlI7, (657 - )]

Using again (4.78) and the equivariance of £, the claim (4.77) follows.

Step 5. Uniform estimates: proof of (i).
The starting point is the decomposition (4.53) of Blffl. For brevity, we shall focus on the
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term corresponding to [ = k in (4.53), that is,

ChHl = k-glL—d/

(QL,p)k+1

</ (5”‘“"’”1&% . O’ioll) fk+1($0, R ,a:k) d:L'o A d.%'k,
0B (z0)

while the other terms are simpler to estimate due to the additional decay given by the
factor 07i+1-Tkg70. Inserting the diagrammatic decomposition (4.57), we get

k

~k+1 _ k+1 ~k+1r

CL = % E E CL (Bl,...,Br),
r=1 Bj,...,Br

where we recall that the sum runs over all r-tuples of disjoint blocks By, ..., B, such that
(B1W...4W B,) = [k], and where we have set for abbreviation

CHY(By,...,B,)

- - i B BT 7T By €T
— /(Q s </<93( ) <CL?1@(:E[’€])CL;2<31>($U€])"‘CL;<BT,1>($[k]) L > 'UL°V>
L,p xo
X frr1(wo, Tpky) drodr -

Let such By, ..., B, be fixed. Replacing fr11 by its expansion (4.7) in terms of correlation
functions, we find

Cy " (By,...,B,) = ZLd/(QL - < 11 hﬁH(xH)>
™ P

Her

X (/33( : (Cglg(x[k})(?f?(f;ﬁ(l‘[k]) .. .Cﬁ?BT_ﬂ(:U[k])QZJiBT) -O‘fol/> dxodl‘[k}, (4.79)
o

where 7 runs over all partitions of the index set {0} U [k] and where H runs over all cells
of the partition 7.

We shall say that a partition 7 of {0}U[k] is covering for By, ..., B, if there is no ‘separating’
index 1 < a < 7 such that each cell H € 7 is included either in {0} U U?;ll (B;) or in
Ui_.(Bi). We denote by K(Bi, ..., B,) the set of such partitions. Using the approximate

cancellation property (4.77), and further noting as in (4.42) that

/ ( /a y )(cglg(x[k])cg2<31>(x[k])...cLB;QBT_ﬁ(:c[k])wiBr) -o§0y>dazo — 0, (4.80)
L o

we note that only covering partitions produce nontrivial terms in (4.79): contributions
from non-covering partitions either vanish or are reduced to boundary terms. Therefore,
we naturally decompose

ICEHE(By, ..., B,)|

S Z |C]Z/+1;T(Bla“'7B7";7r)|+ Z ‘Clz+1;r(Bl7"'7BT;7T)’7
WG’C(Bl,...,Br) W&’C(Bl,...,Br)
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where we have set for abbreviation

CH U (By, ..., Bym) = L~ /

QL) tt

. < | (e uetin, ey an)ir™ ) "f°”> dzoday.
0B(x0)
We split the proof into two further substeps, separately considering the two types of con-
tributions.

Substep 5.1. Main contributions: in case of an algebraic rate w(t) < Ct=% for some
C, 3 > 0, we have for all 7 € K(By,...,B,),

|ICE (B, Bry )| S Akpa (P)|log A(P) . (4.81)

Without loss of generality, we may assume 5 € (0,d) (so we can appeal to (4.65)). Using the
boundary conditions for ¢7° and the incompressibility constraints to smuggle in arbitrary
constants in the different factors, and then appealing to the trace estimates of Lemma 2.3,
we find

~k+1; . _
‘CL+ T(Bla"'aBﬁTr)‘ 5 L d\/(VQL 1 ( H ‘h‘ﬁH TH )
p

Hemn
. ( /
B(=o)

For all 1 <[ <r, denote by b; the root of B; and by f; its endpoint, and set for notational
convenience fy := 0. Iterating the bound (4.60), we then get

~k+1;r —
O BBl s 1 [ (Tt
p

Her

B Bo B, _mBTQ %
VCLo(@w)CL iy (@w) - Crip,_ (@m)Yr ‘ daodz ).

T
X <H<(33fz_1 — ﬂfbl)L>_dDBl (SCBl)> dxod:z[k} (4.82)

=1
Next, we examine the structure of the product of correlation functions. Given a cov-
ering partition 7 € K(Bjy,...,B,), we can construct a sequence of intertwined pairings
(mi,m})1<i<s (for some integer s > 1) such that
— (mj)1<j<s and (m;-)lgjgs are increasing, m; = 0, and m/}, = r;
— ml_y <m;y; forall 1 <i<s,and m; <m/_; forall 1 <i<s;
— for all i there is a cell H € m such that H N (Bp,) # @ and H N (B,,;) # & (with the

understanding that By = {0}).

The construction is as follows: Starting from m; = 0, we define m/} as the maximum
index m such that there is H € 7 with {0} N H # @ and (B,,) N H # &, which is well-
defined by the covering assumption for m with index v = 1. Once m; and m/, are defined for
some i > 1, if mj < r, we define m;_, as the maximum index m such that there is H € 7
with ({0} U<,/ (Bi)) N H # @ and (B,,) N H # &, which is well-defined by the covering
assumption for 7 with index a = mj+1 < r and satisfies mj; > mj by construction. Next,
we define m;4; as the minimum index m such that there is H € © with (B,,) N H # @ and
<Bm;+1> NH # @. We continue the construction until m/, = r is reached. We claim that by
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/
J
that (m;); is increasing as well). On the one hand, we indeed have m;1 < m/ by definition
of m{, ;. On the other hand, we must have m;1 > mj_; since the inequality m; 11 < mj_,

would imply m] = mj_, and contradict the strict monotonicity of the sequence (m;) -

construction we have m/_; < m;; < m] for all ¢ (which, since (m); is increasing, implies

With this construction of intertwined pairings (m;, m})i<i<s, we can choose a sequence
of distinct blocks (H;)1<i<s of 7 such that (B,,) N H; # & and (Bm;> N H; # @ for all i
(recall that By = {0}). We may then pick indices j;, ji € {0} U[k] such that j; € (By,,) N H;
and j; € (Bm;> N H; for all 4. In these terms, appealing both to (4.9) and to the decay
assumption (Mix") with n = k + 1, the product of correlation functions in (4.82) can be
bounded for instance as follows (up to integration, as in (4.27)),

s

T 1her(@m)l S Apo(P) T T (@l = 25) A XN (P)), (4.83)

Hern =1

for some po,...,ps > 1 with Y7 p; = k+1. We then define the following concatenations
of blocks between paired indices: for 1 <17 < s,

Aj = (fo )W By W WBn 1 W (b)), A = Bpy, W W B,
with the convention mf, := 0, and
As = (fmr_ )W Bpy 1W... W B, AL = o.

In these terms, inserting (4.83) into (4.82), the integral can be reorganized as

ICEE (B, .. Bry )| < Apy (P)

X L_d /(VQ o1 (H DAi (l'Al)DA; (xA;) (W(l'ji - .TL'];) VAN )‘Pi (P))> dx0d$[k]
Lop i=1

We emphasize that the coupled indices j;’s and j{’s belong to A}’s and can thus intersect
A;’s only at their endpoints. In terms of the graphical representation introduced in Step 3,
the latter integral can be represented generically in the following way,

ICYPE(By, ..., By (4.84)

________

-
~ -
- - -
-----------------
1 1 ! ! ... o 1 |
T T T T T T T 1

Ay Al Az Al AL, As

where we further delineate the concatenations of blocks A;’s and A/’s. In particular, note
these take the generic forms

A = '__! or ‘

where the second possibility for A} corresponds to the case when m;1; = m}. In order
to estimate (4.84), we first perform integration on A;’s and A}’s: using (4.67)-(4.72) to
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estimate the integral on each block, and using (4.63) to estimate consecutive edges, we find

D_.__.‘_o < L o e < Ll
'__‘ < gmé_..._.? < gmé
B ()

where henceforth we use the short-hand notation £ for a power of the logarithmic factor
that can change from an occurrence to another and stands for the difference between
the numbers of vertices in the left-hand side and in the right-hand side. Inserting this
into (4.84), we are led to

AN

~k+1:r —d /N4 777 R 2 R R A
S (By, B € N T T (4s)
A 2 7 2 S

where for abbreviation hatched boxes are given by

X+

which we obtain by reorganizing the graphs as follows,

It remains to evaluate the right-hand side in (4.85). Using the graphical rules (4.63), (4.64),
and (4.65), and noting that that direct integrations yield

> 5 o and [,'u)\z_;'_l <0 ,S £u+1A;€+1 o

we can estimate

--0
oY M — zg | |
L5 11 R = k+1(

S 'Cqul)‘;chl X-_@+ ':Z:| -
S LN 4::“‘ :| --O>
S LN E

S LN

Iterating this estimate, the right-hand side of (4.85) can now be estimated as follows,
IC " (By, .., Byym)| S LB
As the number of vertices in the left-hand side is equal to k£ + 1 while only one vertex
remains in the right-hand side, recalling our notation for £ and A}, and noting that free
integration yields « = L%, we get
ICL T (B Brm)| S LN e = Ayt (P)log A(P)[F,
that is, (4.81).
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Substep 5.2. Boundary terms: in case of an algebraic rate w(t) < Ct=? for some C, 3 > 0,
we have for all 7 ¢ K(By,...,B,),

o Aes1 (P)log A(P)[F=1) A Qo D0 1,
CE (B B 5§ PRSI R SEL
(Mt 1(P)[log A(P)[F) A % . f=1.
By definition, given 7 ¢ IC(By, ..., B,), we can consider the largest separating index o < r

such that each cell H € 7 is included either in {0} U2 "(B;) or in J]_,(B;). Setting
B:=ByW...¥ B, the choice of «a ensures that 7 can be restricted to a partition & of the
index subset (B) C [k] such that 7 is covering for B, ..., B,. Arguing as in (4.82) and
estimating the integrals over the first blocks {0}, By, ..., Bo—1 brutally as in Section 3.8
without taking any advantage of the decay of correlation functions, we get

|ICET5(By, ..., By )| < (log L)® ( II MeP )

