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Abstract. This work addresses the mean-field limit of inertial particle systems with singular inter-
actions in a perturbative regime around Gibbs equilibrium. We prove that small fluctuations around
equilibrium are asymptotically governed by the linearized Vlasov equation. The result applies to a
broad class of singular interaction kernels, including the Coulomb case in dimensions d ≤ 3. In par-
ticular, this provides a rigorous derivation of the linearized mean-field dynamics near equilibrium in
settings where the corresponding nonlinear mean-field limit remains out of reach.

Contents

1. Introduction 1
2. Partition function estimates 3
3. A priori correlation estimates 8
4. Linearized mean field 10
Appendix A. Whole-space setting with confinement 11
References 14

1. Introduction

The derivation of the Vlasov equation as a mean-field limit for inertial particle systems with singular
interactions remains a major open problem beyond the case of L2 interaction forces recently treated
in [3]. In particular, even the two-dimensional Coulomb case remains open.

In this work, we address a perturbative version of this problem around equilibrium. More precisely,
we study the evolution of small fluctuations around the N -particle Gibbs equilibrium and prove that,
for a large class of singular interactions including the Coulomb case in dimensions d ≤ 3, the limiting
dynamics is governed by the linearized Vlasov equation. We thus identify the first variation of the
dynamics around equilibrium in situations where the nonlinear mean-field limit is still out of reach.

Consider a system of N exchangeable particles evolving according to Newtonian dynamics with
pairwise interactions. For simplicity, we work on the periodic torus Td in dimension d ≥ 1; the
extension to the whole space with a confining potential is discussed in Appendix A. Denoting by
(XN,j , VN,j) the position and velocity of particle j in phase space D := Td × Rd, the dynamics reads{

d
dtXN,j = VN,j ,
d
dtVN,j = 1

N

∑
l:l 6=jK(XN,j −XN,l), 1 ≤ j ≤ N,

where K = −∇W for some even potential W : Td → R. At the level of the N -particle distribution
function FN on DN , the dynamics formally leads to the Liouville equation

∂tFN +
N∑
j=1

vj · ∇xjFN +
1

N

N∑
j 6=l

K(xj − xl) · ∇vjFN = 0. (1.1)

1
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We shall study this equation close to its Gibbs equilibrium

MN,β(z1, . . . , zN ) := Z−1
N,β exp

(
− β

2

N∑
j=1

|vj |2 −
β

2N

N∑
j 6=l

W (xj − xl)
)
,

where β > 0 is the inverse temperature and zj = (xj , vj). The one-particle marginal of this equilibrium
is the Maxwellian

Mβ(z) := Z−1
β e−

β
2
|v|2 .

Motivated by chaotic initial data, one may start from initial densities of the form

MN,β(1 + δf◦)
⊗N ,

for some bounded perturbation f◦ : D → R. In the regime of vanishing fluctuations, δ � N−1,
expanding the product, subtracting the equilibrium, and rescaling by δ−1, this leads to considering
(signed) initial data of the form

FN |t=0 = MN,β

N∑
j=1

f◦(zj), f◦ ∈ L∞(D),

ˆ
D
f◦Mβ = 0. (1.2)

In the sequel, we consider arbitrary bounded weak solutions FN of (1.1) with initial data (1.2) satisfying
the natural conservation estimateˆ

DN

|FN (t)|q

|MN,β|q−1
≤
ˆ
DN

|F ◦N |q

|MN,β|q−1
for all t ≥ 0 and 1 ≤ q <∞. (1.3)

This estimate is the weak form of the formal conservation of the Lq(MN,β)-norm of FN/MN,β along the
Hamiltonian flow. Such bounded weak solutions exist globally, for instance, whenever K ∈ L1(Td)d
and f◦ ∈ L∞(D).

Our main result identifies the limiting dynamics of these fluctuation densities: under suitable as-
sumptions on the interaction kernel, the marginals of FN are asymptotically governed by the linearized
Vlasov equation. In particular, the result covers the 2D Coulomb case at arbitrary temperature, and
the 3D Coulomb case at sufficiently high temperatures.

Theorem 1.1. Let the interaction kernel be given by K = −∇W , for some even potential W ∈
L2,∞(Td) with bounded negative part W− ∈ L∞(Td), and assume K ∈ Lp(Td) for some p > 4

3 . Then
there exists β0 > 0 such that the following holds for all β ∈ (0, β0). In the special case of the repulsive
logarithmic kernel Ŵ (ξ) = |ξ|−d1ξ 6=0, one can take β0 =∞.

Let FN be a global bounded weak solution to (1.1) with initial data (1.2) such that (1.3) holds. For
every m ≥ 1, the m-particle marginal

FN,m(t, z1, . . . , zm) =

ˆ
DN−m

FN (t, z1, . . . , zN ) dzm+1 · · · dzN (1.4)

converges, as N ↑ ∞, in the sense of distributions on R+ × Dm to
m∑
j=1

f(t, zj)
m∏
l:l 6=j

Mβ(zl),

where f is the unique weak solution of the linearized Vlasov equation{
∂tf + v · ∇xf + (K ∗ f) · ∇vMβ = 0,
f |t=0 = f◦.

