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Abstract. We study causal self-attention dynamics—a toy model for decoder Transformers—which
we interpret as a non-exchangeable interacting particle system. Adapting cumulant expansions to
the triangular causal dependency structure of the model, and appealing to non-hierarchical methods
to estimate correlations using Glauber calculus, we prove a quantitative mean-field limit result and a
next-order characterization of correlations. For iid uniformly distributed tokens, the limiting correlation
equation can be solved in closed form and we obtain a rigorous explanation of the empirically observed
lost-in-the-middle phenomenon: the token retrieval profile, as a function of the source position in the
prompt, is U-shaped, with primacy, recency, and a unique interior minimum under an explicit smallness
condition.

1. Introduction and main results

Large language models display several long-context effects, one of the cleanest being the dependence
of the output on the position of relevant information inside the prompt. A particularly simple protocol
consists in inserting a single relevant fact at a chosen location, filling the rest of the prompt with
distractors, and then asking a retrieval or question-answering task whose correct answer depends only
on that fact. Repeating this experiment across many prompts and across a wide class of models reveals
a consistent pattern: accuracy is high near the beginning of the prompt, high again near the end, and
lower in the middle. This empirically observed pattern goes by the name of lost-in-the-middle [30]; see
Figure 1.
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Figure 1. The experiment in [30] that motivates the paper. The two panels on the left
show how the answer-containing document is moved through the prompt and how the
amount of surrounding text is changed. The curve on the right is the empirical lost-in-
the-middle profile: retrieval is strongest near the beginning and the end of the context,
and weakest in the middle. Reproduced from Figures 3, 4, and 1 of [30], respectively,
with permission from the authors.
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A convenient framework for addressing this question from a mathematical lens is to view Trans-
formers [38]—the neural network architecture underlying large language models—as interacting par-
ticle systems [18]. This has already proved fruitful for encoder Transformers, which are exchangeable
particle systems, where empirically observed representation collapse phenomena [41, 12, 31, 11] can be
rigorously proven and seen as clustering of the particles over time [17, 18, 9, 33, 16, 6]. Results of this
nature have since extended to substantially more general settings [7, 29, 15, 28, 1, 19, 8].

We leverage this perspective for decoder Transformers, for which less is known. More precisely, we
consider a minimal model on the one-dimensional torus T := R/2πZ, structurally faithful to the ones
used in the experiments of [30]. Namely, at layer t > 0, the j-th token embedding, for 1 6 j 6 N ,
evolves as

d

dt
θj(t) =

1

ZN,j

j−1∑
k=1

e−
λ
N
(j−k)w′β (θj(t)− θk(t)) , (1.1)

with normalization

ZN,j :=

j−1∑
k=1

e−
λ
N
(j−k), (1.2)

and interaction kernel
wβ(θ) := eβ cos θ, (1.3)

for fixed β > 0 and λ ∈ R. This corresponds to the “USA” dynamics of [17], but in a causal form,
as in decoder architectures, and it incorporates the positional encoding factor e−λ(j−k)/N known as
ALiBi [34]. In particular, causality makes the system non-exchangeable. We focus on this intentionally
caricatural setting for clarity and simplicity: it is not meant to represent full Transformers, which
are high-dimensional and involve trainable matrices, but models of this type have been remarkably
predictive of the behavior of trained Transformers, as illustrated for instance in [18, Figure 1], and
they are rigorously justified at the initialization of training [29, 6, 15]. The reduced system (1.1)
already retains the two mechanisms central to the present study: early tokens are repeatedly reused by
later ones, while recent tokens are favored by the positional bias. Our analysis also extends to general
smooth interaction kernels and causal positional encodings, see Section 1.2.1.

To connect the dynamics with plots such as Figure 1, we use a minimal decoder, which is a stripped-
down version of the retrieval task in [30]: one singles out a relevant source position and asks whether
the final output token recovers it. Fix a vocabulary size M > 2, say V= {0, 1, . . . ,M − 1}, and let

ϑm :=
2πm

M
∈ T, m ∈ V.

We encode an input token mi at position i by θi(0) = ϑmi . Given the last hidden state θN (t), the
decoder returns the nearest codeword

m̂N (t) := arg min
m∈V

|θN (t)− ϑm|T .

Since one should think of many prompts, or equivalently of many possible initial conditions, the relevant
observable is an averaged retrieval score over a statistical ensemble of prompts. For a distinguished
source position 1 6 i∗ = bσ0Nc 6 N , with σ0 ∈ (0, 1), we therefore define the prediction accuracy by

P [m̂N (t) = mi∗ ] = E
[
1{|θN (t)−θi∗ (0)|T6

π
M }
]
, (1.4)

where the expectation is taken with respect to the random ensemble of prompts {θi(0)}i. For analytical
convenience, we mollify the characteristic function, e.g. using a periodic Gaussian, thus defining the
soft accuracy

AN (t,σ0) := E
∑
k∈Z

exp

(
−M

2

2π2
(θN (t)− θi∗(0)− 2πk)2

)
. (1.5)
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By the Poisson summation formula, this admits the Fourier representation

AN (t,σ0) =

√
π/2

M

∑
n∈Z

e−
π2

2M2 n
2

E
[
ein(θN (t)−θi∗ (0))

]
. (1.6)

Our goal is to prove that this quantity satisfies the U-shape observed in [30], see Figure 1. This amounts
to analyzing the large-N behavior of the expectations E[ein(θN (t)−θi∗ (0))] as the source location i∗ varies.

We approach this problem using tools from kinetic theory. A well-developed framework exists
for deriving continuum descriptions from interacting particle systems: in the mean-field regime, this
originates in propagation of chaos and the associated McKean–Vlasov limits (see e.g. the reviews [20,
26], as well as recent advances for singular interactions, e.g. [36, 35, 5, 4, 3]). More recently, the
theory has been extended, in combination with graph limit techniques, to non-exchangeable systems
(see e.g. [25]). The model (1.1) considered here, however, falls outside this setting: the interaction
weights do not satisfy the key boundedness requirement of [25, Assumption (3)], but instead obey

sup
16k6N

N∑
j=1

ωj,k ' logN, (1.7)

reflecting the singular cumulative influence of small indices on later particles.
Beyond this structural issue, the retrieval observable (1.6) exhibits a more fundamental feature:

its spatial dependence does not appear at the mean-field level. Capturing it therefore requires going
beyond propagation of chaos and retaining the leading-order time correlations, which is the main
objective of this work. For exchangeable systems, the analysis of such correlations has seen significant
recent progress, with both trajectorial approaches [13] and hierarchy-based methods [32, 23, 14]. By
contrast, results for genuinely non-exchangeable systems remain scarce. In the present setting (1.1),
we adapt the convenient trajectorial approach of [13], based on Glauber calculus with respect to initial
data. A key feature of our analysis is that the singular scaling (1.7) induces nonstandard corrections
to the propagation of chaos.

1.1. Main results. We define the empirical measure

µN (t,σ, θ) =
1

N

N∑
j=1

δ( j
N
,θj(t))

(σ, θ) ∈ L∞(R>0;P((0, 1)× T)), (1.8)

where the rescaled index σ = j
N ∈ (0, 1] plays the role of a continuous reading-cursor variable in the

limit. Next, motivated by the positional encoding factor 1
ZN,j

e−λ(j−k)/N1k<j in (1.1), we introduce the
associated limiting directed graphon

kλ(σ,σ
′) :=

λe−λ(σ−σ
′)

1− e−λσ
1σ′<σ, (1.9)

which is understood by continuity as σ−11σ′<σ when λ = 0. Finally, denote by f̂(n) :=
´
T e
−inθf(θ) dθ

the Fourier transform on T, for n ∈ Z, and write 〈n〉 :=
√
1 + n2.

Our first result describes the mean-field limit of the system as N → ∞. We stress that even the
qualitative convergence in part (i) does not follow from existing mean-field results for non-exchangeable
systems, since the interaction weights in (1.1) fail to satisfy the boundedness assumption of [25, As-
sumption (3)]; see (1.7).