Henm\#

_d A
o /L </(QL+$b)ﬁél\(QL)ﬁél ( HA |hﬂH(xH)|>DB(xB) dx<B>\{b}>dxb

Hen
It remains to show that the remaining integral is a boundary term that is algebraically

small as L 1 0o, so that in particular the logarithmic prefactor (log L) plays no role. For
that purpose, we first note that

Lo rmp @ @oney) S D0 Leurmnes (@)
je(B)\{b}

so the above can be bounded by

|ICEE(By, ..., By )| < (log L)® ( 11 AﬁH> >

Hem\x JE(B)\{b}
x L~ / / (/ < \hyr (g > plrg)dr g5 )d:r dxy,.
L J(Qr+zp)\QL (Qr+mp)B—2 H B (B)\{b.5} J
As 7 is covering for By, ..., By, that is, # € (B, ..., By), similar arguments based on the

graphical representation as in Substep 5.1 allow to estimate the integral over (B) \ {b, },
to the effect of

|ICET5(By, ..., By )]

< (logL)* > L™ / ) /(QLW)\QL (cﬁB 2\ +1) dzjdzy. (4.87)

JE(B)\{b}
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In order to estimate this integral, we note that

- b (T X0)) dayd
/QL /(QL+zb)\QL ( k+1 T ) e

- /QL /QL+:vb \QL<($I7 — $j)L>7d(w((xb - xj)L) A )‘k‘i'l(P)) dxjdze

- u) ™ (w() A Ay 1 (P)) dyday
Qr JQL\(QL—p)

e / ()~ (@) A M1 (P)) Q2 \ (Q1 — w)l dy,
QL

and thus, using (4.30) in form of L=4Q1 \ (Qr — y)| < ‘%' A1, in case of an algebraic rate
w(t) < Ct= for some C, 5 > 0,

o S O s 5 27 [ et AP
»(P)

{ JALTPN o B
(Ap(P)log A(P)]) A 2=+ B=1.
Now turning back to the right-hand side in (4.87), repeating the above computation after

including logarithmic factors, and noting that o + $B < #B = k + 1, the claim (4.86)
follows.

~

Step 6. Strategy for (ii) and (iii).
Both for (ii) and (iii), the arguments are similar to what we already did so far, and require
no new insight. We omit lengthy details for brevity.

We start with (ii). In view of the estimation (4.86) for boundary terms, it remains to
estimate the convergence of terms corresponding to covering partitions in (4.79) in the
large-volume limit. For that purpose, we appeal to the periodization error estimates of
Lemma 4.5, as in the proof of Proposition 4.6(ii).

We turn to (iii). The starting point is the refined estimate (3.30) on RE™!. In the spirit
of the proof of Proposition 4.6(iii), a decomposition of the right-hand side in (3.30) can be
performed in the same way as what we did above for B’ZH. (|

4.5. Optimality of the bound on B?. This section is devoted to the proof of Theorem 7,
which shows that logarithmic factors are optimal in general in our estimation of cluster
coefficients, e.g. Proposition 4.8(i). As will be clear in the proof below, logarithmic factors
are related to the lack of continuity of the Helmholtz projection in L>°(R?).

Proof of Theorem 7. Let Assumptions (H,), (H})‘“if), and (Indep) hold, and assume that
the correlation function satisfies the Dini condition (4.5). We split the proof into two steps.

Step 1. Proof of (i). )
Appealing to Proposition 4.6 in form of the explicit formula (4.21) for B2, and estimating
the second right-hand side term as in the proof of Proposition 4.6(i), we find

‘E - B’E — dE[ - 0’01/:| ha(0,2) dz| S X2 (P), (4.88)
R ar°
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where 0¥ and % are associated respectively with single particles at I° and at z + I,
where I° and I are iid copies of the same random shape. Replacing 1* by its Taylor
expansion, using the boundary conditions for ¢°, and using standard decay properties

of ¥?, we find
< <z>—d—1'

~

¢* - 0% — D(¥7)(0) :/ v @z

’ oI° aIe
Inserting this into (4.88) together with (4.9), and recalling the short-hand notation

E:B'E = ;1[4:[ Em-UOV] = EU \D(w")!ﬂ,
aI° R4

cf. (2.6), we get

E:B2E - (2B'E): (/

Rd

ED(6)(0)] h2(0,2)dz)| S Ao(P).  (489)

Next, we further analyze D(?)(0). In view of Lemma 3.1, we note that ¢ satisfies in RY,
_sz + V(EzﬂRd\(z+Io/)) = —53(Z+Io/)O'ZV.

In terms of the Stokeslet G for the free Stokes equation, Green’s representation formula
then yields

Vip*(0) = — /6 o V.G(—) o*v.

Replacing V;G by its Taylor expansion, using the boundary conditions for ¢*, and using
standard decay properties of GG, we find

Vit (0) - VEG2) [ (=207

A(z+1°")

and therefore, taking the expectation, noting that ¢* = ¢°(- — 2), and recognizing B'E
again,
[E Vi (0)] - (2B E); V3 Gr(—2)| S ()79,

J ~

Inserting this into (4.89) together with (4.9) again, we get

~

E:B’E - (2B'E),;(2B'E) ( p. V. /d V3Gra(z) ha(0, 2) dz>
R

< A(P),  (4.90)

where the notation p.v. stands for the principal value. It remains to analyze the integral
term in the left-hand side. As hg satisfies the Dini condition (4.5), this integral is absolutely
summable. Further assuming that the point process P is statistically isotropic, the correla-
tion function hy (0, -) is radial. By symmetry, this entails p. v. [pq V%le(z) h2(0, z) dz = 0,
and the conclusion (i) follows.

Step 2. Proof of (ii).

In view of (4.90), as 2B!E does not vanish, it suffices to construct a point process P that
satisfies Assumptions (H,) and (H[‘)‘nif), has decay of correlations (4.5) with algebraic
rate w(t) < Ct=" for some C, 3 > 0, and satisfies the local independence condition Ay (P) ~
A(P)? <« 1, such that the integral term in the left-hand side of (4.90) satisfies

‘p.v. V2G(2) ha(0, 2) dz| = A(P)?|log \(P)], (4.91)

R4 ~



ON EINSTEIN’S EFFECTIVE VISCOSITY FORMULA 117

with the logarithmic factor. We shall consider spherical particles, I° = B, and we start
with the construction of the correlation function hs.

For that purpose, first note that we can find a smooth bounded function g : St — [0, 1]
such that

> 1, (4.92)

/ V2G(e) g(e) db(e)

0B

where df stands for the Lebesgue measure on 9B, and we then define
9(iFp)

1+ \2[z[2d+T°

h(z) :=
Using (4.92), a computation in spherical coordinates yields

‘ / V2G(2) h(z) dz
|z|>2(1+p)

- ([ r1(1+)\27’2d“)1d7“>‘ V2G(e) gle) do(e)

(1+p) OB
Z  |log Al

~

which proves (4.91) if the point process is chosen with intensity A(P) = A and with two-
point correlation function ho given by

ho(z,y) + A° = N (h(z — y) + D)1 jp_ysa14p)-

In particular, this choice also yields

h2(0ﬂ2)1|2\>2(1+,0) >0, sup/ ‘hQ(Ov )’ S )‘27 |h2(07 Z)| rg <Z>72d71'
z JQ(»)

It remains to prove that this choice of hy can be realized as the correlation function of a

point process with intensity A(P) = A and satisfying (H,) and (H;}mf): this is precisely

the subject of Proposition 4.9 below. U

The construction of a point process with given intensity and given two-point density
function is easily done under suitable positivity conditions, e.g. following [42]. In the
present setting, more care is needed to further ensure stationarity and ergodicity of the
constructed point process. Note that we use here a sufficient positivity condition that is
much stronger than the one in [42], but is easier to handle and suffices for our purposes.

Proposition 4.9 (Realizability of point processes). Let A, p > 0 and let h € L>®(R?) be
nonnegative with h(x) — 0 wuniformly as |x| 1 oco. Then, there exists a strongly mizing
stationary point process P = {xp}n on R with intensity \ and two-point density

Fal,y) = N (h@ = y) + Dy >20140), (4.93)
such that |z, — x| > 2(1 + p) almost surely for all n # m. O
Proof. Let M, denote the set of locally finite point sets {2, }, with |z, — 2| > 2(1+ p) for
all n # m. It is easily checked that M, is compact for the topology of convergence of point

sets restricted to compact domains (this coincides with the vague topology when viewing
point sets {z,}, as measures ) 9., ). Consider the space V := C(M,), and denote by Vj
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the dense vector subset of polynomials with continuous coefficients on M, that is, the
subset of functions PN : M p — R of the form

N #
PV({znkn) = B 4> D Pz 2m), (4.94)

k=1mn1,....,nk
with P € R and P € CC(SLf) for 1 <k < N, where we use the short-hand notation
Sf; = {(21,...,2) € (RHE - |2, — 2| > 2(1 + p) for all n # m}.

In order to construct a point process with the two-point density fa given by (4.93), we shall
further prescribe all its multi-point density functions. For convenience, these are chosen in
form of Mayer cluster expansions with vanishing higher-order correlations: for all k > 1,

fk’(zla"' 7Zk’) = >\k 155(’217"')'2’6)

k/2 #
1
X <1 + E . 2]7]' E h(an - an) s h(znze—l - Z"zj)> : (495)
‘]:

1<ny,...,n2; <k

Next, we define in these terms a linear map L : Vj — R as follows: for any polynomial PV
of the form (4.94), we set

N
L(PN) = PdHZ/ PN fi.. (4.96)
=155

We argue that L is a positive linear functional on Vj, hence it is also continuous on 1}
with respect to the topology of V. Indeed, for any polynomial PV of the form (4.94)
with PV > 0 pointwise, if we evaluate it at the points of a Poisson point process with
intensity A, and if we compute the expectation, we find

N
N k N
P+ A/SkPk > 0,
k=1 P

hence, noting that the positivity of h entails f;, > A*1 Sk for all k > 1, we get

N
L(PN) > P5V+Zx’f/ PN >0,
k=1 75
thus proving the claimed positivity.