(1.5)

Remark 1.2 (High-temperature restriction). As explained in the proof, the above result extends to
arbitrary inverse temperatures β <∞ provided that the spatial Gibbs partition function

Z̄N,β =
1

|Td|N

ˆ
(Td)N

exp
(
− β

2N

N∑
j 6=l

W (xj − xl)
)
dx1 · · · dxN
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remains uniformly bounded in the mean-field limit, that is, after the normalization
´
TdW = 0,

lim sup
N↑∞

Z̄N,β <∞. (1.6)

In Theorem 2.1(i) below, we prove that this property (1.6) holds for sufficiently small β whenever
W ∈ L2(Td) and W− ∈ L∞(Td). Conversely, Corollary 2.2 shows that the condition W ∈ L2(Td) is
necessary for (1.6). It also shows that the smallness restriction on β cannot in general be removed
either unless the potential is H-stable, in the sense that Ŵ ≥ 0.

This leaves open the natural question whether (1.6) holds for all β <∞ for every H-stable potential
W ∈ L2(Td). To our knowledge, this is not known in general. The case of repulsive logarithmic
interactions was recently settled in [5]. For more general repulsive Riesz interactions, the best available
bounds [12, 10] yield only log Z̄N,β = O(N s/d), where s ∈ (0, d) is the Riesz exponent. Such diverging
bounds are expected to be optimal only in the much lower-temperature regime β = O(N), cf. [11].

2. Partition function estimates

For convenience, assume that the torus Td has unit volume and that the interaction potential W is
centered,

´
TdW = 0. We consider the spatial Gibbs partition function

Z̄N,β :=

ˆ
(Td)N

exp
(
− β

2N

N∑
i 6=j

W (xi − xj)
)
dx1 . . . dxN . (2.1)

The purpose of this section is to establish bounds on Z̄N,β in the mean-field limit N ↑ ∞. Such bounds
will play a central role in the sequel. Indeed, the weighted Lp-norm of the density of the interacting
Gibbs equilibrium MN,β with respect to the product mean-field equilibrium M⊗Nβ is given by

ˆ
DN

|MN,β|p

|M⊗Nβ |p−1
=

Z̄N,pβ
(Z̄N,β)p

, (2.2)

see also [6]. Uniform control of Z̄N,β therefore prevents the Gibbs equilibrium from concentrating on
configurations that are atypical under the product mean-field measure, thus providing a strong form
of statistical stability for the equilibrium mean-field approximation.

We prove below a collection of high-temperature estimates. In the case W ∈ L2(Td), we obtain a
uniform bound on the partition function. In the critical case W ∈ L2,∞(Td), we obtain a polynomial
bound in N . For more singular Riesz-type interactions, we obtain stretched-exponential bounds. As
will be explained later, these estimates are expected to be sharp.

During the completion of this work, we learned that the uniform estimate for L2 interactions had
been obtained independently by M. Rosenzweig [11], by a different argument based on concentration
estimates for canonical U -statistics, in particular on [8, Theorem 3.3]. Our proof is instead based on
a direct cluster-expansion argument. The bounds for W /∈ L2(Td) are then deduced by interpolation.

Theorem 2.1 (High-temperature bound). Let W ∈ L1(Td) be even and centered,
´
TdW = 0, with

W− ∈ L∞(Td), and assume that

β
(
‖W‖L1(Td) + ‖W−‖L∞(Td)

)
� 1

is smaller than some universal constant. Then the spatial Gibbs partition function (2.1) satisfies the
following estimates.
(i) If W ∈ L2(Td), then for all N ≥ 1,

1 ≤ Z̄N,β ≤ exp(Cβ2‖W‖2L2(Td)).

(ii) If W ∈ L2,∞(Td), then for all N ≥ 1,

1 ≤ Z̄N,β ≤ CN
Cβ2‖W‖2

L2,∞(Td) .
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(iii) If W is the repulsive periodic Riesz kernel of order 0 < s < d, that is,

Ŵ (ξ) = |ξ|s−d1ξ 6=0,

then for all N ≥ 1,

1 ≤ Z̄N,β ≤


C : s < d

2 ,

CNCβ2
: s = d

2 ,

C exp(Cβd/sN2−d/s) : s > d
2 .

(2.3)

Here the constants C depend only on d in (i)–(ii), and only on d, s in (iii).

We next show that the condition W ∈ L2(Td) is sharp for the uniform boundedness of the partition
function. More precisely, when W ∈ L2(Td), the partition function has an explicit limit as N ↑ ∞,
and the necessity of the L2-condition then follows directly from the divergence of the latter. This also
shows that, in general, a restriction on β cannot be avoided, unless the potential is H-stable, in the
sense that Ŵ ≥ 0. Finally, for Riesz kernels, the estimates of Theorem 2.1(iii) are consistent with this
limiting formula: introducing a natural Fourier cut-off at frequencies |ξ| . N1/s in (2.4) yields precisely
the divergences displayed in (2.3), thereby supporting the expected optimality of those bounds.

Proposition 2.2 (Equilibrium fluctuations). Let W ∈ L1(Td) be even and centered,
´
TdW = 0, with

W− ∈ L∞(Td).
(i) If β‖W‖L1(Td) � 1 is smaller than some universal constant and if W ∈ L2(Td), then

lim
N↑∞

Z̄N,β = exp

(∑
ξ 6=0

(
β
2 Ŵ (ξ)− log(1 + β

2 Ŵ (ξ))
))

<∞. (2.4)

(ii) If W /∈ L2(Td), then for all 0 < β <∞,

lim
N↑∞

Z̄N,β =∞.