Theorem 1.1.
(i) Qualitative mean-field limit:

If initially µN |t=0
∗
⇀ f◦ in P((0, 1]× T), then we have

µN (t)
∗
⇀ f(t) for all t > 0,
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where the limit f is the unique weak solution in L∞(R>0;P((0, 1]× T)) of the kinetic equation ∂tf(t,σ, θ) = −∂θ
(
f(t,σ, θ)

ˆ σ

0
kλ(σ,σ

′)(w′β ∗θ f)(t,σ′, θ) dσ′
)
,

f |t=0 = f◦.
(1.10)

(ii) Error estimates:
Assume that the initial data (θ0j )16j6N are independent and that their distribution converges to
some limit profile f◦ ∈ C0([0, 1];P(T)) in the following sense: for some δ > 0 and C,γ <∞,∣∣∣E [einθ0dNσe

]
− f̂◦ (σ, n)

∣∣∣ 6 CN−δ〈n〉γ for all σ ∈ (0, 1] and n ∈ Z. (1.11)

Then, for all t > 0, ϕ ∈ C∞([0, 1]× T), and m > γ ∨ 2 + 1
2 ,

E

[∣∣∣∣ˆ
(0,1]×T

ϕ (µN (t)− f(t))
∣∣∣∣2
] 1

2

. N−δ∧
1
2 eCt‖ϕ‖L∞([0,1];Wm,∞(T)). (1.12)

We illustrate the meaning of the assumptions on the initial data. Fix a vocabulary of size M > 2,
say V= {0, 1, . . . ,M−1}, fix an encoding ϑm := 2πm

M ∈ T form ∈ V, and fix pm ∈ C1([0, 1]) such that
for all σ the map m 7→ pm(σ) is a probability distribution on the vocabulary,

∑
m∈Vpm(σ) = 1. Say

we choose this distribution so that early positions favor words such as please, record, names such as
MICHELA, MARCO, middle positions favor code tokens such as zero, . . . , nine, and late positions favor
words such as city, PARIS, answer, no. Now consider initial prompts constructed as follows: for each
length N , sample independently mi ∼ p·(i/N) and set θi(0) = ϑmi ; a typical realization may look
like please record MICHELA code zero one seven six four two city PARIS answer no. In this
setting, the variables θi(0) are independent by construction and the assumption (1.11) follows from
the C1-regularity of the maps (pm)m, with f◦(σ, θ) =

∑
m∈Vpm(σ)δϑ(m)(θ). In the most homogeneous

version of this baseline, the initial tokens may even be taken iid and uniformly distributed on T, so
that (1.11) holds with f◦ ≡ 1.

As is typical for mean-field limits of non-exchangeable systems (see e.g. [25, Eqn (5)]), the limit
equation (1.10) takes the form of a “layered” McKean–Vlasov equation. In the present case, this
structure reflects the causal nature of the dynamics: the macroscopic variable σ quantifies how much
of the past is accessible to a given token, while the kernel kλ encodes the positional bias. However, the
mean-field limit alone does not yield useful information on the accuracy function (1.5) in the retrieval
task. Indeed, the relevant signal is carried by time correlations Cov(einθN (t), e−iθi∗ (0)), which vanish
at the level of the mean-field description. Capturing the spatial dependence of the accuracy function
therefore requires analyzing the next order in the propagation of chaos.

To this end, for a test function ϕ ∈ C∞(T), we introduce the autocorrelation AN
ϕ and the cross-

correlation CN
ϕ as follows: for t > 0, σ,σ0 ∈ (0, 1], and ψ ∈ C∞(T),ˆ

ψ(θ)AN
ϕ (t,σ, θ) dθ := Cov

(
ψ
(
θdNσe(t)

)
,ϕ
(
θ0dNσe

))
, (1.13)

ˆ
ψ(θ)CN

ϕ (t,σ, θ;σ0) dθ := Cov
(
ψ
(
θdNσe(t)

)
,ϕ
(
θ0dNσ0e

))
1dNσ0e<dNσe. (1.14)

The autocorrelation AN
ϕ quantifies the memory of a token at position σ at time t with respect to its

own initial value, and is of order O(1). By contrast, the cross-correlation CN
ϕ measures the dependence

of a token at position σ at time t with respect to the initial value of an earlier token at a different
position σ0 < σ; it is of order O(N−1). It is precisely this cross-correlation that carries the information
on the spatial dependence of the accuracy function. In the following result, we characterize the leading
behavior of both AN

ϕ and CN
ϕ .

Theorem 1.2. Assume that the initial data (θ0j )16j6N are independent and that their distribution
converges to some limit profile f◦ ∈ C0([0, 1];P(T)) in the sense of (1.11), for some δ > 0. Then,
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given ζ 6 δ with ζ < 1, we have for all t > 0, σ,σ0 ∈ (0, 1], σ0 < σ, and frequency n ∈ Z,∣∣∣(ÂN
ϕ − Âϕ

)
(t,σ, n)

∣∣∣ .ζ,ϕ 1

Nζσ2
〈n〉CeCt, (1.15)∣∣∣(NĈN

ϕ − Ĉϕ
)
(t,σ, n;σ0)

∣∣∣ .ζ,ϕ 1

Nζσ20
〈n〉CeCt, (1.16)

where Aϕ, Cϕ are the unique solutions of the limit equations
∂tAϕ(t,σ, θ) = −∂θ

(
Aϕ(t,σ, θ)

ˆ σ

0
kλ(σ,σ

′)(w′β ∗θ f)(t,σ′, θ) dσ′
)
,

Aϕ(0,σ, θ) = f◦(σ, θ)

(
ϕ(θ)−

ˆ
T
ϕf◦(σ, ·) dθ

)
,

(1.17)



∂tCϕ(t,σ, θ;σ0) = −∂θ
(
f(t,σ, θ)

ˆ σ

σ0

kλ(σ,σ
′)(w′β ∗θ Cϕ)(t,σ′, θ;σ0) dσ′

)
−∂θ

(
Cϕ(t,σ, θ;σ0)

ˆ σ

0
kλ(σ,σ

′)(w′β ∗ f)(t,σ′, θ) dσ′
)

−∂θ
(
f(t,σ, θ) kλ(σ,σ0)(w

′
β ∗θ Aϕ)(t,σ0, θ)

)
,

Cϕ(0,σ, θ;σ0) = 0.

(1.18)

The limiting autocorrelation Aϕ is transported by the mean-field flow, while the cross-correlation Cϕ
evolves according to the linearization of the mean-field dynamics, with a forcing term determined byAϕ.
This forcing injects the fluctuation carried by the source token at position σ0 into the dynamics of Cϕ,
and is weighted by the limiting graphon kλ(σ,σ0), thereby encoding the spatial influence of the source
point. This mechanism is ultimately responsible for the dependence of the retrieval profile on the
source position σ0.

The proof relies on a non-hierarchical cumulant expansion adapted to the triangular causal structure
of the dynamics. More precisely, differentiating a two-point correlation in time produces third-order
cumulants, so that no closed equation is available at the level of two-point correlations. To control
these higher-order terms, we appeal to Glauber calculus with respect to the initial data, following the
approach of [13]. In essence, quantitative bounds on first- and second-order Glauber derivatives yield
sharp control of the third-cumulant remainder, allowing one to truncate the expansion at the level of
two-point correlations without resorting to a BBGKY hierarchy.

Compared with previous uses of Glauber calculus to quantify corrections to mean-field limits, no-
tably [13], several new ingredients are required. First, the analysis must be adapted to a causal,
non-exchangeable decoder dynamics, where the token label persists in the limit as the macroscopic
variable σ, and the dependency graph is triangular rather than symmetric. Second, the interaction
scale at token j is of order j−1 rather than N−1, leading to a cumulative influence of early indices on
later ones and to the singular behavior (2.2). This disrupts standard propagation-of-chaos mechanisms
and gives rise to nonstandard correction terms in the correlation estimates; see Lemma 3.1.

In the specific case of iid uniformly distributed prompts, thus satisfying (1.11) with f◦ ≡ 1, the
mean-field solution remains constant f ≡ 1, the autocorrelation reduces to Aϕ ≡ ϕ −

´
Tϕ, and the

cross-correlation equation (1.18) becomes ∂tCϕ(t,σ, θ;σ0) = −
(ˆ σ

σ0

kλ(σ,σ
′)(w′′β ∗θ Cϕ)(t,σ′, θ;σ0) dσ′ + kλ(σ,σ0)(w

′′
β ∗θ ϕ)(θ)

)
,

Cϕ(0,σ, θ;σ0) = 0.

Taking the Fourier transform on T, this linear equation diagonalizes and we obtain

Ĉϕ(t,σ, n;σ0) = ϕ̂(n) gan(t,σ;σ0),

where
an := n2ŵβ(n),
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and where for a ∈ R we define the profile ga as the solution of the following Volterra–Hardy equation, ∂tga(t,σ;σ0)− a
(
kλ(σ,σ0) +

ˆ σ

σ0

kλ(σ,σ
′)ga(t,σ

′;σ0) dσ
′
)

= 0,

ga(0,σ;σ0) = 0.
(1.19)

By Theorem 1.2 and the Fourier representation (1.6), using this representation for limiting correlations,
we deduce the following approximation for the soft accuracy:

AN (t,σ0) =

√
π/2

M
+

√
2π

MN
St(σ0) +O

(
N−1−ζσ−20 MCeCt

)
, (1.20)

where the leading correction is given by

St(σ0) :=
∑
n>1

e−
π2

2M2 n
2

gan(t, 1;σ0). (1.21)

We show that this quantity is indeed U-shaped; see also Figure 2.