As Vj is dense in V', we can extend L uniquely into a positive linear functional L : V" — R.
Next, by the Riesz—Markov-Kakutani representation theorem, there exists a random ele-
ment in M, that is, a random point process P = {xy, }n, such that

E[P(P)] = L(P) forall Pe V.
Testing this relation with polynomials, and using (4.96), we deduce that for all £ > 1 the
k-point density function of the point process P coincides with f;. In particular, it has
intensity f; = A and two-point density fo(z,y) = A\2(h(z —y) + D1 jp_y|>2(14p) as desired.
In addition, L is translation-invariant by definition, hence P is stationary.

It remains to check that P is strongly mixing. For that purpose, we compute the covariance
of o(P)-measurable random variables. Choose a polynomial P of the form (4.94), and
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let R > 0 be such that P} is supported in (Bg)* for all 1 < k < N. For |z| > 2R, as we
have Br N (x + Br) = &, we can compute

Cov [PN(P +z); PV (P)]
k
= (P§)2+ZZ/Sk (PN(+a,..., +2)@PN,) (fi — [ ® fey)-

k>1j=0
The definition (4.95) of fj easily leads to

/Sk (IDJN(-+:U,...,-+$)®P,£].) (fe — fi ® fe—j)

k_q
S ( sup h($‘F2))(2A)k(1*‘”hHL“xR®)2 Hf?VHL1QRdy)Hf%YJHL1«Rﬂk—n-
z€BsoR

As by assumption A(x) — 0 uniformly as |z| T oo, we get Cov [PN(P + x); PN(P)] — 0.
By a density argument, the same holds if PV is replaced by any element of V', which proves
that P is strongly mixing. O
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5. CONCLUSION: SUMMING UP THE MAIN RESULTS

In this last section, we recall, reformulate, and comment on our main findings on the va-
lidity of Einstein’s formula and of higher-order cluster expansions for the effective viscosity,
as obtained in Sections 2, 3, and 4.

5.1. Cluster expansion of the effective viscosity in the model-free setting. We
start with the validity of Einstein’s formula and the associated error estimates as proved in
Section 2, cf. Theorem 1. The three important features of this result are the generality in
terms of probabilistic assumptions (mere qualitative ergodicity under Assumption (H;‘nif)),
the sharpness of the error estimate (5.1), and the possibility for particles to touch (under
Assumption (H?°™) or (HJY')).

Pk

Theorem 8 (Einstein’s formula). Under Assumption (H,) and either Assumption (H;)mif),
(Ho™), or (HPE®), for some p >0 and x> 1, we have

B~ (14+BY)] 5, Xo(P)log 2+ 57) 5.1
+ 0 . in case of (Hu“if)
Ky )\2(77)1*%/\(’]3)% in case of (Hmom) or (Hperc)

where B satisfies
B!~ A\(P),
and is defined for all E € MJ™ by

where 1/1;3”} is the unique decaying solution of the single-particle problem (1.5). In particu-
lar, the estimate |B — (Id +B')| = o(A(P)) holds provided the point process P satisfies the
weak local independence condition Aa2(P) = o(A(P)/|log A\(P)|). O

In order to address the optimality of this estimate, one needs to identify the next term
in the expansion. In Sections 3 and 4, we have further investigated higher-order expan-
sions of the effective viscosity in form of cluster expansions. The upcoming result, which
summarizes Theorems 5 and 6 in Section 4, gives the optimal order of magnitude of the
cluster coefficients and of the remainder. The two important features of this result are the
generality of the point processes (to be compared with results in Section 5.2 below) and
the sharpness of the estimates. The main achievement is the explicit understanding of the
needed renormalizations to all orders, solving a problem that was still open in the physics
community.

Theorem 9 (Cluster expansion in general dilute setting). On top of Assumptions (H,)
and (H‘pmif), assume that the inclusion process is a-mizing in the sense of (Mix) with
algebraic rate w. Then, for all k > 1, the following holds for the effective viscosity,

_ k 1. 2k+1
’B — Id_ZﬁBJ Nk: Z )\l |10g)\ )|l717
7j=1 I=k+1

1B7| < A(P)log A(P)P ™Y, forall1 < j <k,
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where the cluster coefficients {B’}; are defined in (3.13) by means of finite-volume appro-
imations. If in addition the independence assumption (Indep) holds for particle shapes,
renormalized formulas can be given for cluster coefficients in form of absolutely convergent
multiple integrals, cf. Section 4./, and the following quantitative convergence result holds
for finite-volume approzimations {B%};: in case of an algebraic a-mizing rate w(t) < ct=r
for some C, 3 > 0,

DJ =¥ log L J—1
Bj —BI| <; leli 0

Note that the bound on By in Theorem 9 coincides with the estimate on the remainder
in Theorem 8, which contrasts with the results of Lemma 1.2 in the short-range setting
by a logarithmic correction. Optimality of the latter is addressed in Theorem 7, which we
presently recall.

Theorem 10 (Optimality of estimates on Bs).
(1) Isotropic setting: On top of Assumptions (H,), (H/‘J‘nif), and (Indep), assume that
the 2-point correlation function ha(x,y) := fa(w,y) — A(P)? satisfies the following

decay assumption,
Il il < e,
B(z)xB(y)

with some rate w satisfying the Dini condition floo t~lw(t) dt < co. If in addition the
point process P is statistically isotropic, which entails that the correlation function is
radial, then the following improved estimate holds,

B2 < Ao(P).

(#i) Optimality in the general setting: There exists an inclusion process I that satisfies
Assumptions (H,), (Hgnlf), (Indep), and (4.5), as well as the local independence
condition A2(P) =~ A\(P)? < 1, such that we have

IB2| ~ \o(P)|log \2(P)|. O

Based on the explicit renormalization of higher-order cluster coefficients, it appears that
Theorem 10(ii) readily extends to higher orders, demonstrating the optimality of cluster
estimates in Theorem 9.

To conclude this section, let us apply and confront Theorems 8, 9, and 10 to some specific

families of inclusion processes displaying multi-point intensities with different scaling laws.
We start with the construction.
e Construction of inclusion processes {3 x}pr: We define a family of point processes
{Ps.}tpr with parameters 0 < f < 1 and 0 < A < 1 as follows. Consider a hardcore
Poisson process P’ = {x,}, with radius 6 and with intensity A(P’) = ), see e.g. [16,
Section 3.4] using Penrose’s graphical construction [56]. Next, independently choose a
sequence {yp }n, of iid random points that are uniformly distributed in By \ Bs, and, given
p € [0,1], also independently choose a sequence {by g}, of iid Bernoulli variables with
parameter \° = P [bn, 3 = 1]. The desired point processes and spherical inclusion processes
are then defined by

Pg = P U {x; +Yn by = 1}, Igy = UJJEP[;,; B(x).

e Properties of the processes: Ig ) satisfies (H,) and (H;)lnif (with p = 1) as well as (In-
dep). In addition, the point process Pgy is statistically isotropic and a-mixing with
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exponential rate uniformly with respect to 3, (e.g. [15, Proposition 1.4 (iii)] and [16,
Proposition 3.5]), so that Theorem 9 applies. A direct computation shows that the multi-
point intensities scale as follows,

APsa) = A Xa(Pea) = AP X(Paa) = AP,

and more generally \ox(Pgn) ~% \E(+5) and Xok41(Psy) ~k AAEA+E) - In particular the
minimal local independence condition A3(Pg ) < A2(Ppn) < A(Ps,a) holds for 5 > 0.

e Second-order cluster expansion: We denote by ]_357)\ the effective viscosity associated
with Zg 5. Theorem 9 implies that

IBsx — (Id+Bj, + 3B%,)| < A2 log A2,

where |]_3é)\\ ~ A and \]_32 | >~ AP (cf. (2.6) and Theorem 10(i)). In particular, dis-
carding B2 A in the above ylelds the following (completely new) sharp error estimate for
Einstein’s formula in this setting: for all 0 < <1 and A < 1,

B — (Id+Bj )| = A7 =~ By, |17,

In this example, Einstein’s formula is thus accurate whenever 5 > 0, which illustrates
the full range of the local independence condition Aa(Pgx) = o(A(Pgr)/|log A(Ps,n)]) in
Theorem 8.

5.2. Summability of the cluster expansions for specific dilution procedures.
Next, we consider the following two specific one-parameter dilution procedures, for which
our results can be substantially strengthened using the uniform ¢ — ¢? energy estimates of
Theorem 3.7: more precisely, logarithmic corrections in cluster estimates can be removed
in that case and the full cluster expansion is absolutely converging.

(Dilat) Dilution by geometric dilation: Given a point process P = {zp}, and ran-
dom inclusions I,, = =z, + I, satisfying (H,), we consider the dilated pro-
cess Ps = {szp}p, and the corresponding inclusions I, ¢ = sz, + 1. The lat-
ter has minimal distance ¢(Ps) = sl(P) =~ s, still satisfies (H,), and further
satisfies (H‘mif) with minimal interparticle distance

inf dist(1y, s, Im,s) > 12f |szy, — sxpm| —2 > sl(P)—2 2 s, (5.3)

n#Em
provided s > 1. Its multi-point intensities take the form
Aj(Ps) = s\ (P) forall j > 1.

(Delet) Dilution by random deletion: Given a point process P = {x,}, and random in-
clusions I,, = x, +I;] satisfying (H,) and (H/‘j‘“if), the Bernoulli deletion scheme
consists in keeping each inclusion only with given probability p € [0,1]. More
precisely, we attach to the inclusions iid Bernoulli variables {bﬁ{’ )}n, independent
of P,Z, with parameter

p="PpP =1],

and we define the corresponding decimated process

PP = {zn}bpentr: TP = Unenew In,  where N® = {n: b =1},
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This decimated process still satisfies (H,) and (H;‘“if), and its multi-point in-
tensities are given by

Aj(P(p)) =p'\;(P) forall j>1.