The proof of Theorem 2.1 is split into Sections 2.1–2.2, while the proof of Proposition 2.2 is postponed
to Section 2.3.

2.1. Partition function estimate for L2 interactions. This section is devoted to the proof of
Theorem 2.1(i). The lower bound Z̄N,β ≥ 1 follows from Jensen’s inequality with

´
TdW = 0, so

it remains to prove the upper bound. To this end, we appeal to cluster expansion techniques, see
e.g. [4, 7, 9]. Let W ∈ L2(Td) be an even periodic potential with W− ∈ L∞(Td) and

´
TdW = 0. In

terms of

f(x) := e−
β
N
W (x) − 1, c0 :=

ˆ
Td
f, h =

f − c0

1 + c0
,

we can rewrite the partition function (2.1) as

Z̄N,β = (1 + c0)(
N
2 )Zh, Zh :=

ˆ
(Td)N

N∏
i<j

(
1 + h(xi − xj)

)
dx1 . . . dxN . (2.5)

Using
´
TdW = 0, Jensen’s inequality and Taylor’s formula give

0 ≤ c0 =

ˆ
Td
e−

β
N
W (x) − 1 ≤ β2

2N2
‖W‖2L2(Td)e

β
N
‖W−‖L∞ , (2.6)

hence
(1 + c0)(

N
2 ) ≤ exp

(
β2‖W‖2L2(Td)e

β
N
‖W−‖L∞

)
.
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It remains to estimate Zh in (2.5). For this purpose, we appeal the following Mayer expansion, see
e.g. [9, Theorem 4.12],

logZh =
∑

S⊂{1,...,N}
|S|≥2

ϕ(S), ϕ(S) :=
∑

G connected
V (G)=S

ˆ
(Td)S

∏
{i,j}∈E(G)

h(xi − xj) dxS , (2.7)

where the last sum runs over connected graphs G with vertex set V (G) = S and where E(G) stands
for the edge set of G. In order to estimate these sums over graphs, we appeal to the Penrose tree-graph
identity, see e.g. [7, Section 4.1] or [9, (7.1)]: using the short-hand notation he = h(xi − xj) for an
edge e = {i, j}, ∑

G connected
V (G)=S

∏
e∈E(G)

he =
∑
T tree
V (T )=S

( ∏
e∈E(T )

he

) ∏
e∈R(T )

(1 + he),

where R(T ) is a certain set of edges depending on T , disjoint from E(T ). The important point is that
the sum is now over trees, not over arbitrary connected graphs. Since by definition

´
Td h = 0, we note

that the bare tree contribution vanishes,ˆ
(Td)S

( ∏
e∈E(T )

he

)
dxS = 0,

and we are thus led to

ϕ(S) =
∑
T tree
V (T )=S

ˆ
(Td)S

( ∏
e∈E(T )

he

)( ∏
e∈R(T )

(1 + he)− 1

)
dxS . (2.8)

Ordering the edges, we can expand the last factor as∏
e∈R(T )

(1 + he)− 1 =
∑

e′∈R(T )

he′
∏

e∈R(T )
e<e′

(1 + he). (2.9)

Let us first estimate the product over R(T ). Recalling that 1 + h = 1
1+c0

e−
β
N
W and that c0 ≥ 0,

cf. (2.6), we can bound∏
e∈R(T )
e<e′

(1 + he) ≤ exp

(
− β

N

∑
(i,j)∈R(T )

(i,j)<e′

W (xi − xj)
)
≤ e

β
N
|R(T )|‖W−‖L∞ ,

hence, using the crude bounds |R(T )| ≤
(|S|

2

)
and |S| ≤ N ,∏

e∈R(T )
e<e′

(1 + he) ≤ eβ|S|‖W−‖L∞ .

Combined with (2.8) and (2.9), this yields

|ϕ(S)| ≤ eβ|S|‖W−‖L∞
∑
T tree
V (T )=S

∑
e′∈R(T )

I(T, e′), I(T, e′) :=

ˆ
(Td)S

|he′ |
( ∏
e∈E(T )

|he|
)
dxS .

For a fixed tree T on S and for e′ ∈ R(T ), recalling that R(T ) is disjoint from E(T ), we note that the
graph T ∪{e′} contains exactly one cycle C. Denote by ` ≥ 3 its length. The contribution of this cycle
in the integral I(T, e′) is bounded by

ˆ
(Td)`

( ∏̀
r=1

|h(xr − xr+1)|
)
dx1 . . . dx` = Tr((|h|∗)`) ≤ ‖h‖2L2(Td)‖h‖

`−2
L1(Td)

,
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with x`+1 := x1. Next, all remaining branches in T \ C can be integrated from their leaves inward,
and we obtain a factor ‖h‖L1(Td) every time we integrate a new vertex. This leads us to

I(T, e′) ≤ ‖h‖2L2(Td)‖h‖
|S|−2

L1(Td)
.