Theorem 1.3 (Lost in the middle). Let λ > 0 and assume that1

t sup
n>1

an 6 min
{
3−
√
3 , 2

(
1− e−λ

)}
. (1.22)

Then the following hold.
(i) Primacy: St(σ0)→ +∞ as σ0 ↓ 0.
(ii) Recency: S′t(1−) > 0.
(iii) U-shape: The function σ0 7→ St(σ0) has a unique global minimum in (0, 1).
Consequently, by (1.20), in the case f◦ ≡ 1, the soft accuracy σ0 7→ AN (t,σ0) is U-shaped with a unique
interior minimum for all N large enough.

Results on the emergence of primacy and recency biases for Transformers appear in recent works deal-
ing with simplified or discrete-time models, but these use totally different approaches and methods—see
[39, 22, 10].

The proof of Theorem 1.3 proceeds by reducing the Volterra–Hardy equation (1.19) to a Goursat
problem via a change of variables, which can be solved explicitly in terms of modified Bessel functions.
The crucial computation is:

Proposition 1.4. For a > 0, λ ∈ R, and 0 < σ0 < σ 6 1, the unique solution of (1.19) is given by
(1.23) when λ 6= 0 and by (1.25) when λ = 0:

ga(t,σ;σ0) =
λe−λ(σ−σ0)

1− e−λσ

√
at

Y (σ;σ0)
I1

(
2
√
at Y (σ;σ0)

)
, (1.23)

where

Y (σ;σ0) := log
eλσ − 1

eλσ0 − 1
. (1.24)

For λ = 0, this reduces to

ga(t,σ;σ0) =
1

σ

√
at

log(σ/σ0)
I1

(
2
√
at log(σ/σ0)

)
. (1.25)

1.2. Extensions. Our results extend in several natural directions. First, the specific choice of the
interaction kernel wβ(θ) = eβ cos θ plays no essential role in the analysis: it can be replaced by an
arbitrary smooth and even periodic interaction kernel. Likewise, the arguments carry over to higher-
dimensional phase spaces. We next briefly discuss extensions with respect to positional encodings and
to the more general causal self-attention dynamics.

1As wβ is smooth, we have an → 0 as n → ∞, so this condition is non-empty for t > 0.
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Figure 2. The profile predicted by Theorem 1.3 in the explicit regime β = λ = 1 and
M = 8. Each panel plots the centered correction σ0 7→ St(σ0)−minSt from (1.21).

1.2.1. On positional encodings. We focus on the ALiBi encoding factor for simplicity, but the proofs
of Theorems 1.1 and 1.2 extend with only minor modifications to more general causal weights of the
form b((j−k)/N), provided b is at least continuous on [0, 1]. In that case, the limiting kernel kλ(σ,σ0)
is replaced by

b(σ,σ0)´ σ
0 b(σ,σ

′)dσ′
1σ0<σ.

The proof of Theorem 1.3 adapts accordingly, with the parameter λ replaced by the local slope b′(0).
Avoiding the resulting U-shaped profile therefore should require modifying the positional encoding

so as to weaken this monotone recency mechanism or to introduce a competing phase-sensitive effect,
as done in empirical works [27, 24]. RoPE-type encodings [37] provide a natural example, but fall
beyond the present theory because the positional dependence then acts inside the interaction phase
rather than through a scalar causal kernel, so that the Volterra–Hardy reduction no longer applies.

1.2.2. General self-attention. The reduced model (1.1) can be viewed as a simplification of the d = 2,
Q = K = V ≡ Id specialization of the causal spherical self-attention dynamics with ALiBi encoding:

d

dt
xj(t) =

1

ZN,j(t)

j−1∑
k=1

exp

(
β 〈Q(t)xj(t), K(t)xk(t)〉 −

λ

N
(j − k)

)
P⊥xj(t)

(V (t)xk(t)) , (1.26)

where xj(t) ∈ Sd−1, P⊥x y := y − 〈x, y〉x, and with normalization

ZN,j(t) :=

j−1∑
k=1

exp

(
β 〈Q(t)xj(t), K(t)xk(t)〉 −

λ

N
(j − k)

)
.

Note that the normalization further depends on the strength of interactions, which we removed for
simplicity in (1.1). A full analysis of (1.26) is left for future work.
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Figure 3. Simulation of the particle system (1.1) for N = 64 and β = λ = 1, initialized
near four small angular clusters. Crosses mark the initial angles θk(0), while hollow
points mark the evolved angles θj(t); the labels follow the first and last positions.
The plot is read by comparing evolved angles with initial ones: for a fixed output
position j, proximity of θj(t) to θk(0) is the trajectory-level analogue of alignment with
source position k, and for j = N this is essentially the distance entering the retrieval
observable. Two effects are visible. The drift of the terminal particle θN (t) toward the
first particle θ1(t) shows the primacy effect; collapse toward the first token is proved
in [28], and is consistent with empirical work on attention sinks [40, 21, 2]. All the
while, at short times the terminal particle remains close to the packet of nearby high-
index particles initialized near θN (0); this coherent terminal packet somewhat reflects
the recency side of the U-shaped profile.

1.3. Organization. The paper is organized as follows. Section 2 records some elementary convergence
estimates for interaction weights. Section 3 develops the cumulant estimates that form the backbone
of all our convergence proofs: using Glauber calculus adapted to the triangular causal structure of the
dynamics, we derive sharp bounds on covariances and third cumulants of particle trajectories. Section 4
contains the proof of Theorem 1.1 on the mean-field limit. Section 5 gives the proof of Theorem 1.2
on the characterization of correlations. Finally, Section 6 completes the proof of Theorem 1.3.
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2. Interaction weights and limiting graphon

We introduce the following short-hand notation for the non-exchangeable, directed interaction
weights appearing in the model (1.1): for 1 6 k, j 6 N , set

ωj,k :=
e−

λ
N
(j−k)1k<j

ZN,j
, (2.1)

where the normalization ZN,j ensures
∑N

k=1ωj,k = 1 for 1 < j 6 N . A direct computation yields,
uniformly for all 1 6 k, j 6 N ,

ωj,k =
e

λ
N
k1k<j∑j−1

m=1 e
λ
N
m
' j−11k<j .

In particular, this implies that the weights are row-stochastic but not column-balanced, as already
emphasized in (1.7):

sup
16k6N

N∑
j=1

ωj,k ' logN. (2.2)

This logarithmic divergence reflects the cumulative influence of small indices on later particles and
places the model outside the standard framework for mean-field/graph limits, namely beyond the
minimal requirements of [25, Assumption (3)].

We next introduce a continuum representation of this interaction structure. Define the rescaled
interpolated kernel

KN (σ,σ′) := NωdNσe,dNσ′e, σ,σ′ ∈ (0, 1]. (2.3)
This can be viewed as a continuum interaction kernel associated with the underlying directed weighted
graph (a directed graphon in the sense of graph limit theory). By construction, it satisfiesˆ 1

0
KN (σ,σ′) dσ′ = 1, σ ∈

(
1

N
, 1

]
,

and the pointwise uniform bound
KN (σ,σ′) . σ−11σ′<σ.

It is easily checked that KN converges almost everywhere to the limiting kernel kλ defined in (1.9).
The latter satisfies the same normalization and pointwise bound,ˆ 1

0
kλ(σ,σ

′) dσ′ = 1, kλ(σ,σ
′) . σ−11σ′<σ,

while the logarithmic divergence in (2.2) is reflected by the singular behaviorˆ 1

0
kλ(σ,σ

′) dσ ∼ |logσ′|, σ′ ↓ 0,

which will create technical difficulties in the analysis. Finally, we quantify the convergence KN → kλ.
For λ 6= 0, using the geometric-series identity

ZN,j =
1− e−

λ
N
(j−1)

e
λ
N − 1

,

we obtain, uniformly for 1 6 k < j 6 N ,

Nωj,k =
N(e

λ
N − 1)

1− e−
λ
N
(j−1)

e−
λ
N
(j−k) = kλ

(
j

N
,
k

N

)
+O

(
1

N( j
N )2

)
.