In these one-parameter settings, dilute expansions of the effective viscosity amount to
expansions with respect to the dilution parameters s~! or p. Given a random set of
particles Z = | J,, I,, centered at the points of P = {xy,},, we shall consider both dilution
procedures at once, defining the dilated decimated process

p
ng) = {l‘n,s}neN(p)a ILg ) = UneN(p) In,Sa Tn,s = ST, In,s =Zps + I,Z

As a consequence of Theorem 4, together with (3.86)—(3.87) in Section 3.7, we obtain
the following summability result and estimates for the cluster expansion of the effective

)

viscosity ng ) associated with I§” . In particular, it shows that the scaling of cluster
coefficients coincides in this case with that of Lemma 1.2 for the short-range setting:
indeed, we have \ng)’J\ = p/|Bi| S5 (ps™)) ~ )\j(Ps(p)). We emphasize that no mixing
assumption is required here.

Theorem 11 (Cluster expansion for one-parameter dilution procedures). Under Assump-
tions (H,) and (H/‘,‘“if), for the specific dilution models (Dilat) and (Delet) above, with
dilation parameter s and Bernoulli parameter p, the cluster expansion of the effective viscos-
ity is uniformly summable in the following sense: there exists a constant C' (only depending
on d, p) such that for all 0 < ps~9¢ < % the effective viscosity satisfies

B = Id—i—z %Bg, IBI| < j1(Cs™ ) forallj>1, (5.4)
j=1

where the cluster coefficients {Bé}j are defined in (3.13) by means of finite-volume approz-
1mations. O

Remarks 5.1 (Analyticity with respect to dilution parameters).

(a) In case of the random deletion model (Delet), the expansion (5.4) yields the local
analyticity of p — B® at p = 0. Local analyticity can, in fact, be established on the
whole interval 0 < p < 1; the reader is referred to [14] for a similar result in the scalar
setting using an observation by Mourrat [52].

(b) In case of the dilation model (Dilat), the expansion (5.4) does not yield the analyticity

of the map s~¢ — By since the rescaled coefficients {s%B}; also depend on s. By

means of multipole expansions, the maps s~ — s¥BJ can be checked to be analytic
themselves, as well as s~ — By. For a more direct approach to expansions in s™1, we

refer to the recent work [58] in the scalar setting; see also [9]. O

To illustrate Remark 5.1(b), we display the first term of the monopole expansion for the
second-order coefficient B2. In particular, as is natural, we note that B2 can be expressed
to leading order in terms of the single-particle problem only, and it coincides with the
formula obtained in |26, Proposition 5.6] in case of spherical inclusions.

Proposition 12 (Leading order of monopole expansion). On top of Assumptions (H,)
and (H/‘Jmif), assume that particles have independent shapes, cf. (Indep), and that the
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two-point correlation function hy = fo — A(P)? satisfies the decay assumption

J[ < wla -,
B(x)x B(y)

with some rate w satisfying the Dini condition floo t~lw(t)dt < co. Consider the dilated
process Ps, cf. (Dilat), and the associated second-order cluster coefficient B2 defined in
Theorem 11. Then, we have

‘BQ _ SdeBQ,l} < g—2d-1
S ~ ?
and the leading-order contribution B>1 is given by the following reduced formula,

E:B*E = (2B'E): <p.v. [ G ha(0,2) dz) (2B'E),

where BLE s defined in (2.6), where the notation p.v. stands for the principal value, and
where the 4-tensor field G is given by M : G(2)M = MM, V3, Gj(z) in terms of the
standard Stokeslet -
|z|“~ ( Z2® 2z
= ——— Id+(d—2 7)

¢ = s —pep \ 14T

In case of spherical particles, I,, = B(xy,), we thus have
d+2(z-E2)? |Ez?

< 3 e o ha(0, z) dz. O

Proof. Starting from the renormalized formula (4.21) in Proposition 4.6, repeating the
proof of (4.90) to decompose the first contribution, and using (4.26) to estimate the second
one, we are led to

E:B*'E = (d+2)%B| p.V./
R4

E:BE - (2B1E)lj(2]§1E)ki<p.V. /d V3Gra(z) ha(0, 2) dz)
R

S [ a0l st [ )7 u(0.2)d,

Rd
Using that the two-point density and the correlation for the dilated process P, take the
form
f2,5(0,2) = si2df2(0, sflz), has(0,2) = si2dh2(0, silz),
and changing variables, the conclusion follows by scaling. In case of spherical particles, we
appeal to the proof of Proposition 2 for the explicit computation of B'E. O

Finally, we revisit a recent result by Gérard-Varet [25] that displays to second order
similar estimates as for the random deletion procedure, cf. (5.4), but only assuming some
specific structure of the multi-point densities up to order 5, thus contrasting with Theo-
rem 11. As a corollary of Proposition 4.8, we establish the following result, which consti-
tutes an extension of [25] to higher orders with new, optimal error bounds. Note indeed
that for k = 2 the result (5.5) below yields an error bound O(p?®), which improves on the

bound O(pg) obtained in [25].

Corollary 13. Let P satisfy Assumptions (H,) and (H;‘“if), and let T satisfy the inde-
pendence assumption (Indep). Given k > 2, assume that there exists 0 < p <1 such that
the multi-point density functions of P can be written as fj = p f7 for all1 < j < 2k+1, for
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some functions (f7)1<j<or+1. Further define functions (hj)i1<j<ok+1 through the correla-

tion/density relation (4.8) starting from (f;)1<j<ok+1 and assume that they satisfy (Mix
to order n = 2k + 1 with algebraic rate w. Then, we have

k
‘B—Id—Z%Bj‘ <o MBI P foralll <<k (5.5)
j=1
where the multiplicative constants are independent of p. %

Proof. The assumption f; = » 7 entails h; = » hg, where h7 is assumed to satisty (Mix7).
Further writing (f7); in terms of (h7); by means of (4.7), the assumption (Mix)) for the
latter yields

)\; = sup ][ f; Si L
215025 JQ(21) X ... xQ(25)

where the bound only depends on j,w, and on the constant function f;. In this setting,
the bounds of Proposition 4.8(i)—(iii) now take the form
B < p/X|log AP,
2k+1
(RS Y P A allog AP S M
j=k

and the conclusion readily follows. O
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APPENDIX A. STOKESLET ESTIMATES WITH RIGID INCLUSIONS

This appendix is dedicated to the proofs of several estimates on the behavior of the
fluid velocity generated by a localized force dipole in the presence of a finite number of
rigid inclusions. In other words, it concerns the Stokeslet for the Stokes problem with rigid
inclusions, and we shall prove in particular Lemmas 3.8, 4.4, and 4.5.

A.1. Main results. For convenience, we start by recalling the notation of Section 4.3.2.
Given a set Y C @Q, of “background” positions with

dist(B(y), B(y)) > 2p, dist(B(y),0QL) > p, forally,y/ €Y, y £y, (A1)

we denote by ¥Y € Hl . (Q )¢ the solution of the following periodic corrector problem,
using the short-hand notation o} = o(¢Y + Ez,%Y),

—AwL + VZY =0, in Qr, \ UyeyB(y),
dlv(wL) =0, in Qr \ Uyey B(y),

D(y] + Efﬂ) =0, in Uyey B(y),
faB o¥v =0, Yy €Y,

faB(y) Ox —y)-orv=0, VO €MV VyeY.

Next, we turn to our notation for elementary single-particle contributions or so-called
Stokeslets {J7.y }.,y: Given a “tagged” position 2 € Qr, given (¢, P) € HY(Bi4,(2))% x
L?(Bi4,(2) \ B(2)) satisfying the following Stokes equations in a neighborhood of B(z),

—A(+VP =0, in Biyp(2) \ B(2),
div() =0, in By, (2)\ B(2),
D(¢) =0, in B(z), (A.2)

Jop( (¢ P)v =0,
Jop( @ —2) - 0(¢, Py =0, VO € Vskew

and given a finite subset Y C @ of “background” positions satisfying (A.1), we define
JivC € per(QL) as the solution of the following Stokes problem with force dipole
localized around z and rigid inclusions around points of Y,

( —AJEyC+ YV Qi = —dspr(z)o(C, Py, in Qr \ Uyey B(y),
div(JEy¢) = 0, in Qr \ Uyey B(y),
D(J7¢) =0, in Uyeyry=B(y),
faB(y) o(JfyC Qi.yQrv =0, Yy e Y\ Y,
faB(y) Oz —y) - o(Tiy( Ly v =0, VO € MV, Wy € Y\ Yz,
TiyC=V.+ O.(x — 2), in Uyey, B(y),

for some V, € R%, 0, € Mkew,
ZyGYz Jonw) 7Ty € Qiy Qv
= Zuyey, fB YNOBL (2 (Cv P)v,

2yey. faB (v) Oz —2z)-0 (jL;yC7 Qi Qv
=Y yev. Jpnopr() Oz — 2) - a(¢, Py, VO € MY,

(A.3)
+ LZ4 ) N QL stands for the periodization of the
{y

where we recall that BY(z) = (B(z) +
tY, = : B(y) N BY(z) # @}, and where we

ball B(z) in @, where we have se
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have implicitly extended (¢, P) periodically to Bi1,(z) + L7 The solution Ji.y€ is only
defined up to a rigid motion in @y, which we fix by further choosing

j[iYC = 0’ VJE,YC € ngm‘
QL QL
Note that Jf ¢ depends of course on the pair (¢, P), not only on ¢, but we leave the
pressure field implicit in the notation for convenience. We refer to Section 4.3.2 for moti-
vation of the above equations (A.3), and we recall that it reduces to the following simpler
equations when {z} UY satisfies (A.1) (meaning that z neither gets close to background
positions Y nor to the cell boundary 0Qr),

_AJE,YC + VQi,YC = _5BB(Z)U(C7 P)Va in Qr \ UyEYB(y)7

div(J7.€) =0, in Qr \ Uyey B(y),
D(JEy <) =0, in Uyey B(y), (A.4)
Jonw) 7Ty ¢ Qiy Qv =0, Yy ey,

Jop) ©@ =) 0(Tfy( Qi .y Qv =0, VO €M™V, vy Y.
We further define

Jr¢ = jLZ;QCa
for which the Stokes problem (A.3) reduces to
— AT C+VQI( = =0ppr(»)o(C, Py, div(JE() =0,  inQr, (A.5)

and we define J53(, J*( as the corresponding operators on whole space, that is, with B(z)
and Qy, replaced by B(z) and RY, respectively, in (A.3) and (A.5).