By Cayley’s formula, the number of trees on the set S is |S||S|−2. Using again |R(T )| ≤
(|S|

2

)
, we then

obtain
|ϕ(S)| ≤ eβ|S|‖W−‖L∞C |S||S||S|−2‖h‖2L2(Td)‖h‖

|S|−2

L1(Td)
.

Summing this bound over all subsets S ⊂ {1, . . . , N} with |S| = k, and using
(
N
k

)
≤ Nk

k! , we deduce∑
S⊂{1,...,N}
|S|=k

|ϕ(S)| ≤
(
N

k

)
eβk‖W−‖L∞Ckkk−2‖h‖2L2(Td)‖h‖

k−2
L1(Td)

≤ eβk‖W−‖L∞CkN2‖h‖2L2(Td)(N‖h‖L1(Td))
k−2. (2.10)

Combining (2.7) and (2.10), and noting that

‖h‖Lp(Td) = ‖e−
β
N
W − 1‖Lp(Td) ≤

β

N
‖W‖Lp(Td)e

β
N
‖W−‖L∞ ,

we can deduce, provided that β(‖W‖L1(Td) + ‖W−‖L∞(Td))� 1 is small enough,

logZh ≤ β2‖W‖2L2(Td)

N∑
k=2

Ck(β‖W‖L1(Td))
k−2 ≤ Cβ2‖W‖2L2(Td).

This concludes the proof of Theorem 2.1(i). �

2.2. Partition function estimate beyond L2 interactions. This section is devoted to the proof of
Theorem 2.1(ii)-(iii) in the case W /∈ L2(Td). We argue by an interpolation argument based on the L2

case (i) and we split the proof into two steps. Denote by ZN,β(U) the partition function Z̄N,β with
potential W replaced by an arbitrary even function U .

Step 1: Partition function estimate without cancellations: for any even periodic function U ,

ZN,β(U) ≤ exp
(
βN‖U−‖L1(Td)e

β‖U−‖L∞
)
. (2.11)

For any 1 ≤ n ≤ N , starting from the decomposition
ˆ

(Td)n
exp
(
− β

2N

n∑
i 6=j

U(xi − xj)
)
dx1 . . . dxn

=

ˆ
(Td)n−1

exp
(
− β

2N

n−1∑
i 6=j

U(xi − xj)
)( ˆ

Td
exp

(
− β

N

n−1∑
i=1

U(xi − y)
)
dy

)
dx1 . . . dxn−1,

we can bound by convexity
ˆ

(Td)n
exp
(
− β

2N

n∑
i 6=j

U(xi − xj)
)
dx1 . . . dxn

≤
ˆ

(Td)n−1

exp
(
− β

2N

n−1∑
i 6=j

U(xi − xj)
)( 1

n− 1

n−1∑
i=1

ˆ
Td
e−β

n−1
N

U(xi−y)dy

)
dx1 . . . dxn−1

=
(ˆ

Td
e−β

n−1
N

U
) ˆ

(Td)n−1

exp
(
− β

2N

n−1∑
i 6=j

U(xi − xj)
)
dx1 . . . dxn−1,
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and thus, by a direct iteration,

ZN,β(U) ≤
N−1∏
n=1

ˆ
Td
eβ

n
N
U− .

Using the elementary inequality et ≤ 1 + tet for t ≥ 0, this yields the claim.

Step 2: Conclusion.
Given M > 0, we decompose the interaction potential as

W = UM + VM , UM := W1|W |≤M −
ˆ
Td
W1|W |≤M .

Since
´
TdW = 0, this also gives

VM = W1|W |>M −
ˆ
Td
W1|W |>M .

By the Cauchy-Schwarz inequality,

Z̄N,β ≤ ZN,2β(UM )
1
2ZN,2β(VM )

1
2 .

Using Theorem 2.1(i) for ZN,2β(UM ), and the crude bound (2.11) for ZN,2β(VM ), we obtain

Z̄N,β ≤ exp
(
Cβ2‖UM‖2L2(Td) + CβN‖VM‖L1(Td)e

β‖(VM )−‖L∞
)
, (2.12)

provided that β(‖UM‖L1 + ‖(UM )−‖L∞)� 1 is sufficiently small.
Depending on the properties of W , estimating the norms of UM and VM and optimizing the choice

of M , the conclusion follows easily from (2.12). Let us focus on the critical case W ∈ L2,∞(Td). By
the standard layer-cake estimates for weak-L2 functions, we find

‖UM‖L2(Td) ≤ 2
(ˆ

Td
|W |21|W |≤M

) 1
2
. ‖W‖L2,∞(Td) log

1
2

(
2 +

M

‖W‖L2,∞(Td)

)
,

and

‖VM‖L1(Td) ≤ 2

ˆ
Td
|W |1|W |>M .M−1‖W‖2L2,∞(Td).

Moreover,

‖UM‖L1(Td) + ‖VM‖L1(Td) . ‖W‖L1(Td),

‖(UM )−‖L∞(Td) + ‖(VM )−‖L∞(Td) . ‖W‖L1(Td) + ‖W−‖L∞(Td).