For λ = 0, the same estimate is immediate from

Nωj,k =
N

j − 1
=

1

j/N
+O

(
1

N( j
N )2

)
.
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Consequently, we can deduce for all σ ∈ (0, 1],
ˆ 1

0
|KN (σ, ·)− kλ(σ, ·)| 6

C

Nσ+ 1
. (2.4)

This convergence estimate will be used repeatedly in the sequel.

3. Cumulant bounds

The mean-field limit and the characterization of correlations both rely on quantitative control of the
statistical dependence between particle trajectories. Provided that the initial data are independent, we
can use the so-called Glauber calculus of [13] to estimate correlations. However, compared with [13],
some important care is needed in the present non-exchangeable setting: the smallness of the interaction
at particle j is of order j−1 rather than N−1, which creates difficulties when j is small, as reflected
for instance by (2.2). For this reason, nontrivial corrections appear in correlation estimates, see (3.3)
and (3.4) below, but they are harmless when applied to macroscopic indices j = dNσe with σ > 0
bounded away from zero.

We start by recalling tools from Glauber calculus with respect to independent initial data. Let
νj := Law(θ◦j ) and let (Ω,F ,P) :=

⊗N
j=1 (T,B(T),νj) be the product probability space carrying the

independent initial data. We identify θ◦j with the j-th coordinate map on Ω. For each k, we denote
by

E◦k[Y ] := E
[
Y
∣∣ (θ◦j )j:j 6=k

]
the conditional expectation given all variables except θ◦k, or equivalently the integration with respect
to θ◦k, and we define the Glauber derivative by

D◦kY := Y − E◦k[Y ].

The associated Glauber Laplacian is

L◦ :=
N∑
k=1

(D◦k)
∗D◦k =

N∑
k=1

D◦k,

and we write T ◦ := (L◦)−1 for its inverse defined on centered random variables. We shall only use
the following standard properties, proved e.g. in [13, Lemmas 2.4(v) and 2.5]: for centered random
variables Y, Y ′ ∈ L2(Ω) and all 1 < p <∞,

Cov
(
Y, Y ′

)
=

N∑
k=1

E
[
(D◦kY ) T ◦(D◦kY ′)

]
, ‖T ◦(D◦kY )‖Lp(Ω) . ‖D

◦
kY ‖Lp(Ω) , (3.1)

hence ∣∣Cov (Y, Y ′)∣∣ . N∑
k=1

‖D◦kY ‖L2(Ω)

∥∥D◦kY ′∥∥L2(Ω)
. (3.2)

Our main correlation estimates take on the following guise. For our purposes, it is enough to focus
on second and third cumulants, but the proof extends easily to higher cumulants. Recall that the third
joint cumulant is defined as κ1,1,1(Y, Y ′, Y ′′) = E[(Y − E[Y ])(Y ′ − E[Y ′])(Y ′′ − E[Y ′′])].

Lemma 3.1. Assume that the initial data (θ0j )16j6N are independent. Then, for all ϕ ∈ C2(T),
t, t′, t′′ ∈ [0, T ], and all i > j > k,∣∣Cov (ϕ (θi(t)) ,ϕ

(
θj(t

′)
))∣∣ . i−1e

√
CT log(i/j)eCT ‖ϕ′‖2L∞(T), (3.3)∣∣κ1,1,1 (ϕ (θi(t)) ,ϕ

(
θj(t

′)
)
,ϕ
(
θk(t

′′)
))∣∣ . (ij)−1e

√
CT log(i/k)eCT ‖ϕ′‖2L∞(T)‖ϕ

′‖W 1,∞(T). (3.4)
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Proof. We split the proof into five steps: we start by estimating the sensitivity of trajectories with
respect to initial data in form of uniform bounds on Glauber derivatives, and we then conclude by
reconstructing cumulants as sums of products of Glauber derivatives. Compared to the covariance, the
third cumulant further requires bounds on second Glauber derivatives, which is postponed to the last
two steps of the proof.

Step 1. First Glauber derivatives: proof that for all 1 6 i, k 6 N and t > 0, almost surely,

|D◦kθi(t)| 6 CeCt1k=i + Ci−1e
√

Ct log(i/k)eCt1k<i. (3.5)

Note that for a Lipschitz function h we can bound

|D◦kh (Y )| 6 ‖h′‖L∞(T)
(
|D◦kY |+ E

[
|D◦kY |

∣∣ (θ◦j )j:j 6=k

])
, (3.6)

and thus, for any p > 1,
‖D◦kh(Y )‖Lp(Ω) 6 2‖h′‖L∞(T)‖D◦kY ‖Lp(Ω). (3.7)

Taking Glauber derivatives in the particle dynamics and using this latter estimate, we find

d

dt
‖D◦kθi‖Lp(Ω) 6 2‖w′′β‖L∞(T)‖D◦kθi‖Lp(Ω) + 2‖w′′β‖L∞(T)

i−1∑
j=1

ωi,j‖D◦kθj‖Lp(Ω).

Integrating in time and recalling ωi,j . i−1, this yields

‖D◦kθi(t)‖Lp(Ω) 6 e
Ct‖D◦kθ◦i ‖Lp(Ω) + i−1

i−1∑
j=1

ˆ t

0
CeC(t−s)‖D◦kθj(s)‖Lp(Ω) ds.

As initial data are independent, we note that D◦kθ
◦
i = 0 for k 6= i, and the triangular structure of the

dynamics further ensures D◦kθi(t) = 0 for all k > i and t > 0. The above then becomes

‖D◦kθi(t)‖Lp(Ω) 6 Ce
Ct1k=i + i−1

i−1∑
j=k

ˆ t

0
CeC(t−s)‖D◦kθj(s)‖Lp(Ω) ds.

Iterating this estimate, we get for k < i,

‖D◦kθi(t)‖Lp(Ω) 6 i
−1CeCt

i−k−1∑
r=0

(Ct)r

r!

∑
k<jr<...<j1<i

(j1 . . . jr)
−1,

and thus, after straightforward calculation,

‖D◦kθi(t)‖Lp(Ω) 6 i
−1CeCt

i−k−1∑
r=0

(Ct log(i/k))r

r!2
6 i−1CeCte

√
Ct log(i/k),

that is, (3.5).

Step 2. Proof of (3.3).
Appealing to the Glauber covariance estimate (3.2), applying it to trajectories, and recalling the chain
rule (3.7), we get∣∣Cov (ϕ (θi(t)) ,ϕ

(
θj(t

′)
))∣∣ . ‖ϕ′‖2L∞(T)

N∑
k=1

‖D◦kθi(t)‖L2(Ω)

∥∥D◦kθj(t′)∥∥L2(Ω)
. (3.8)

Inserting (3.5), for i > j, we obtain∣∣Cov (ϕ (θi(t)) ,ϕ
(
θj(t

′)
))∣∣ . i−1e

√
Ct log(i/j)eC(t+t′)‖ϕ′‖2L∞(T)

+ (ij)−1eC(t+t′)‖ϕ′‖2L∞(T)

j−1∑
k=1

e
√

Ct log(i/k)e
√

Ct′ log(j/k),
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and the claim (3.3) follows after a straightforward estimate of the last sum.

Step 3. Second Glauber derivatives: proof that for all 1 6 k < j < i 6 N and t > 0,

|D◦jD◦kθi(t)| 6 C(ij)−1e
√

Ct log(i/k)eCt, (3.9)

Arguing similarly as for (3.7), we find the following second-order chain rule: for a smooth function h,
for all j 6= k and 2 6 p 6∞,

‖D◦jD◦kh(Y )‖Lp(Ω) 6 2‖h′‖L∞(T)‖D◦jD◦kY ‖Lp(Ω) + 4‖h′′‖L∞(T)‖D◦jY ‖Lp(Ω)‖D◦kY ‖Lp(Ω). (3.10)

For k < j < i, taking second Glauber derivatives in the particle dynamics, using this estimate, and
recalling ωi,j . i−1, we find

d

dt
‖D◦jD◦kθi‖Lp(Ω) 6 C‖D◦jD◦kθi‖Lp(Ω) + Ci−1

i−1∑
l=1

‖D◦jD◦kθl‖Lp(Ω)

+ Ci−1
i−1∑
l=1

‖D◦j (θi − θl)‖Lp(Ω)‖D◦k(θi − θl)‖Lp(Ω).