With the above notation, we start by recalling the statement of Lemma 4.4 regarding the
optimal decay properties of the Stokeslets {7, LZ;Y} 2v. Note that Lemma 3.8 is a particular
case of this result, using notation (4.15), when {z}UY satisfies (A.1). The proof is displayed
in Section A.2.

Lemma A.1 (Decay of Stokeslets with rigid inclusions). Let z € R?, let (¢, P) satisfy (A.2)
at z, and let Y C Qy, satisfy (A.1). Then, we have for all x € Qp,,

(/J:E?L(z) |D(~7LZ;YC)|2); Sty (2 — Z)L>_d</31 . |D(§)]2>;7 (A.6)

(/B(x) !D(Jfé‘)ﬁ)é < <$_Z>_d(/Bl+ i \D(C)P)é. 0

A similar argument leads us to the following version of the mean-value property for
Stokes equations in the presence of a finite number of rigid inclusions. The proof is dis-
played in Section A.3.

Lemma A.2 (Mean-value property with rigid inclusions). Let Y C Qr satisfy (A.1) and
let we HY(Qr)? satisfy the following free steady Stokes equations in Qr,

—Aw+ VP =0, in Qr \ Uyey B(y),

div(w) =0, in Qr \ Uyey B(y),

D(w) = 0, in Uyey B(y), (A7)
faB(y) o(w,P)v =0, Vy ey,

faB(y) @($ - y) . U(w,P)y =0, YweY,Vvoec Mskew
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Then, we have for all B(x) C Qy,

[, D) S ist(@,0Q0) ™ [ D) (A8)
BL(x) L O

Finally, we recall the statement of Lemma 4.5 regarding the error J7.y — J5 between
periodized and whole-space Stokeslets. The proof makes heavy use of the above mean-
value property and is displayed in Section A.4. The stated bounds are not optimal: finer
estimates are given in the proof, but this simplified statement is good enough for our
purposes.

Lemma A.3 (Periodization error). Let z € Qr, let (¢, P) satisfy (A.2) at z, and let Y C
Q1 be a finite subset such that {z} UY satisfies (A.1). Then, we have for all z € Q,

(s
(Lo (@ = D)) ™+ 1, ca (dist(Y\ {2.23,0Q0) ™), (A9)

where we recall the notation dist(@,0Qr) = L and BE(z) = (B.(2) + LZY) N Qr. In
addition,

([, pwE=e")P)" Sir ((dist(e.0Qu) + (ist(¥\ (21,0Q1)) - (A0
B, (@) O

In the above three lemmas, the multiplicative constants in the estimates crucially depend
on the finite number of rigid particles: in Lemma A.1, for instance, a quick inspection of the
proof shows that the multiplicative constant can be bounded by C#($H)!13/2. Although
these deterministic results fail in general for an unbounded number of rigid inclusions,
we refer the reader to [19] where corresponding results are proved to hold in a suitable
annealed sense in case of a stationary and ergodic random ensemble of rigid inclusions.

D= 0F) S ([ PP

fl-kp T Bl+ﬂ(z)

A.2. Decay of Stokeslets with rigid inclusions. This section is devoted to the proof
of Lemma A.1 (hence of Lemmas 3.8 and 4.4). We argue by comparing JLyC to Ty ¢
(recall Y, = {y € Y : B(y) N BX(z) # @}), which is a variant of the solution J7¢ of the
corresponding problem without rigid inclusions. Equation (A.3) for 7, Lv.G reads

_AJLZ;YZC + VQ%;YzC = _5SBL(Z)U(C’ P)V’ in Qr, \ UyGYzB(y)’
div(Jf.y.¢) =0, in Qr \ Uyev, B(y),
jLZ;YZC =V, +0.(z — 2), in UyEYzB(y)

for some V, € R?, ©, e Mkew,
2yey. faB(y) o(JILy.C QLy. OV
= > yev. Jnnosr() 7 (G P,
yev. Jop) O = 2) - 0(Tfy. ¢ Q. v
= yev. Jpwynonr(s) O — 2) -0 (( Py, VO € MKev.

(A.11)

We split the proof into three steps: we first apply elliptic regularity to unravel the decay
properties of J, E;YZC in the first step, and then estimate the difference J7.,¢ — Jf.y, ¢ in
the last two steps. Let z € Qr, let ¢ satisfy (A.2) at z, and let Y C @, satisfy (A.1).
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Step 1. Proof that for all x € Qp,

(. P 0f) 5 @=an([ @)L @

The argument is based on elliptic regularity via a duality argument, in a form that is
similar to the proof of Theorem 3.7 in Section 3.5.2. By an energy estimate for Jf y ¢, the
claim (A.12) is trivial if |(x — 2)1| < 1, and we shall focus on the case when

ro= 1|z —2)L] > 2(1+p). (A.13)

By definition (A.11), we then note that 7, I.v,C satisfies the free steady Stokes equation
in BX(x) = (B,(z) + LZ% N Qr, which is the periodization of the ball B,(z) in Qp.
Elliptic regularity in form of Lemma 2.4 then yields

/ ID(J7y. Q) < / D(JFy. )% (A14)
BL(x)

BE(z)

Next, by duality, the right-hand side can be written as
n 2 z 2 2 dxd
D2y O =sws ([ hiD(WTEy.0) + he L2 Qu)&i,
Bl (x) L
1Pl =1, supph C BTL(x)} (A.15)

Given a test function h € L*(Q)4%¢ with supph C BE(z), let wy, € Héer(QL)d be the

sym
solution of the auxiliary Stokes problem
( —Awpp + VQry = div(h), in Q1 \ Uyey. B(y),
div(wg;n) =0, in Q1 \ Uyey. B(y),
wrp = Ve +0:(x - 2), in Uyey. B(y),

for some V, € R% O, ¢ Mskew,
ZyEYz faB(y) J(wL;ha QL;h)V = 0,
2 yev. faB(y) O(x — 2) - o(wrp, QL) =0, VO € Mskew,

(A.16)
These equations are indeed well-posed since by (A.13) the support BX(x) of the force
term h does not intersect the rigid inclusions Uycy, B(y). In view of Lemma 3.1, wr.
satisfies the following relation in @,

— Awp + V(Lo \Uyey. By)@Lin) = div(h) — Z 00B(y) T (WLsh, QLin)V. (A.17)
yeY,

Similarly the defining equation (A.11) for Jf y ( yields in Qr,

— ATEy.C+ V(1 \Uyey. Bw) QLiv.) = —1Q0\Uyey. By)daBr ()0 (¢, P)v
= Son)0(Tiy.C Q. Ov. (A18)

yeyY,
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Testing (A.17) with J7y ¢ and (A.18) with wr;p, we are led to

/ h:D(Tiy.C) = / wip - o(C, P
L OBL(2)\Uyey, B(y)

+ Z/ wrp - 0(JILy. ¢ QL. Qv + Z/ Jiv.Co(wrn, Qrn)v,

yeY: yeyY,
and thus, using the boundary conditions in (A.11) and (A.16),

/ h:D(JTfy.C) = /aBL()wL;h.a(g,p)y.

Recalling that (¢, P) satisfies (A.2) and is implicitly extended by @Qp-periodicity, using the
boundary conditions and the incompressibility constraints to smuggle in arbitrary constants
in the different factors, as in the proof of (3.35), and appealing to the trace estimates of
Lemma 2.3, we find

([, n:0w@in0) s ([, wwel)(f, PP (A19)

L

Since equation (A.16) entails that wy., satisfies the free steady Stokes equation in BZ(z),
elliptic regularity in form of Lemma 2.4 yields

/ Dewr)? < v / ID(wra)
BL(2) QL

and thus, combining this with an energy estimate for (A.16),

[, DtoaP s e [ e
BE(2) L
Combining this with (A.14), (A.15), and (A.19), the claim (A.12) follows.

Step 2. Proof that for all x € Qp,,
[opuors (X w-an) [ por
BL(LE) yE{:L‘}U(Y\Yz) Bl+p(z)

In view of Lemma 3.1, the defining equation (A.3) for JL.y € yields in Qp,

—AJry(+ V(]IQL\uyeyB QL) = ~1Q\U,ev, Bw)d9BL(2)0 (C, PV
=3 b o (Tiw € Qiy Qv (A21)

yey
Subtracting (A.18) entails in @y,

~ ATEyC = Tiv.O) +V <1QL\uyeyB<y> iy~ 1\Uyer. 5 hive)
— > banyo(Tiy( Qv

yeY\Yz

=3 b (0(TEw €, Qv — 0(Ti.C, Qi V). (A22)

yey,
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Testing this equation with J7 1 (—JF.y, ( itself, and using the boundary conditions in (A.3)
and (A.11), we obtain the energy identity

2 / Dy~ TinOF = 3 | TiCo(Th Qv

Further using the boundary conditions and the incompressibility constraints to smuggle in
arbitrary constants in the different factors, as in the proof of (3.35), and appealing to the
trace estimates of Lemma 2.3, we deduce

[ 0= Tin o 5 S ([ DU oR) ([, peeor)”

yeY\Y,

Decomposing J7.y¢ = (Jf.y¢ — Jfy.C) + Jiy.C in the last factor, using the triangle
inequality and Young’s inequality, we are led to

/ DTy~ Ty QP S Y /B D(J7y. )

L er\Y 140y

The triangle inequality then yields for all x € Qp,

/ DTz O < / ID(T2y O + / DTy € — Tim. OP
BL(z) BL(z)

QL

< (TEy. O + / D(J, :
[ PG OF+ S [ DO

yeEY\Y, 14+0(y)
which yields the claim (A.20) in combination with (A.12).

Step 3. Conclusion.