Inserting these estimates into (2.12) and choosing M = N‖W‖L2,∞(Td), we obtain

Z̄N,β ≤ exp
(
Cβ2‖W‖2L2,∞(Td) logN + C

)
≤ CNCβ2‖W‖2

L2,∞(Td) ,

provided that β(‖W‖L1 + ‖W−‖L∞)� 1 is small enough. This concludes the proof. �

2.3. Proof of Proposition 2.2. We start with the proof of (i). For W ∈ L2(Td) as in the statement,
given M > 0, let us decompose this time the interaction potential as

W = WM +RM ,

for some WM ∈ C(Td) with
´
TdWM = 0, ‖(WM )−‖L∞ . ‖W−‖L∞ , and WM → W in L2(Td)

as M ↑ ∞. Let then Z̄MN,β := ZN,β(WM ) stand for the partition function with W replaced by WM .
Using the elementary bound |e−t − e−s| ≤ |t− s|(e−t + e−s), the Cauchy-Schwarz inequality yields

|Z̄N,β − Z̄MN,β| ≤
(

(Z̄N,2β)
1
2 + (Z̄MN,2β)

1
2

)( ˆ
(Td)N

∣∣∣ β
2N

N∑
i 6=j

RM (xi − xj)
∣∣∣2dx1 . . . dxN

) 1
2

.
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Expanding the square and using
´
Td RM = 0, this implies

|Z̄N,β − Z̄MN,β| ≤ β
(

(Z̄N,2β)
1
2 + (Z̄MN,2β)

1
2

)(ˆ
Td
|RM |2

) 1
2
.

For β small enough, applying Theorem 2.1(i) and recalling RM = W −WM → 0 in L2(Td), we deduce

lim
M↑∞

sup
N
|Z̄N,β − Z̄MN,β| = 0. (2.13)

For fixed M , as WM is continuous and bounded with
´
TdWM = 0, we can now appeal to [1,

Théorème (C)]: provided β‖(WM )−‖L∞ < 1, we obtain

lim
N↑∞

Z̄MN,β = e
β
2
WM (0) lim

N↑∞

ˆ
(Td)N

exp
(
− β

2N

N∑
i,j=1

WM (xi − xj)
)
dx1 . . . dxN

= e
β
2
WM (0) detL2(Td)

(
Id +β

2WM ∗
)− 1

2 ,

that is, computing the determinant and expanding WM (0) =
∑

ξ ŴM (ξ),

lim
N↑∞

Z̄MN,β = exp

(∑
ξ 6=0

(
β
2 ŴM (ξ)− log(1 + β

2 ŴM (ξ))
))

. (2.14)

Combined with (2.13), this yields the claim.
We turn to the proof of (ii). The above regularized potential WM can be constructed for instance

as WM = χM ∗ χM ∗ W , with χM (x) = Mdχ(Mx), for some even cut-off function χ ∈ C∞(Td)
with

´
Td χ = 1. It is then a consequence of Jensen’s inequality that

Z̄N,β ≥
ˆ

(Td)N
exp

(
− β

2N

N∑
i 6=j

(χM ∗ χM ∗W )(xi − xj)
)
dx1 . . . dxN = Z̄MN,β.

Using the lower bound t − log(1 + t) ≥ 1
4 t

2 for 0 < t ≤ 1, we easily check that the right-hand side
in (2.14) diverges as M ↑ ∞ if W /∈ L2(Td). This allows to conclude limN Z̄N,β =∞. �

3. A priori correlation estimates

This section is devoted to a priori estimates on particle correlations. As e.g. in [2, 6], we define
correlation functions as the Hoeffding coefficients measuring the deviation of the Liouville solution FN
from the mean-field equilibriumM⊗Nβ . More precisely, we let πβ denote the orthogonal projection onto
the span of the mean-field equilibrium Mβ in L2(1/Mβ), that is,

πβh = Mβ

ˆ
D
h,

and we define for all 1 ≤ m ≤ N ,
HN,m = (Id−πβ)⊗mFN,m, (3.1)

where we recall that FN,m is the m-particle marginal (1.4). More explicitly, this means

HN,m(z1, . . . , zm) =
m∑
j=0

(−1)m−j
∑
σ∈Pmj

FN,j(zσ)M⊗m−jβ (z[m]\σ), (3.2)

where Pmj stands for the set of all j-element subsets of [m] := {1, . . . ,m} and where we write zJ :=

(zi1 , . . . , zil) for an index set J = {i1, . . . , il}. Using the orthogonality properties of these correlation
functions, together with our estimates on partition functions, we establish the following uniform-in-time
a priori estimates.
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Proposition 3.1. Let K = −∇W ∈ L1(Td)d for some even potential W ∈ L2(Td) with W− ∈ L∞(Td)
and
´
TdW = 0. Let FN be a global bounded weak solution of (1.1) with initial data (1.2) such that (1.3)

holds. Provided that β‖W‖L1(Td) � 1 is sufficiently small, we have for all 1 ≤ m ≤ N and t ≥ 0,( ˆ
Dm

|HN,m(t)|2

M⊗mβ

) 1
2
.m N−

m−1
2 . (3.3)

More generally, given 2 ≤ p < ∞ and ε > 0, provided that β‖W‖L1(Td) �p,ε 1 is sufficiently small
(depending on p, ε), we further have for all 1 ≤ m ≤ N and t ≥ 0,(ˆ

Dm

|HN,m(t)|p

|M⊗mβ |p−1

) 1
p
.m,p,ε N

m
2

(1− 2
p

)(1+ε)−m−1
2 . (3.4)

The smallness conditions on β can be dropped ifW is the repulsive logarithmic kernel. If the assumption
W ∈ L2(Td) is replaced by W ∈ L2,∞(Td), then the same estimates (3.3) and (3.4) hold with an
additional factor NCβ2.