Using (3.5) to estimate the last sum, we get

d

dt
‖D◦jD◦kθi‖Lp(Ω) 6 C‖D◦jD◦kθi‖Lp(Ω) + Ci−1

i−1∑
l=1

‖D◦jD◦kθl‖Lp(Ω)

+ Ci−2e
√

Ct log(i/k)eCt + C(ij)−1e
√

Ct log(j/k)eCt

and thus, after time integration,

‖D◦jD◦kθi(t)‖Lp(Ω) 6 Ci
−2e
√

Ct log(i/k)eCt + C(ij)−1e
√

Ct log(j/k)eCt

+ i−1
i−1∑
l=1

ˆ t

0
CeC(t−s)‖D◦jD◦kθl(s)‖Lp(Ω) ds.

Note that the first term is bounded by the second one by a simple monotonicity argument. Further
using (3.5) in the form

‖D◦jD◦kθl(t)‖Lp(Ω) 6

{
j−1e
√

Ct log(j/k)eCt : l = j > k,
0 : l = k < j,

the above can be reorganized more simply as

‖D◦jD◦kθi(t)‖Lp(Ω) 6 C(ij)
−1e
√

Ct log(j/k)eCt + i−1
∑
j<l<i

ˆ t

0
CeC(t−s)‖D◦jD◦kθl(s)‖Lp(Ω) ds.

Now iterating this estimate, and evaluating the resulting series similarly as in Step 1, we find

‖D◦jD◦kθi(t)‖Lp(Ω) 6 C(ij)
−1e
√

Ct log(j/k)e
√

Ct log(i/j)eCt,

which is equivalent to the claim (3.9).

Step 4. Third-order Poincaré inequality for third joint cumulants: proof that for all random vari-
ables Y, Y ′, Y ′′ ∈ L3(Ω) we have

|κ1,1,1[Y, Y ′, Y ′′]| 6
N∑

j,k=1

(
‖D◦jD◦kY ‖L3(Ω)‖D◦jY ′‖L3(Ω)‖D◦kY ′′‖L3(Ω)

+‖D◦jY ‖L3(Ω)‖D◦jD◦kY ′‖L3(Ω)‖D◦kY ′′‖L3(Ω)

+‖D◦jY ‖L3(Ω)‖D◦kY ′‖L3(Ω)‖D◦jD◦kY ′′‖L3(Ω)

)
. (3.11)
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Although such Glauber estimates for joint cumulants were not covered in [13], they are easily deduced
with the same toolkit developed in [13], as we briefly explain. Without loss of generality, we may
assume that Y, Y ′, Y ′′ have vanishing expectation. Using (3.1), we can write

κ1,1,1[Y, Y
′, Y ′′] = E

[
Y Y ′Y ′′

]
= Cov(Y Y ′, Y ′′) =

N∑
j=1

E
[
D◦j (Y Y

′)T ◦(D◦jY ′′)
]
.

Now note that we have the approximate chain rule∣∣D◦j (Y Y ′)− Y (D◦jY
′)− Y ′(D◦jY )

∣∣ 6 |D◦jY ||D◦jY ′|+ E
[
|D◦jY ||D◦jY ′|

∣∣ (θ◦l )l:l 6=j

]
.

Inserting this into the above and recalling the boundedness of the inverse Glauber Laplacian, cf. (3.1),
we are led to

|κ1,1,1[Y, Y ′, Y ′′]| 6
N∑
j=1

(∣∣E [Y (D◦jY
′)T ◦(D◦jY ′′)

]∣∣+ ∣∣E [Y ′(D◦jY )T ◦(D◦jY ′′)
]∣∣)

+

N∑
j=1

‖D◦jY ‖L3(Ω)‖D◦jY ′‖L3(Ω)‖D◦jY ′′‖L3(Ω). (3.12)

It remains to estimate the first two terms. Using (3.1) again, we can write

E
[
Y (D◦jY

′)T ◦(D◦jY ′′)
]
= Cov

(
Y, (D◦jY

′)T ◦(D◦jY ′′)
)
=

N∑
k=1

E
[
(D◦kY )T ◦D◦k

(
(D◦jY

′)T ◦(D◦jY ′′)
)]
,

and thus, by the approximate chain rule and the boundedness of the inverse Glauber Laplacian,

∣∣E [Y (D◦jY
′)T ◦(D◦jY ′′)

]∣∣ . N∑
k=1

(
‖D◦kY ‖L3(Ω)‖D◦kD◦jY ′‖L3(Ω)‖D◦jY ′′‖L3(Ω)

+‖D◦kY ‖L3(Ω)‖D◦jY ′‖L3(Ω)‖D◦kD◦jY ′′‖L3(Ω)

)
.

Inserting this into (3.12), and noting that for j = k we have D◦jD
◦
k = D◦j , the claim (3.11) follows.

Step 5. Proof of (3.4).
Applying (3.11) to trajectories, recalling the chain rules (3.7) and (3.10), and inserting the Glauber
estimates (3.5) and (3.9), we get for all k < j < i and t, t′, t′′ > 0,

|κ1,1,1[ϕ(θi(t)),ϕ(θj(t′)),ϕ(θk(t′′))]| 6 ‖ϕ′‖2L∞(T)‖ϕ
′‖W 1,∞(T)(ij)

−1e
√

CT log(i/k)eCT

×

1 +
∑

l : k<l<j

l−1 + k−1
∑
l : l<k

e
√

CT log(k/l) + k−1
∑
l : l<j

l−1
∑

m :m<k∧l
e
√

CT log(k/m)


where we have set for abbreviation T := t+ t′ + t′′. The sums in the last parenthesis can be bounded
by log(j/k) 6 log(i/k) and the claim (3.4) follows. �

4. Mean-field limit

This section proves Theorem 1.1. We split the argument into four steps. The qualitative mean-
field limit is proven in Step 1 and follows from standard compactness arguments together with a
uniqueness result for the mean-field equation (1.10). The error estimates are more delicate and occupy
the remaining three steps of the proof. They are based on the covariance estimate of Section 3 and on
some stability analysis for the mean-field equation.

Next to the empirical measure (1.8), we shall also need to work with the marginal distribution of
the individual particles: for t > 0 and σ ∈ (0, 1], let fN (t,σ, ·) ∈ P(T) denote the probability density
of θdNσe(t), ˆ

T
ψ(θ)fN (t,σ, dθ) = E

[
ψ(θdNσe(t))

]
, ψ ∈ C∞(T). (4.1)
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Proof of Theorem 1.1. We proceed in four steps.

Step 1. Qualitative mean-field limit.
In terms of the empirical measure (1.8) and the kernel KN defined in (2.3), the particle dynamics (1.1)
yields in the weak sense,

∂tµN (t,σ, θ) = −∂θ
(
µN (t,σ, θ)

ˆ σ

0

ˆ
T
KN (σ,σ′)w′β(θ− θ′)µN (t,dσ′,dθ′)

)
.

By weak compactness, up to a subsequence, we have µN (t)
∗
⇀ f(t) for all t > 0. Passing to the limit

in the weak formulation of the above equation, using the graphon convergence KN → kλ, cf. (2.4),
we deduce that the limit point f is necessarily a weak solution of (1.10). In addition, noting that´
T µN (t,σ,dθ) = 1

N

∑N
i=1 δi/N (σ)

∗
⇀ 1, we deduce f ∈ L∞loc(R>0 × [0, 1];P(T)).

It remains to show that a weak solution of (1.10) in L∞loc(R>0 × [0, 1];P(T)) is necessarily unique.
Let f, f ′ be two such solutions with identical initial data. For almost all σ, as f(·,σ, ·) and f ′(·,σ, ·)
satisfy transport equations with velocity fields Vσ and V ′σ, which are given by

Vσ(t, θ) = −
ˆ σ

0
kλ(σ, τ)w

′
β ∗θ f(t, τ, θ) dτ

and correspondingly for V ′σ. A standard calculation yields

∂+t W1(f(t,σ), f
′(t,σ)) 6 ‖∇V ′σ(t)‖L∞(T)W1(f(t,σ), f

′(t,σ)) +

ˆ
T
|Vσ(t)− V ′σ(t)|f(t,σ),

where W1 denotes the usual 1-Wasserstein distance on P(T). Inserting the definition of Vσ, V ′σ, we
deduce

∂+t W1(f(t,σ), f
′(t,σ)) 6 ‖w′′β‖L∞(T)

(
W1(f(t,σ), f

′(t,σ)) +

ˆ σ

0
kλ(σ, τ)W1(f(t, τ), f

′(t, τ)) dτ

)
,

and thus,

∂+t

(
supess
σ∈[0,1]

W1(f(t,σ), f
′(t,σ))

)
6 2‖w′′β‖L∞(T) supess

σ∈[0,1]
W1(f(t,σ), f

′(t,σ)).

By Grönwall’s inequality, this entails f = f ′, which concludes the proof of (i).