We argue by induction on the cardinality of Y \ Y, for (A.6). If (Y \ Y,) = 0, that is,
if Y =Y., the conclusion (A.6) already follows from (A.12). Given n > 1, we assume
that (A.6) holds whenever #(Y \ Y,) < n, and we shall show that it also holds when
B(Y\Y.) =n. Let Y C Qr be fixed with §(Y \ Y,) = n. For any S C Y \ Y, the same
argument as for (A.22) yields in Qr, \ UyesB(y)

ATy € — jLYzUSC)+V(]1QL\UyEyB Qv — Lo\Uyev.us By QLYZUS)
== D Sono(Jiy G Qv

yeY'\(Y2US)

= Sonw) o (TEvC = Tiv.usC Qi — Qiy.us) V-

yeY,

As JiyC— Jfy.usC is further rigid in UyesB(y), this implies, by definition of {ji/;s}yﬁ

TinC = TivusC = Y, TheTiwC+ Y Ths(Tiv¢ — Tiv.us)s

yEY\(YzUS) yEYz
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which we may further decompose as

jE;YC - jf;YZUS< = Z j[g{;S(jf;YC - Jf;YZUSU{y}C)
yeY'\(YzUS)
+ Z T1.sILv.050{m ¢ T Z Tt.s(TLy C — TLv.us6)-
yeY'\(Y>US) y€eY,

Iterating this identity, we find

n #
jf,YC - jLZ;YZC = Z Z ‘7[2{1 [Z{?{yl} e j[zf;l{yh.“,yl,l}jE;YzU{yly-~~7yl}C

=1 yl,...,yZGY\Yz
n #
Y1 7Y2 Yi—1 Y
+ Z Z Z JIL jL;{y1} o L;{y1,..~,yzfz}‘7L;{y17--~7yzfl}

=1 y1,...,.y11€EY\Y; Yy€Y>
4 zZ
X (*7L;YC - JL;YZU{yL--.,yz—l}C)'

We now appeal to the induction hypothesis in form of (A.6) for the terms jg'{zn v
) 1 d]

jf;qu{yl,...,yj} forall 1 < j <nandy €Y, to the suboptimal decay estimate (A.20) for

} and

Iy} (which only appears in the first right-hand sum when [ = n). Recalling that
(y—2)1| < 2forall y € Y,, this yields for all z € Qp, after straightforward simplifications,

</BL<$> Pz - 0F) 5 () o D)’

n #
XYY A=y U — v (= 2)n)

=0 Yi,--5U1 EY\YZ

The conclusion (A.6) now follows from the bound ((a — b)) ~4((b—¢)1) "¢ < {(a —¢)) ¢
for all a,b,c € Q. O

A.3. Mean-value property with rigid inclusions. This section is devoted to the proof
of Lemma A.2. We split the proof into two steps. Let Y C @ satisfy (A.1) and let
(w, P) € H'(Qr)* x L2(Qy) satisfy (A.7) in Q.

Step 1. Proof that for all x € Qp,
[ @ S ( 3 <dist<y,aQL>>—d) [ opwr )
BL(z) ye{z}UY L

For that purpose, we shall compare w to the solution w € w+ H;er(QL)d of the free steady
Stokes equations without rigid particles in Qp,

— AW +VP=0, div(w)=0, inQr. (A.24)

In view of Lemma 3.1, the equations (A.7) for w yield the following relation in @y,

—Aw + V(HQL\UyeyB(y)P) = — Z 533(y)a(w, P)I/
yey
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Subtracting (A.24), we deduce that the difference w — 1w € H}

per

— AMw — @) + V(Lo \uyey B P = danw) (A.25)
yey

(Qr) satisfies

Testing this equation with w — @ and using the boundary conditions in (A.7), we obtain

the energy identity
2 / |D(w / Q)v.
) =2/

yey
Further using the boundary conditions and the incompressibility constraints to smuggle in
arbitrary constants in the different factors, as in the proof of (3.35), and appealing to the

trace estimates of Lemma 2.3, we get
1
p@P)’( [
) Bi4o(y)

| pw-ar <y ([
L yGY B(y

Decomposing w = (w — W) +w in the last factor, using the triangle inequality and Young’s
inequality, we are led to
<

Jo, e
L yey 7/ Biroly

and thus, by the triangle inequality, for all x € Qp,

[ pers [ prs S [ o

yey

|D(w)|2)§. (A.26)

Rather decomposing @ = w — (w — @), we note that (A.26) also yields the energy estimate

/ D@ 5 / D) (A.28)

As w satisfies the free steady Stokes equations in Qr, cf. (A.24), the mean-value property
of Lemma 2.4 yields for all x € Qp,

/ D@ < (dist(z,0Qz)) / D)2,

BL(x) L

and thus, combined with (A.28),
/ D(@)? < (dist(r, Q1)) / D(w)[2. (A.29)
BL(x) QL

Inserting this into (A.27), the claim (A.23) follows.

Step 2. Conclusion.
Given S C Y, we denote by wg € w + H},(Qr)? the solution of the free steady Stokes
problem with rigid inclusions at points of S only,

—Awg + VPs =0, in Qr, \ UyESB(y)y

div(wg) =0, in Qr \ UyesB(y),

D(wg) = 0, in UyesB(y), (A.30)
faB(y wS,PS)V =0, Yy € S,

Jop ©@ —y) - o(ws, Ps)y =0, Vy € S, ¥O € M*ev.
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In particular, we recover wy = w and wy = W as defined in (A.24). The result (A.23) of
Step 1 yields in this case, for all z € Qp,

wg)|? is —d wg)|?.
[, DS Sis (ye{%s@ t.00:))) [ IDws)

Noting that a similar argument as for (A.28) further yields the energy estimate

/ DSt 5 / D)

we deduce for all z € Qp,,

/BL(x) ID(ws)|* Sis ( > <dist(y78QL)>d> /L D(w)P (A.31)

ye{z}uS

We shall now decompose w in terms of this sequence (wg)scy. Arguing as for (A.25), we

note that for any S C Y the following relation holds in Qr, \ UyecsB(y),

~A(w—ws) + V(P =Ps) = = Y Sypo(w, Pr.
yeY'\S

As w — wg is rigid in UyegB(y), this allows to decompose

yeY'\S

and thus, iterating this identity and starting with wg = w,

o2
— a7 Y1 7Y2 Ui
w=uw + Z Z jL jL,{yl} e jL,{yl ..... yl_l}w{yl’“'»yl}‘

I=1 y1, i €Y

Appealing to the decay estimates for {7} ¢}y,5 in Lemma A.1, and to (A.29) and (A.31),
we get after straightforward simplifications, for all x € Qr,,

2 2
J o P S [ D)

oo #
x> =y M —y2)n) T (e — o)) T dist(yr, 0QL)) 7
=0 y1,...,;1€Y

Using the trivial bound ((a — b)z)~%((b — ¢)1)™% < {(a — ¢)p)™? for all a,b,c € Qy,
and noting that the infimum over ¢ € 9Qy, further yields ((a — b)7)~%(dist(b,0Q))~* <
(dist(a,0Q1))~?, the conclusion (A.8) follows. O
A.4. Periodization errors. This section is devoted to the proof of Lemma A.3. We split
the proof into three steps. Let z € Qr, let ¢ satisfy (A.2) at z, and let Y C @ be such

that {z} UY satisfies (A.1).
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Step 1. Proof that for all x € Qp,

i

1+p(95

ID(T2yC — TEOP oy / D)

Bi4p(2)

X min {((a: —2)) 2 A <<dist(:1:, Q1 (a)))~dist(z, 8QL(a)))7d> :

a€RY z,2€Qr(a), Y C QL(a)}. (A.32)

It suffices to prove this estimate for a = 0, that is,

/ DTy ¢ — FEOP Sor / D)
B, (@)

Bi4yp(2)

X (((x — )M A ((dist(x, aQr)) " (dist(z, aQL>>d)>,

as the claim (A.32) then follows by translating the underlying cell @z, which does in-
deed not change the equations provided that the translated cell still contains the relevant
points z, z, Y. Further noting that Lemma A.1 together with the triangle inequality yields

[ I - FOP S (w-2) 7 [ DOP,
B Bitp(2)
it only remains to prove for all z € @,

[ DT = FOP S (st 000) dist(2.0Q0) [ DOP
B Biyp(2)

(A.33)
As {2} UY satisfies (A.1), we recall that J7,,-( satisfies the simpler Stokes problem (A.4)
(and likewise for Jy?¢). The difference 7, L.y¢ — Jy¢ then satisfies the free steady Stokes

equations (A.7). Applying the mean-value property of Lemma A.2 to this equation, we get
for all x € Qp,

[, Py~ FOP S (die(e00u) [ IDTEyC = FFOR (A3

1L+p(ff)

L
1+p(95

In order to estimate the last integral, taking some inspiration from the proof of (2.40),
we note that it is convenient to further compare 7 LZ;YC and J3¢ to the solution of the

corresponding Neumann problem in @)r: we define J5 ¢ € H 1(Qr)? as the solution of

DTNy C+VQiy( = —0gpr(»o((, P)v, n Qr\UyeyB(y),
diV(fof;YC) =0, in Qr \ Uyey B(y),
U(j]f[;y(, Q?V;YC)V =0, on 9Q),
D(J7.yC) =0, in Uyey B(y), (A.35)
faB(y) o(TRy € Quy v =0, Yy ey,
{ faB(y) O —y) o(Txy( Qyy (v =0, VyeyY,voe Miskew,

In these terms, we start by estimating

/ DTy ¢~ TEOP < 2 / D(H)[ +2 / D) 2, (A.36)
QL

QL L
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where we have set for abbreviation
Hy == Jry(— Iny G Hy = Jy( — Iny €
=

We denote by Pj, P» the corresponding pressure differences. In view of (A.4) and (A.35),
(Hy, Py) satisfies

—-AH{ +VP = 0, n QL \ UyEyB(y),

div(H;) = 0, in Qr \ Uyey B(y),

o(Hy, P)v = 0(jLZ;YC, Qi;YC)Z/, on 0Q,

D(H)) =0, in Uyey B(y), (A-37)
faB(y)O'(Hl,Pl)V:O, Yy €Y,
faB(y)@(az—y)-U(Hl,Pl)V:O, Yy €Y, VO € Mokew,

for which the energy identity takes the form

2 [ IDURE = [ Hi-o(TirC Qy O
L QL
hence, recalling Hy = jf;yg - j]f,;yg and the periodicity of jf;yg“,
2 [ D) = - T oI QO (A.38)
L L