The proof is postponed to Section 3.2; we start with some more basic a priori estimate on the
Liouville solution.

3.1. A priori estimate on Liouville solution. The following uniform-in-time a priori estimate
shows that the Liouville solution FN remains over time a fluctuation around the mean-field equilib-
rium M⊗Nβ . This property follows from our estimates on partition functions, which indeed yield a
control on the density of the interacting Gibbs equilibrium relative to the product mean-field measure;
see (2.2).

Lemma 3.2. Let K = −∇W ∈ L1(Td)d for some even potential W ∈ L2(Td) with W− ∈ L∞(Td) and´
TdW = 0. Let FN be a bounded weak solution of (1.1) with initial data (1.2) such that (1.3) holds.
Given 2 ≤ p < ∞, provided that β‖W‖L1(Td) �p 1 is sufficiently small (depending on p), we have for
all t ≥ 0, ˆ

DN

|FN (t)|p

|M⊗Nβ |p−1
.p N

p
2 . (3.5)

The smallness condition on β can be dropped if W is the repulsive logarithmic kernel. If the assumption
W ∈ L2(Td) is replaced byW ∈ L2,∞(Td), then the same estimate holds with an additional factor NCβ2.

Proof. Let 2 ≤ p <∞. By the Cauchy-Schwarz inequality and the conservation estimate (1.3), we find
for all t ≥ 0, ˆ

DN

|FN (t)|p

|M⊗Nβ |p−1
≤
(ˆ

DN

|F ◦N |2p

|MN,β|2p−1

) 1
2
(ˆ

DN

|MN,β|2p−1

|M⊗Nβ |2p−2

) 1
2

.

By the choice of initial data, the first factor is bounded by(ˆ
DN

|F ◦N |2p

|MN,β|2p−1

) 1
2

=

( ˆ
DN

∣∣∣ N∑
i=1

f◦(zi)
∣∣∣2pMN,β

) 1
2

≤
( ˆ

DN

∣∣∣ N∑
i=1

f◦(zi)
∣∣∣4pM⊗Nβ ) 1

4
( ˆ

DN

|MN,β|2

M⊗Nβ

) 1
4

,

and thus, expanding the power and using
´
D f◦Mβ = 0,( ˆ

DN

|F ◦N |2p

|MN,β|2p−1

) 1
2

. N
p
2

( ˆ
D
|f◦|4pMβ

) 1
4
(ˆ

DN

|MN,β|2

M⊗Nβ

) 1
4

. (3.6)
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Inserting this into the above, and decomposing MN,β = M⊗Nβ M̄N,β in terms of the spatial Gibbs
correction

M̄N,β(x1, . . . , xN ) := Z̄−1
N,β exp

(
− β

2N

N∑
i 6=j

W (xi − xj)
)
∈ P((Td)N ), (3.7)

we are led toˆ
DN

|FN (t)|p

|M⊗Nβ |p−1
. N

p
2

(ˆ
D
|f◦|4pMβ

) 1
4
( ˆ

(Td)N
|M̄N,β|2

) 1
4
( ˆ

(Td)N
|M̄N,β|2p−1

) 1
2

.

It remains to estimate the last two factors. They amount to ratios of partition functions,ˆ
DN
|M̄N,β|q =

Z̄N,qβ
(Z̄N,β)q

,

and the conclusion then follows from Theorem 2.1 — or from [5, Theorem 2.5] for the repulsive
logarithmic case. �

3.2. Proof of Proposition 3.1. By definition of correlation functions, cf. (3.1), we get by orthogo-
nality

N∑
m=1

(
N

m

)ˆ
Dm

|HN,m|2

M⊗mβ
=

ˆ
DN

|FN |2

M⊗Nβ
.

As the right-hand side is O(N) by Lemma 3.2 provided that β‖W‖L1(Td) � 1 is sufficiently small, this
proves the desired L2 estimate in the statement. We now turn to higher norms. For any p ≥ 1, the
definition of HN,m in terms of marginals, cf. (3.2), trivially yields

ˆ
Dm

|HN,m|p

|M⊗mβ |p−1
.m

m∑
j=0

ˆ
Dj

|FN,j |p

|M⊗jβ |p−1
.m

ˆ
DN

|FN |p

|M⊗Nβ |p−1
,

where the last estimate follows from Hölder’s inequality. The right-hand side is O(N
p
2 ) by Lemma 3.2

provided that β‖W‖L1(Td) �p 1 is sufficiently small (depending on p). Interpolating with the L2 bound
yields the conclusion. �

4. Linearized mean field

We turn to the proof of Theorem 1.1. By the conservation estimate (1.3) for q = 1, we find that FN,1
is uniformly bounded in L∞(R+;L1(D)) as N ↑ ∞. By weak compactness, up to a subsequence, we
thus find

FN,1 → f vaguely in L∞(R+;M(D)),
for some limit f . (In case W ∈ L2(Td), by Proposition 3.1 with m = 1, this can be turned into
weak-* convergence in L∞(R+;L2(1/Mβ)).) In order to deduce a corresponding convergence for higher
marginals, we recall the a priori correlation estimates of Proposition 3.1: for W ∈ L2,∞(Td) and
β‖W‖L1(Td) � 1 sufficiently small, we find for all m ≥ 2,

HN,m → 0 strongly in L∞(R+;L2(1/M⊗mβ )).