Step 2. Approximate equation for marginal distribution: for fN defined in (4.1), we have for all t > 0,
σ ∈ (0, 1], and n ∈ Z,∣∣∣∣∣∂tf̂N (t,σ, n)−

∑
ξ∈Z

nξŵβ(ξ)f̂N (t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)f̂N (t, τ, ξ) dτ

∣∣∣∣∣ 6 C

Nσ+ 1
eCt〈n〉2. (4.2)

With the short-hand notation (2.1), the particle dynamics (1.1) yields

d

dt
E
[
e−inθj

]
= −in

j−1∑
k=1

ωj,kE
[
e−inθjw′β(θj − θk)

]
,

and thus, using Fourier decomposition for the interaction w′β,

d

dt
E
[
e−inθj

]
=
∑
ξ∈Z

nξŵβ(ξ)

j−1∑
k=1

ωj,kE
[
e−i(n−ξ)θje−iξθk

]
.

Using the smallness of correlations obtained in Lemma 3.1, and recalling ωj,k . j−1, we deduce∣∣∣∣∣ ddtE [e−inθj]−∑
ξ∈Z

nξŵβ(ξ)

j−1∑
k=1

ωj,kE
[
e−i(n−ξ)θj

]
E
[
e−iξθk

]∣∣∣∣∣
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6 Cj−1
j−1∑
k=1

ωj,ke
√

Ct log(j/k)eCt〈n〉2 6 Cj−1eCt〈n〉2.

For σ ∈ (0, 1] and j = dNσe, in terms of Fourier modes f̂N (t,σ, n) = E
[
e−inθdNσe(t)

]
and of the

kernel KN defined in (2.3), this reads∣∣∣∣∣∂tf̂N (t,σ, n)−
∑
ξ∈Z

nξŵβ(ξ) f̂N (t,σ, n− ξ)
ˆ 1

0
KN (σ,σ′)f̂N (t,σ′, ξ)dσ′

∣∣∣∣∣ 6 C

Nσ+ 1
eCt〈n〉2.

Using the graphon convergence (2.4) together with the trivial bound |f̂N | 6 1, this concludes the proof
of (4.2).

Step 3. Stability for limit equation.
Based on the approximate equation (4.2), we aim to deduce an error estimate between the marginal
distribution fN and the weak solution f of the limit equation (1.10). First note that the latter reads
as follows in Fourier space,

∂tf̂(t,σ, n)−
∑
ξ∈Z

nξŵβ(ξ)f̂(t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)f̂(t, τ, ξ) dτ = 0.

Hence, comparing this with (4.2), we find for the error gN := fN − f ,

∂tĝN (t,σ, n)−
∑
ξ∈Z

nξŵβ(ξ)f̂(t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)ĝN (t, τ, ξ) dτ

−
∑
ξ∈Z

nξŵβ(ξ)ĝN (t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)f̂N (t, τ, ξ) dτ = r̂N (t,σ, n), (4.3)

where the remainder term rN satisfies pointwise, for all t > 0, σ ∈ (0, 1], and n ∈ Z,

|r̂N (t,σ, n)| 6 C

Nσ+ 1
eCt〈n〉2. (4.4)

Due to the loss of a derivative in θ (that is, of a factor n) in (4.3), we cannot prove an L∞ stability
estimate for Fourier modes ĝN (t,σ, n), and we shall rather work in a weighted L2 setting. Testing (4.3)
with 〈n〉−αĝN (t,σ, n), for some exponent α > 0, we find

∂t
∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2 6 2

∣∣∣∣∣∑
n∈Z
〈n〉−αĝN (t,σ,−n)r̂N (t,σ, n)

∣∣∣∣∣
− 2

∣∣∣∣∣∣
∑
n,ξ∈Z

〈n〉−αnξŵβ(ξ)ĝN (t,σ,−n)f̂(t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)ĝN (t, τ, ξ) dτ

∣∣∣∣∣∣
− 2

∣∣∣∣∣∣
∑
n,ξ∈Z

〈n〉−αnξŵβ(ξ)ĝN (t,σ,−n)ĝN (t,σ, n− ξ)
ˆ σ

0
kλ(σ, τ)f̂N (t, τ, ξ) dτ

∣∣∣∣∣∣ .
The sum over n in the last term can be reorganized as follows, using the symmetry n↔ ξ− n,∑

n∈Z
〈n〉−αn ĝN (t,σ,−n) ĝN (t,σ, n− ξ)

=
1

2

∑
n∈Z

(
〈n− ξ〉−αξ+

(
〈n〉−α − 〈n− ξ〉−α

)
n
)
ĝN (t,σ,−n) ĝN (t,σ, n− ξ)

. 〈ξ〉α+2
∑
n∈Z
〈n〉−α|ĝN (t,σ, n)||ĝN (t,σ, n− ξ)|. (4.5)
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Further using kλ(σ, τ) . σ−1, the above then becomes

∂t

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

.

(∑
n∈Z
〈n〉−α|r̂N (t,σ, n)|2

) 1
2

+

(∑
n∈Z
〈n〉2−α|f̂(t,σ, n)|2

) 1
2 1

σ

ˆ σ

0

(∑
n∈Z
〈n〉−α|ĝN (t, τ, n)|2

) 1
2

dτ

+

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2 1

σ

ˆ σ

0

(∑
n∈Z
〈n〉−α|f̂N (t, τ, n)|2

) 1
2

dτ.

Using the pointwise bound (4.4) on the remainder rN , together with the trivial bounds |f̂ |, |f̂N | 6 1,
and choosing α > 5, we are led to

∂t

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

.
1

Nσ+ 1
eCt +

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

+
1

σ

ˆ σ

0

(∑
n∈Z
〈n〉−α|ĝN (t, τ, n)|2

) 1
2

dτ. (4.6)

Recall the Hardy inequality: for every h ∈ Lp(0, 1) and 1 < p <∞,(ˆ 1

0

∣∣∣∣ 1σ
ˆ σ

0
h(τ) dτ

∣∣∣∣p dσ

) 1
p

6
p

p− 1

(ˆ 1

0
|h(σ)|p dσ

) 1
p

.

Using this, we get

∂t

∥∥∥∥∥∥
(∑

n∈Z
〈n〉−α|ĝN (t, ·, n)|2

) 1
2

∥∥∥∥∥∥
Lp(0,1)

. N−
1
p eCt +

∥∥∥∥∥∥
(∑

n∈Z
〈n〉−α|ĝN (t, ·, n)|2

) 1
2

∥∥∥∥∥∥
Lp(0,1)

,

and thus, by Grönwall’s inequality, recalling the initial assumption (1.11) and choosing α > 2γ+ 1,∥∥∥∥∥∥
(∑

n∈Z
〈n〉−α|ĝN (t, ·, n)|2

) 1
2

∥∥∥∥∥∥
Lp(0,1)

. N−δ∧
1
p eCt. (4.7)

Step 4. Conclusion: proof of error estimates.
We start by noticing the link between the empirical measure µN and the marginal distribution fN . On
the one hand, we note that fN approximates the expectation of the empirical measure: by definition
of µN and fN , we find for any ϕ ∈ C∞((0, 1)× T),

E

[ˆ
(0,1]×T

ϕµN (t)

]
−
ˆ
(0,1]×T

ϕfN (t) =

ˆ 1

0
E
[
ϕ

(
dNσe
N

, θdNσe(t)

)
−ϕ

(
σ, θdNσe(t)

)]
dσ,

and thus, ∣∣∣∣∣E
[ˆ

(0,1]×T
ϕµN (t)

]
−
ˆ
(0,1]×T

ϕfN (t)

∣∣∣∣∣ . N−1‖∂σϕ‖L∞((0,1)×T).

On the other hand, the variance of the empirical measure can be expanded as

Var

[ˆ
(0,1]×T

ϕµN (t)

]
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= 2N−2
N∑
i>j

Cov

(
ϕ

(
i

N
, θi(t)

)
,ϕ

(
j

N
, θj(t)

))
+N−2

N∑
i=1

Var

[
ϕ

(
i

N
, θi(t)

)]
,

and thus, by the smallness of correlations obtained in Lemma 3.1,

Var

[ˆ
(0,1]×T

ϕµN (t)

]
6 CN−2

N∑
i>j

i−1e
√

Ct log(i/j)eCt‖ϕ‖2L∞((0,1];W 1,∞(T)) +N−1‖ϕ‖2L∞((0,1]×T)

6 CN−1eCt‖ϕ‖2L∞((0,1];W 1,∞(T)).

Combining these two estimates, we deduce

E

∣∣∣∣∣
ˆ
(0,1]×T

ϕ(µN (t)− f(t))

∣∣∣∣∣
2
 . ∣∣∣∣∣

ˆ
(0,1)×T

ϕ(fN (t)− f(t))

∣∣∣∣∣
2

+N−1eCt‖ϕ‖2W 1,∞((0,1)×T).