By Lemma 3.1 and (A.11), J£.,-C satisfies in Qr,

_AJE;YC + v(]le\UyEYB(y) Qi;Y) = _533(2) U(C7 P>V - Z 5aB(y)O'(‘-7LZ;YC7 Qi;YC)%
yey
whereas, by (A.35), Jg y( satisfies
_Ajﬁf;YC + v(]I]Rd\uyeyB(y) Q?V;Y) = _5aB(z)U(C7 P)V - Z 5BB(y)U(j]€/;Y<7 Q?V;YC)V'
yey

Testing the first relation with J5%.-C, testing the second one with J7.y-¢, and using bound-
ary conditions, we find

j]f/;YC ' U(jLZ;YC7 Qi;YC)V
oQr

= 2 [ DO DN+ [ Tl P
= [ it = Tiw) - olc. P
dB(z)
so that identity (A.38) becomes
2/ ID(H) = / Hi - o(C, P, (A.39)
L 0B(z)
Using the boundary conditions and the incompressibility constraint to smuggle in arbitrary

constants in the different factors, as in the proof of (3.35), and appealing to the trace
estimates of Lemma 2.3, we find

[ e s (f ) ([ )
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Applying the mean-value property of Lemma A.2 to equation (A.37) for Hy, and using
Young’s inequality, we deduce

/ D) < (dist(z,0Q1)) ™ /B @ (A.40)

Likewise, repeating the argument in favor of (A.39), this time for Hs, we obtain

2 / D(Hy)[? = / Hy o(C. Pyt | T3¢ 0(J3. Q0w
L 0B(z) oQrL

or equivalently, using the free steady Stokes equations for Ji*¢ in R?\ Q1 and integrating
by parts to reformulate the second right-hand side term,

2 _ . _ 2 ~\|2
o[ wupl = [ o2 [ D50

< / Hy-o(¢, P)v.
9B(2)
Arguing as for Hy, we may then deduce

/ ID(H)2 < (dist(z,0Q1)) ™ /B D).

1+p(z)
Combined with (A.34), (A.36), and (A.40), this yields the claim (A.33).
Step 2. Proof of (A.9).
We claim that the conclusion (A.9) is a simple post-processing of (A.32). As (A.9) trivially

follows from (A.32) if [z — 2| > £, it remains to consider the case when |z — 2| < £. In
that case, we can choose ¢ € %Zd with |¢lee < % such that z,z € Q%L(q) We then
construct a translation vector a componentwise: First, for all directions 1 < ¢ < d With
q¢; = 0, we set a; := 0. Second, for all i with ¢; = %, we set a; = dist(Y \ {z, 2}, P;7),
where P, is the cubic facet {v € Q) : v; = —%} Third, for all i with ¢; = —%, we
set a; := —dist(Y \ {z, 2}, P;"), where P, is the facet {v € 9Qr, : v; = L}. With this
construction of a, we find that Y \ {z, z} is included in the translated cube Qp(a) (and
actually intersects its boundary). Moreover, we find
dist(z,0Qr(a)) > dist(z,0Qyr) + inf |a;| > dist(z,0Qr) + dist(Y \ {z, z},0QL),
(2

and similarly
dist(z,0Qr(a)) > dist(z,0Qr) + dist(Y \ {z, z},0QL).
In particular, we get
(dist(x, 0Q (a)))~Udist(z, 0QL(a))) ™ < (dist(Y \ {z, z},0QL)) "¢,
so that the conclusion (A.9) indeed follows from (A.32).

Step 3. Proof of (A.10).
We shall prove the following refined version of (A.10): for all z € @,

/. o IDOE =) S min {dist(z, 0Q1 (@) @it (Y: 0@ @)

a€R: 2 €Qra), Y C QL(a,)}. (A.41)
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Arguing similarly as in Step 2, it is easily seen that the translation a can be suitably chosen
so that this estimate yields the conclusion (A.10). In order to prove (A.41), it suffices, in
fact, to prove it for a = 0, that is,

/B D@ — ") < (dist(r, 0Q0)) (dist(Y,0Q)) %, (A42)

p(@)

Tp
as the claim (A.41) then follows by translating the underlying cell @, which does indeed
not change the equations provided that the translated cell still contains z,Y .

We turn to the proof of (A.42). As the difference 1/){ — Y satisfies a free steady Stokes
problem of the form (A.7), we may apply the mean-value property of Lemma A.2 to the
effect that for all x € Qp,

/ DY — ") < (dist(z,0Q1)) " / DY — 7). (A.43)
B, ,(2) L

In order to estimate the last integral, we argue similarly as in Step 1 by further comparing
@Z)}j, 1YY to the solution of the corresponding Neumann problem in Qr: we define d)}\/, €
H'(Qr)? as the solution of

(AP +VEN =0, in Q1 \ Uyey B(y),
div(yy) =0, in Qr \ Uyey B(y),
cr(w}\/,, E]\/,)I/ =0, on 0Qp,

D(¢y + Ex) = 0, in Uyey B(y),
faB(y) J(w}\/j, E%)I/ =0, Yy €Y,
faB(y) Oz —y) 'O’(i/)}(}, EX)I/ =0, YVyeY, VO ¢ Mskew

In these terms, we start by estimating
[ et e <2 [ pGnE 2 [ b (A14)
L L L

where we have set for abbreviation

Gi= 4 —yn, G2 =9V =y,
We denote by R1, Rs the corresponding pressure differences. Similarly as in Step 1, energy
identities take the form

2 [ w@r = X[ B oG Ry

er (y)
2 / DG = 3 / Bz — y) - o(Ga, Ro)v — 2 / DY),
L yEY 8B(y) Rd\QL

and we deduce by means of trace estimates, for both ¢ = 1,2,
1
[ p@r sy ([ per)
L yey 7/ Bioy)

Hence, applying the mean-value property of Lemma A.2 to G1, Go, together with Young’s
inequality,

/ DGHP <o 3 (dist(y, 0Q1)) 7.

L yey
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Combined with (A.43) and (A.44), this yields the claim (A.42), and concludes the proof.
U

APPENDIX B. FINITE-VOLUME APPROXIMATION OF THE EFFECTIVE VISCOSITY

This appendix is devoted to the proof of an algebraic convergence rate for the finite-
volume approximation By, of the effective viscosity B under an algebraic a-mixing condi-
tion, as announced in Remark 4.1.

Proposition B.1 (Convergence rate for Br). On top of Assumption (H,), assume that
the algebraic mizing condition (Mix) holds. Then there exists v € (0,3) (only depending
on d,p and on the mizing exponent B) such that for all L,

B, —B| < L. 0

The proof displayed below closely follows the monograph [3| by Armstrong, Kuusi, and
Mourrat (albeit in the more general version [4] for a-mixing coefficients) based on the orig-
inal argument [5] by Armstrong and Smart. We identify a suitable subadditive quantity J
that satisfies all the requirements of [4, 3] in the present Stokes context: the definition (B.4)
and Lemma B.2 below constitute the only new insight wrt [3|, and the conclusion follows
from elementary adaptations of the arguments in [4, 3|. Although we could have used the
same subadditive quantity as in [3], we have chosen to use a subadditive quantity J built
on the approximations (2.9) and (2.10) that we used to prove Einstein’s formula, that is,
in the form of (B.3) below. This choice, which is specific to our problem, makes some of
the upcoming arguments technically simpler than in [3], in particular avoiding the use of
convex duality.

Let E € My be fixed with |E| = 1. We say that a bounded domain U C R? is suitable
if dist(Z N U,0U) > p. We consider the following weakly closed subsets of H'(U),

HU) = {uc HYU)? : div(¢) =0, and D(¢p+ Ez)=0o0nZN U},
Ho(U) = Hy(U)'nH(U),

and the following minimization problems (note that only the symmetrized gradient D (¢, (U))
is uniquely defined in the first line),

0(0) = agmin{ [ PO 6 eHO)}, (B.1)
Yo(U) = argmin { /U D@ : 6. HoU))}. (B.2)

Recalling that the fattened inclusions {I,, + pB}, are disjoint, we define the modified cubes
Up(x) := (QL(x)\ U W+ pB)> U < U W+ pB)>,
n:rp€Qr(x) n:xn€QL ()

which satisfy by definition Qr_s14,) C UL(z) C Qri2(14p) and TN OUL(x) = &. The
family {UL (%)}, epz¢ constitutes a partition of R%. Setting Uy, = Ur(0), we then consider
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the following alternative finite-volume approximations of the effective viscosity B,

BiBLLE - 1+E[f Dl (U]

E:Bp.E = 1+IE[ D (o (Up, )\2] (B.3)
<

Since Ho(Ur) C H(UL), we have E : B .E < F : By ,E. We then define a random set

function J for suitable sets U via

= ]{JD(%(U))IQ— ID(y.(U))[. (B.4)
The following lemma collects elementary properties of J. In particular, item (iii) states
that U — |U|J(U) is subadditive.

Lemma B.2 (Properties of J).
(i) Recalling the definition (B.3) of finite-volume approzimations B, ., Bro of the effec-
tive viscosity, there exists C > 0 such that

E:Bp.E-CL' < E:BE < E:B.E+CL™, (B.5)
E:BL,E-CL"' < E:BpyupE < E:Bp ,E+CL . (B.6)
(ii) For all suitable U,
},ID00) ~ 0. O (B.7)
(iii) For all disjoint suitable sets U, ..., U*, setting U = int( Uj ﬁ),
k
UI(U) < (U1 (U7). (B.8)
j=1
In addition, setting 6(U) = o(U) — 1 (U),
k k
D IIDEGU) = 6 (U)F 25y = Z U7)(J(U7) = J(U)). (B~9<;
j=1 i=1

Proof. We split the proof into three steps.

Step 1. Proof of (i).