Combining this with a cluster expansion, inverting (3.2), we thus get for marginals, along the subse-
quence,

FN,m =
m∑
j=1

∑
σ∈Pmj

HN,j(zσ)M⊗m−jβ (z[m]\σ)

→
m∑
j=1

f(zj)M
⊗m−1
β (z[m]\{j}) vaguely in L∞(R+;M(Dm)).
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In order to prove Theorem 1.1, it thus remains to characterize the extracted limit f . For this purpose,
we note that the first marginal FN,1 satisfies the following exact equation,

∂tFN,1 + v · ∇xFN,1 +
N − 1

N
∇vMβ · (K ∗ FN,1) = −N − 1

N
∇v ·

ˆ
D
K(x− x∗)HN,2(z, z∗) dz∗.

We proceed by passing to the limit in the weak formulation. If we could show that the right-hand side
converges to 0 in the distributional sense, then we could conclude that the limit f is a weak solution
of the expected linearized Vlasov equation (1.5), and uniqueness would yield the conclusion. It is thus
sufficient to prove, for all t ≥ 0,ˆ

D

∣∣∣ˆ
D
K(x1 − x2)HN,2(t, z1, z2) dz2

∣∣∣ dz1 → 0. (4.1)

Assume that W ∈ L2,∞(Td) and K ∈ Lp(Td) for some p > 4
3 . Given ε > 0, provided that

β‖W‖L1(Td) �p,ε 1 is sufficiently small (depending on p, ε), the bound (3.4) of Proposition 3.1 yieldsˆ
D

∣∣∣ ˆ
D
K(x1 − x2)HN,2(t, z1, z2) dz2

∣∣∣ dz1 . ‖K‖Lp(Td)N
Cβ2+(1− 2

p′ )(1+ε)− 1
2 . (4.2)

As p′ < 4, note that 1 − 2
p′ <

1
2 . Choosing ε small enough, and then β sufficiently small so that the

power of N is negative, the conclusion (4.1) follows. �
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Appendix A. Whole-space setting with confinement

For completeness, we briefly explain how our results easily adapt to the corresponding particle
dynamics on the whole space Rd with a confining potential V : Rd → R. Redefining D = Rd × Rd, we
now consider the following Liouville equation on DN ,

∂tFN +
N∑
j=1

vj · ∇xjFN −
N∑
j=1

∇V (xj) · ∇vjFN +
1

N

N∑
j 6=l

K(xj − xl) · ∇vjFN = 0. (A.1)

The associated Gibbs equilibrium reads

MN,β(z1, . . . , zN ) := Z−1
N,β exp

(
− β

2

N∑
j=1

|vj |2 − β
N∑
j=1

V (xj)−
β

2N

N∑
j 6=l

W (xj − xl)
)
,

while the mean-field equilibrium Mβ ∈ P(D) is now solution of the fixed-point equation

Mβ(x, v) = Z−1
β e−

β
2
|v|2−βV (x)−βW∗Mβ(x). (A.2)

With this redefined notation, we consider the Liouville equation (A.1) with initial condition (1.2), and
Theorem 1.1 is then adapted as follows. Note that the corresponding linearized Vlasov equation (A.3)
below further retains the term involving K ∗Mβ , which no longer vanishes in this case.

Theorem A.1. Let the interaction kernel be given by K = −∇W , for some evenW ∈ (L2,∞+L∞)(Rd)
with bounded negative part W− ∈ L∞(Rd), and assume K ∈ (Lp + L∞)(Rd) for some p > 4

3 . Let the
confining potential V ∈ L1

loc(Rd) satisfy
´
Rd e

−V < ∞ and inf V > −∞. Then there exists β0 > 0
such that for any β ∈ (0, β0) the mean-field fixed-point equation (A.2) has a unique solution Mβ ∈
L∞ ∩ P(Rd) and such that the following holds. In the special case of the repulsive logarithmic kernel
W (x) = − log(|x|), one can take β0 =∞.

1Views and opinions expressed are however those of the authors only and do not necessarily reflect those of the
European Union or the European Research Council Executive Agency. Neither the European Union nor the granting
authority can be held responsible for them.
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Let FN be a global bounded weak solution to (A.1) with initial data (1.2) such that (1.3) holds. For
every m ≥ 1, we have

FN,m →
m∑
j=1

f(t, zj)

m∏
l:l 6=j

Mβ(zl) in the sense of distributions on R+ × Dm,

where f is the unique weak solution of the linearized Vlasov equation{
∂tf + v · ∇xf + (K ∗ f) · ∇vMβ + (K ∗Mβ) · ∇vf = 0,
f |t=0 = f◦.