Finally, combining this with the bound (4.7) on gN = fN−f , choosing e.g. p = 2, the conclusion (1.12)
follows. �

Remark 4.1 (Convergence of marginal distribution). For future reference, we show that the error
bound (4.7) for gN = fN − f can be upgraded to a pointwise estimate. Indeed, using (4.7) to bound
the last right-hand side term in (4.6), for α > (2γ) ∨ 4 + 1 and 1 < p <∞, we find

∂t

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

.
1

Nσ+ 1
eCt +

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

+ σ
− 1

p

∥∥∥∥∥∥
(∑

n∈Z
〈n〉−α|ĝN (t, ·, n)|2

) 1
2

∥∥∥∥∥∥
Lp((0,1))

. N
−δ∧ 1

pσ
− 1

p eCt +

(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

,

and thus, by Grönwall’s inequality with the initial assumption (1.11),(∑
n∈Z
〈n〉−α|ĝN (t,σ, n)|2

) 1
2

. N−δ∧
1
pσ
− 1

p eCt.

Hence, for any ζ 6 δ with ζ < 1, we have for all t > 0, σ ∈ (0, 1], and n ∈ Z,

|f̂N (t,σ, n)− f̂(t,σ, n)| . (Nσ)−ζeCt〈n〉C . (4.8)

5. Characterization of correlations

This section proves Theorem 1.2. The argument proceeds by using the cumulant estimates of
Section 3 to derive approximate closed equations for autocorrelations and cross-correlations. The
conclusion then follows from a suitable stability analysis for the latter, similarly as in Step 3 of the
proof of Therem 1.1.

Proof of Theorem 1.2. We split the argument into three steps.

Step 1. Approximate equations for time correlations:
— autocorrelations: for all t > 0, σ ∈ (0, 1], and n ∈ Z,∣∣∣∣∣∂tÂN

ϕ (t,σ, n)−
∑
ξ∈Z

nξŵβ(ξ) Â
N
ϕ (t,σ, n− ξ)

ˆ σ

0
kλ(σ, τ)f̂N (t, τ, ξ) dτ

∣∣∣∣∣
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.
1

Nσ2
eCt〈n〉3‖ϕ‖W 2,∞(T); (5.1)

— cross-correlations: for all t > 0, σ,σ0 ∈ (0, 1], and n ∈ Z,∣∣∣∣∣∂t(NĈN
ϕ )(t,σ, n;σ0)−

∑
ξ∈Z

nξŵβ(ξ) f̂N (t,σ, n− ξ)
ˆ σ

σ0

kλ(σ, τ)(NĈ
N
ϕ )(t, τ, ξ;σ0) dτ

−
∑
ξ∈Z

nξŵβ(ξ) (NĈ
N
ϕ )(t,σ, n− ξ;σ0)

ˆ σ

0
kλ(σ, τ)f̂N (t, τ, ξ) dτ

−
∑
ξ∈Z

nξŵβ(ξ)f̂N (t,σ, n− ξ) kλ(σ,σ0)ÂN
ϕ (t,σ0, ξ)

∣∣∣∣∣
.

1

Nσ2
e
√

Ct log(σ/σ0)eCt〈n〉3‖ϕ‖W 2,∞(T). (5.2)

Let ` 6 j and n ∈ Z be fixed. By the particle dynamics (1.1), using Fourier decomposition for the
interaction w′β, we can compute

d

dt
Cov

(
einθj ,ϕ

(
θ0`
))

= in

j−1∑
k=1

ωj,kCov
(
einθjw′β (θj − θk) , ϕ

(
θ0`
))

= −
∑
ξ∈Z

nξŵβ(ξ)

j−1∑
k=1

ωj,kCov
(
ei(n+ξ)θje−iξθk , ϕ

(
θ0`
))
. (5.3)

By the law of total cumulance, we may expand, for k 6= `,

Cov
(
ei(n+ξ)θje−iξθk , ϕ

(
θ0`
))

= E
[
ei(n+ξ)θje−iξθkϕ

(
θ0`
)]
− E

[
ei(n+ξ)θje−iξθk

]
E
[
ϕ
(
θ0`
)]

= E
[
ei(n+ξ)θj

]
Cov

(
e−iξθk ,ϕ

(
θ0`
))

+ E
[
e−iξθk

]
Cov

(
ei(n+ξ)θj ,ϕ

(
θ0`
))

+ κ1,1,1

(
ei(n+ξ)θj , e−iξθk ,ϕ

(
θ0`
))
,

and thus, appealing to the cumulant estimate of Lemma 3.1,∣∣∣Cov (ei(n+ξ)θje−iξθk , ϕ (θ0`))
−E

[
ei(n+ξ)θj

]
Cov

(
e−iξθk ,ϕ

(
θ0`
))
− E

[
e−iξθk

]
Cov

(
ei(n+ξ)θj ,ϕ

(
θ0`
))∣∣∣

. j−1(k ∨ `)−1e
√

Ct log(j/(k∧`))eCt〈ξ〉3〈n〉2‖ϕ‖W 2,∞(T).

Similarly, for k = `, we find∣∣∣Cov (ei(n+ξ)θje−iξθ` , ϕ (θ0`))− E
[
ei(n+ξ)θj

]
Cov

(
e−iξθ` ,ϕ

(
θ0`
))∣∣∣

. j−1e
√

Ct log(j/`)eCt〈ξ〉2〈n〉‖ϕ‖W 1,∞(T).

Inserting these estimates into (5.3), and recalling that Cov
(
e−iξθk ,ϕ

(
θ0`
))

= 0 for k < ` by the
triangular structure of the dynamics, we deduce for all t > 0,∣∣∣∣∣∣ ddtCov

(
einθj ,ϕ

(
θ0`
))
−
∑
ξ∈Z

nξŵβ(ξ)E
[
ei(n+ξ)θj

] ∑
`<k<j

ωj,kCov
(
e−iξθk ,ϕ

(
θ0`
))
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−
∑
ξ∈Z

nξŵβ(ξ) Cov
(
ei(n+ξ)θj ,ϕ

(
θ0`
)) ∑

16k<j
k 6=`

ωj,kE
[
e−iξθk

]

−1`<j

∑
ξ∈Z

nξŵβ(ξ)ωj,`E
[
ei(n+ξ)θj

]
Cov

(
e−iξθ` ,ϕ

(
θ0`
))∣∣∣∣∣ . j−2e√Ct log(j/`)eCt〈n〉3‖ϕ‖W 2,∞(T).

Separately considering the cases ` < j and ` = j, recalling the covariance estimate of Lemma 3.1,
using the graphon convergence (2.4), and recalling the definition of correlation functions AN

ϕ , C
N
ϕ ,

cf. (1.13)–(1.14), and of the marginal distribution fN , cf. (4.1), this implies the claimed approximate
equations (5.1)–(5.2).

Step 2. Error estimate for autocorrelations.
Using the mean-field error estimate (4.8) for the marginal distribution fN , the approximate equa-
tion (5.1) becomes, for ζ 6 δ with ζ < 1,∣∣∣∣∣∂tÂN

ϕ (t,σ, n)−
∑
ξ∈Z

nξŵβ(ξ) Â
N
ϕ (t,σ, n− ξ)

ˆ σ

0
kλ(σ, τ)f̂(t, τ, ξ) dτ

∣∣∣∣∣ . N−ζσ−2eCt〈n〉C‖ϕ‖W 2,∞(T).

Comparing with the solution Aϕ of the limit equation (1.17), and using symmetry in n as in (4.5), we
obtain for α� 1,

∂t

(∑
n

〈n〉−α|(ÂN
ϕ − Âϕ)(t,σ, n)|2

) 1
2

.

(∑
n

〈n〉−α|(ÂN
ϕ − Âϕ)(t,σ, n)|2

) 1
2

+N−ζσ−2eCt‖ϕ‖W 2,∞(T),

and thus, by Grönwall’s inequality,(∑
n

〈n〉−α|(ÂN
ϕ − Âϕ)(t,σ, n)|2

) 1
2

. eCt

(∑
n

〈n〉−α|(ÂN
ϕ − Âϕ)(0,σ, n)|2

) 1
2

+N−ζσ−2eCt‖ϕ‖W 2,∞(T). (5.4)

By definition (1.13), we can write the initial autocorrelation in terms of the marginal distribution,

ÂN
ϕ (0,σ, n) =

ˆ
T
e−inθfN (0,σ, θ)

(
ϕ(θ)−

ˆ
T
ϕfN (0,σ, ·)

)
dθ.