We start with the proof of (B.6), that is, the comparison of BL,*: BL@ with the periodic
approximation BL+2(1+p). First, we extend 9o(UL) by zero on Qrio14,) \ Uy, which
makes it a Q14 2(14p)-periodic function, and thus an admissible test function in (?7),

f DWrssiy) < f ID (o (UL))
QL+2(149) QL+2(1+9)

U _
= (L—Fg(lLL- p))d ]{]_ |D(wO(UL ))|2a

which yields, in view of |[L7¢|UL| - 1| S L7,

f Dpssin) < f D (UL)) (L + CLY).
QL42(149p) UL




ON EINSTEIN’S EFFECTIVE VISCOSITY FORMULA 141

Second, as the restriction ¢L+2(1+p)|UL belongs to H(Uy) and is thus an admissible test
function in (B.1), we similarly obtain

L+2(1+p))?
f, @l < f el s EEEEE L D)

< (1+ CL_l)][ ID(YL4(140)) I
QLt2(1+4)

The claim (B.6) follows from the combination of these two estimates with the following
energy bounds, cf. (3.50),

E[Jémw' )] + [ DW-(UL)E| +EDW)F] £ AP).  (B.10)

We turn to the proof of (B ) Since the restriction |y, belongs to H(Ur) and is thus an
admissible test function in (B.1), we find by stationarity of D(%)),

EHU D (U) 12} E[][U )| < E[;; 3 D]
< (1+CL HE[DE@)P]. (B.11)

For the converse inequality, we appeal to a cut-and-paste argument. The starting point is
the following convergence, cf. [18],

B[P = JimE| f D0

Since 1o (Upy) = > ¥o(UL(zj)) 1y, ;) belongs to Ho(UkL), where {UL(z;)}; is a partition
of Uiy, we obtain for all k, by stationarity of z — Ur(z),

B[ penwap] < ZE[’UL o AN A

Ukl Jup(z)

IN

IN

(1+CL‘1)IE{][ |D(wo(UL))]2] (B.12)
UL

The claim (B.5) follows from the combination of these three properties with the above
energy bounds (B.10).

Step 2. Proof of (ii).
By definition,

IO) = £, D (WelV) = (0) D (V) + 1.(0)
Since o (U), ¥ (U) € H(U), the difference 1o (U) — 1), (U) is a suitable test function for the
Euler-Lagrange equation of the minimization problem (B.1) defining ¥, (U), which yields

| D (@) = 0. )) : D)) = 0

and the claim (B.7) follows.

Step 3. Proof of (iii).
We start with the proof of (B.8). Since the minimization problem (B.2) defines a sub-
additive set function due to the gluing property of Ho(U), and since the minimization
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problem (B.1) defines a superadditive function due to the restriction property of H(U),
the function J is subadditive as the difference of a subadditive and of a superadditive
function.

We turn to the proof of (B.9). The starting point is (B.7) for U7, which yields
Ulawh) ~ [ @R = [ D) = suw) : Deu(w?) + 50w)
= [ 1D - suw))
+2/Uj D(0y(U7) — 8(U)) : D(60(U)).  (B.13)
We decompose the second right-hand side term into 2 Zizl I j, in terms of
hy = [ D) = w0 s D))
Ui
By = = [ DUeU?) = bV)) : DG ().
by = [ D)) DWeV) - b)),
Ui
Iy = = [ DU (V) - 4.(0),
Ui

Since Yo (U)|yi, ¥« (U)|ys € H(U), the difference (1o(U) — 1.(U))|y; is a suitable test
function for the Euler-Lagrange equation for ¢, (U7), which yields I ; = 0. Likewise, since
Po(U), 22 %o(U) 1y € Ho(U) € H(U), we find both 37,11 j = 0 and 37, Ip; = 0. In
addition, since ¢o(U), ¢«(U) € H(U), we find 3, I3 ; = 0. This entails

%:/UjD(M(U]) —6y(U)) : D(O(U)) =

Summing (B.13) over j, inserting the above, and recalling the identity (B.7), the claim (B.9)
follows. O

For all n > 0 we set U™ := Us» and define the discrepancy
T i =E[J(U™)] —E [J(U")]. (B.14)
In contrast with [3], the set U™ is now random, so that subbadditivity does not directly
imply 7,, > 0. This is however true up to an error O(37"), as we briefly argue. Choose a
partition {UJ" := Usn(zj)}; of the set U™, Taking the expectation of (B.9) applied to
this decomposition of U1, we find

0 < B T ID@6U™) = 50U s | = SB[ - SO B19
J
whereas by the deterministic bounds |3¢|U™| — |U”+1|| < 3™Md=1) and J(U}') < 1 we have
for some constant C' ~ 1,

E [|U2(J(U?) — J(U™)] < 3"(E[JOU™)] -E[JOU™H] +C37™).  (B.16)
_E[IU71(7(; ] (EBL7UM] -E[ ] )
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The combination of (B.15) and (B.16) yields the claim in form of
o= Tn + C37" > 0. (B.17)

The crux of the approach is the following control of the variance of averages of D(d¢(U))
in terms of 7,. In view of Lemma B.2, the proof is identical to that of |3, Lemma 2.13]
(albeit in the a-mixing version of [4], further arguing as in (B.17) and absorbing the
additional error term).

Lemma B.3. There exist C,e > 0 (only depending on d, p, ) such that for all n,
Var V D(w(U"))] <C3EnpC ) 3EnmE, O
" m=0

Recall the following version of Korn’s inequality: for any bounded domain D C R, for
all divergence-free fields v € L?(D), we have

inf / v(@) = k= Oade Sp D)1 (),
~ERA D
©cmskew

where the multiplicative constant only depends on the regularity of D. In contrast with
Poincaré’s inequality, the infimum over © € MV allows to have the symmetrized gradient
in the right-hand side instead of the full gradient. By the so-called multiscale Poincaré in-
equality in |3, Proposition 1.12], using the above Korn inequality instead of [3, Lemma 1.13],
Lemma B.3 yields the following estimate as in [3, Lemma 2.15]. This is simpler than the
statement in [3] since there is no convex duality involved.

Lemma B.4. There exist C,e > 0 (only depending on d, p, ) such that for all n,

E[ inf ][ [op(U™ ) (@) — K @m\2dx] < g3 3o ammn ) 0
ot TV —

Next, we deduce the following estimate on J as in [3, Lemma 2.16] by means of the
Caccioppoli inequality. As the latter inequality in the present Stokes context involves the
pressure, the proof slightly differs from [3] and is included below.

Lemma B.5. There exist Cye > 0 (only depending on d, p, ) such that for all n,

E[J(U™M)] < €3~ +C ) 37<mg, O

m=0

Proof. Caccioppoli’s inequality in form of e.g. [19, Section 4.4, Step 1] yields for all K > 1,
for any constants ¢ € R, k € R%, and © € Mskew,

f DEHU™Y)P < K232 f BUU™) (x) — i — Oxfda
n Un+1

+ K2 0S(U™) = ¢/*gayz, (B.18)

Un+1

where 6% (U™*!) is the difference of the pressures associated with 1, (U"T1), b, (U"H1).
Appealing to a local pressure estimate in form of e.g. [19, Lemma 3.3|, and recalling
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Lemma B.2(ii), we find

inf][ SR — P Lgas < ][ DEVU™)E = JO™Y.  (B.19)
ceR Jyn+1 Un+1

Taking the infimum over ¢, k,© in (B.18), taking the expectation, inserting (B.19), and
using Lemma B.4, we obtain

B £ iGome| < w2 (s S g, + KB (U]

m=0

and thus, in view of (B.17),
E[ ][ yD(aw(U"“))y?} < K2 (3—€"+Z 3_5(”_m)?m>+K_2(]E [J(U™)]+37™). (B.20)
" m=0
Next, we argue that

E[J(U™)] < E[][ |D(6¢(U”“))]2} + 7 (B.21)

For that purpose, we first note that the definition of J yields

n

B -E| £ IDeso)P

— E[][TL D5 (U™) — 63(U1)) : D(S(U™) + 5¢(Un+1)):|

D=

S E[ f _ID(w(U™) ~ w(U”*l))F] % (BI@M+E[I0 ) )"

In order to control the first factor, we appeal to (B.15) and (B.16) in form of
+1yy)2 d=
E[ZHD((W(U;‘) — Sp(U™ ))||L2(U?)} < gndz
j
Further using the definition (B.17) of 7,, to reformulate the second factor, we deduce

E[J(U™)] - E [][

and the claim (B.21) follows.

=

n

mwwwnﬂ»ﬂ < ) HEDOM] + 7))

Choosing K =~ 1 large enough, (B.20) and (B.21) combine to

DGR 47, £ 304 Y g,

m=0

R[] < E[ /

n

and the conclusion follows. O

We may now proceed to the proof of Proposition B.1, which follows from Lemma B.5
by iteration.
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Proof of Proposition B.1. Set F,, := 3—zen ZZZOB%E’"E [J(U™)]. In terms of 7,, recog-
nizing a telescoping sum, we find

n n+1
F, - Fn+1 — 3—%571 Z 3%6m]E [J(Um)] _ 3—%5(71—&-1) Z 3%5mE [J(Um)]

= 372 Y geemp, 37 EHUE [J(U0)]
m=0

and thus, using (B.17) and E [J(U?)] <1,

Fp—Fpy1 > 3 szgzm — o3, (B.22)
m=0
Similarly, we find
1 ntl 1
Fn+1 < 3—§a(n+1) Z 32€ME [J(Um)] +C3 2 Le(n+1)
m=1
n+1
< —7a(n+1) Z 325m Um 1)] + 03_(m_1)) + Cg—%&(n—f—l)

< FE,+C373,
which, by Lemma B.5, turns into

37557123257)1(3 5m+23 e(m—k) = )+C3 25n

S 03—7571 _|_ Cg—f&‘n Z 0326771—

m=0

IN

Fn+1

Combining this with (B.22), we obtain

Foy1 < C(Fy — Fyyy) + C372°",
and thus

Frt € gy (Fa b 37zem).

+1 <

C+
By iteration, this yields F,, < C377 for some v > 0, and thus E [J(U™)] < C377" and
T, < C377". Since E[J(U™)] = E : (Bsn o — Bsn 4 ) E, this implies

0< E:(Bpo—Br.)E < L. (B.23)
Combined with Lemma B.2(i), this yields the conclusion. O
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