Comparing this with the initial condition for Aϕ in (1.17) and computing the Fourier coefficient, we
obtain for σ ∈ (0, 1],

(ÂN
ϕ − Âϕ)(0,σ, n) =

∑
ξ∈Z

(
ϕ̂(ξ) (f̂N − f̂)(0,σ, n− ξ)− ϕ̂(ξ)f̂N (0,σ,−ξ)(f̂N − f̂)(0,σ, n)

−ϕ̂(ξ)f̂(0,σ, n)(f̂N − f̂)(0,σ,−ξ)
)
,

and thus, by the initial convergence assumption (1.11),

|(ÂN
ϕ − Âϕ)(0,σ, n)| . N−δ〈n〉γ

∑
ξ∈Z
〈ξ〉γ|ϕ̂(ξ)|.

Inserting this into (5.4), the conclusion (1.15) follows.

Step 3. Error estimate for cross-correlations.
Using the mean-field error estimate (4.8) for the marginal distribution fN , as well as (1.15) for auto-
correlations, and recalling the correlation estimates of Lemma 3.1, we can replace f̂N , ÂN

ϕ by f̂ , Âϕ in
the approximate equation (5.2): for ζ 6 δ with ζ < 1,∣∣∣∣∣∂t(NĈN

ϕ )(t,σ, n;σ0)−
∑
ξ∈Z

nξŵβ(ξ) f̂(t,σ, n− ξ)
ˆ σ

σ0

kλ(σ, τ)(NĈ
N
ϕ )(t, τ, ξ;σ0) dτ
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−
∑
ξ∈Z

nξŵβ(ξ) (NĈ
N
ϕ )(t,σ, n− ξ;σ0)

ˆ σ

0
kλ(σ, τ)f̂(t, τ, ξ) dτ

−
∑
ξ∈Z

nξŵβ(ξ)f̂(t,σ, n− ξ) kλ(σ,σ0)Âϕ(t,σ0, ξ)

∣∣∣∣∣ .ϕ 1

Nζσ2
e
√

Ct log(σ/σ0)eCt〈n〉C .

Comparing with the solution Cϕ of the limit equation (1.18), and using symmetry in n as in (4.5), we
obtain for α� 1,

∂t

(∑
n∈Z
〈n〉−α|(NĈN

ϕ − Ĉϕ)(t,σ, n;σ0)|2
) 1

2

.
ˆ σ

σ0

kλ(σ, τ)

(∑
n∈Z
〈n〉−α|(NĈN

ϕ − Ĉϕ)(t, τ, n;σ0)|2
) 1

2

dτ

+

(∑
n∈Z
〈n〉−α|(NĈN

ϕ − Ĉϕ)(t,σ, n;σ0)|2
) 1

2

+
C(ϕ)

Nζσ2
e
√

Ct log(σ/σ0)eCt,

and thus, by Grönwall’s inequality, with ĈN
ϕ |t=0 = Ĉϕ|t=0 = 0,(∑

n∈Z
〈n〉−α|(NĈN

ϕ − Ĉϕ)(t,σ, n;σ0)|2
) 1

2

.ϕ
1

Nζσ20
eCt,

which concludes the proof of (1.16). �

6. Lost in the middle

This section is devoted to the proof of Theorem 1.3. We work in the iid uniform case f ≡ 1,
Aϕ ≡ ϕ −

´
Tϕ, with fixed λ,β > 0. By Theorem 1.2, we recall that the soft accuracy admits

the expansion (1.20), so that it remains to study the profile of the leading correction St(σ0) defined
in (1.21). The argument relies on the explicit solvability of the Volterra–Hardy equation (1.19), as
stated in Proposition 1.4. For this, we reduce the equation to a Goursat problem and solve it explicitly
in terms of modified Bessel functions.

Proof of Proposition 1.4. In terms of

F (t,σ) := eλσ0 +

ˆ σ

σ0

eλσ
′
ga(t,σ

′;σ0) dσ
′,

the Volterra–Hardy equation (1.19) for ga becomes

∂tga(t,σ;σ0)− a
λe−λσ

1− e−λσ
F (t,σ) = 0.

Since ga = e−λσ∂σF , we arrive at

∂t∂σF (t,σ)− a
λ

1− e−λσ
F (t,σ) = 0, F (t,σ0) = eλσ0 , F (0,σ) = eλσ0 .

Now introduce

y := Y (σ;σ0) =

ˆ σ

σ0

λdρ

1− e−λρ
= log

eλσ − 1

eλσ0 − 1
,

and set U(t, y) := F (t,σ(y)). Since

∂σy =
λ

1− e−λσ
, ∂σF (t,σ) =

λ

1− e−λσ
∂yU(t, y),
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we find
∂t∂σF (t,σ) =

λ

1− e−λσ
∂t∂yU(t, y).

Hence the equation for F reduces to the Goursat problem

∂t∂yU(t, y)− aU(t, y) = 0, U(t, 0) = eλσ0 , U(0, y) = eλσ0 .

We solve this by Laplace transform in t. Writing

Ũ(µ, y) :=

ˆ ∞
0

e−µtU(t, y) dt,

the transformed equation reads

µ ∂yŨ(µ, y)− a Ũ(µ, y) = 0, Ũ(µ, 0) =
eλσ0

µ
.

Therefore

Ũ(µ, y) =
eλσ0

µ
eay/µ = eλσ0

∑
k>0

akyk

k!
µ−(k+1).

Inverting termwise yields

U(t, y) = eλσ0
∑
k>0

(aty)k

(k!)2
= eλσ0I0

(
2
√
aty
)
.

Differentiating and using I ′0(z) = I1(z) gives

∂yU(t, y) = eλσ0
√
at

y
I1
(
2
√
aty
)
.

Returning to F and then to ga,

ga(t,σ;σ0) = e−λσ∂σF (t,σ) = e−λσ
λ

1− e−λσ
∂yU(t, Y (σ;σ0)),

which is exactly (1.23). The formula (1.25) follows from the limit λ ↓ 0, because Y (σ;σ0)→ log(σ/σ0)

and λe−λ(σ−σ0)

1−e−λσ → σ−1. �

With Proposition 1.4 at hand, the expression for St(σ0) in (1.21) becomes explicit, and a direct
analysis will prove its U-shape. Set

cn := ant, Y (σ0) := Y (1;σ0) = log
eλ − 1

eλσ0 − 1
,

and define

ψc(y) :=

√
c

y
I1(2
√
cy) =

∑
k>0

ck+1

k!(k + 1)!
yk.

At the output layer σ = 1, Proposition 1.4 yields

gan(t, 1;σ0) =

(
λ

eλ − 1
+ λe−Y (σ0)

)
ψcn(Y (σ0)).

Proof of Theorem 1.3. The map σ0 7→ Y (σ0) is a smooth decreasing bijection from (0, 1] onto [0,∞),
so it suffices to consider

H(y) :=
∑
n>1

e−
π2

2M2 n
2
(

λ

eλ − 1
+ λe−y

)
ψcn(y), y ∈ [0,∞).

For one mode, write

hc(y) :=

(
λ

eλ − 1
+ λe−y

)
ψc(y).
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A direct differentiation yields

h′′c (y) =
λ

eλ − 1
ψ′′c (y) + λe

−y (ψ′′c (y)− 2ψ′c(y) +ψc(y)
)
.

Since

ψc(y) =
∑
k>0

ck+1

k!(k + 1)!
yk,

we have

ψ′′c (y)− 2ψ′c(y) +ψc(y) =
∑
k>0

ck+1

k!(k + 3)!

(
c2 − 2(k + 3)c+ (k + 2)(k + 3)

)
yk.

If 0 < c 6 3 −
√
3, then every coefficient in the last series is nonnegative, hence h′′c (y) > 0 on [0,∞).

Under (1.22), each summand is therefore strictly convex, so H is strictly convex. At y = 0 we have
ψc(0) = c and ψ′c(0) = c2/2, hence

h′c(0) = λc

(
c

2(1− e−λ)
− 1

)
.

The second bound in (1.22) implies h′c(0) < 0 for every mode, hence H′(0) < 0. Finally, because
I1(z) ∼ ez/

√
2πz as z → ∞, each hc(y) tends to ∞ as y → ∞, and so does H(y). A strictly convex

function on [0,∞) with negative initial slope and diverging right tail has a unique global minimizer.
Pulling it back through the bijection σ0 7→ Y (σ0) proves the claim. �
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