(A.3)

A.1. Well-posedness of mean-field fixed-point equation. For completeness, we first quickly ar-
gue that under the assumptions of Theorem A.1 the fixed-point equation (A.2) defining the mean-field
equilibrium Mβ is indeed well-posed, as claimed in the statement. In case of the repulsive logarithmic
interaction, the corresponding well-posedness statement holds for all β <∞ and follows instead from
the strict convexity of the free energy.

Lemma A.2. Let W ∈ (L1 + L∞)(Rd) be even with W− ∈ L∞(Rd), and let V ∈ L1
loc(Rd) sat-

isfy
´
Rd e

−V < ∞ and inf V > −∞. Then, for β > 0 small enough, the mean-field fixed-point equa-
tion (A.2) has a unique solution Mβ ∈ L∞ ∩ P(Rd).

Proof. Splitting Mβ = γβ(v)M̄β(x) in terms of the Maxwellian velocity density γβ(v) = ( β2π )
d
2 e−

β
2
|v|2 ,

the fixed-point equation (A.2) reads

M̄β = Sβ(M̄β) :=
e−βV−βW∗M̄β´
Rd e

−βV−βW∗M̄β
. (A.4)

We split the proof into two steps.

Step 1: Proof that the reference measure ηβ := e−βV´
Rd e
−βV satisfies

sup
0<β≤1

‖ηβ‖L∞(Rd) <∞. (A.5)

Given 1 ≤ q <∞, starting from ‖ηβ‖qLq(Rd)
=

´
Rd e
−qβV

(
´
Rd e
−βV )q

, we find

∂β log ‖ηβ‖qLq(Rd)
=

q
´
Rd V e

−βV´
Rd e

−βV −
q
´
Rd V e

−pβV´
Rd e

−pβV

= −q
ˆ qβ

β
∂λ

(´
Rd V e

−λV´
Rd e

−λV

)
dλ

= q

ˆ qβ

β

(´
Rd V

2e−λV´
Rd e

−λV −
(´

Rd V e
−λV´

Rd e
−λV

)2
)
dλ,

which is nonnegative by Jensen’s inequality. By the resulting monotonicity, we obtain

sup
0<β≤1

‖ηβ‖Lq(Rd) ≤ ‖η1‖Lq(Rd).

Letting q ↑ ∞ and recalling the assumptions on V , the claim (A.5) follows.

Step 2: Contraction estimate.
Given ρ, ρ′ ∈ L1 ∩ P(Rd), we can decompose

Sβ(ρ)− Sβ(ρ′) =
e−βV (e−βW∗ρ − e−βW∗ρ′)´

Rd e
−βV−βW∗ρ − e−βV−βW∗ρ′

´
Rd e

−βV (e−βW∗ρ − e−βW∗ρ′)
(
´
Rd e

−βV−βW∗ρ)(
´
Rd e

−βV−βW∗ρ′)
.



SINGULAR MEAN-FIELD LIMITS FOR FLUCTUATIONS AROUND EQUILIBRIUM 13

Using the elementary bound |e−t − e−s| ≤ eB|t − s| for t, s ≥ −B, and recalling W− ∈ L∞(Rd), we
deduce

|Sβ(ρ)− Sβ(ρ′)| ≤ βeCβe−βV
(
|W ∗ (ρ− ρ′)|´
Rd e

−βV−βW∗ρ +

´
Rd e

−βV |W ∗ (ρ− ρ′)|
(
´
Rd e

−βV−βW∗ρ)(
´
Rd e

−βV−βW∗ρ′)

)
,

where henceforth C stands for a generic constant only depending on V,W (not on β). Now note that
Jensen’s inequality yieldsˆ

Rd
e−βV−βW∗ρ ≥ exp

(
− β
ˆ
Rd
|W ∗ ρ| ηβ

)ˆ
Rd
e−βV ,

and thus, recalling the estimate of Step 1 and the assumption W ∈ (L1 + L∞)(Rd), for 0 < β ≤ 1,ˆ
Rd
e−βV−βW∗ρ ≥ e−Cβ

ˆ
Rd
e−βV .

Inserting this into the above yields

|Sβ(ρ)− Sβ(ρ′)| ≤ βeCβe−βV
(
|W ∗ (ρ− ρ′)|´

Rd e
−βV +

´
Rd e

−βV |W ∗ (ρ− ρ′)|
(
´
Rd e

−βV )2

)
,

and thus
‖Sβ(ρ)− Sβ(ρ′)‖L1 ≤ 2βeCβ

ˆ
Rd
|W ∗ (ρ− ρ′)| ηβ.

Using again the estimate of Step 1 and the assumption W ∈ (L1 + L∞)(Rd), we are led to

‖Sβ(ρ)− Sβ(ρ′)‖L1 ≤ CβeCβ‖ρ− ρ′‖L1 .

For β < (eC)−1, the map Sβ is thus a contraction on L1 ∩ P(Rd). This ensures the existence of a
unique solution M̄β ∈ L1 ∩ P(Rd) of (A.4), and its boundedness easily follows. �

A.2. Proof of Theorem A.1. The proof of Theorem 1.1 can be repeated in the present setting with
confinement once the a priori estimates of Lemma 3.2 on the Liouville solution are suitably adapted.
For this purpose, the key input is again the partition function estimate established in Section 2, which
remains valid in the following form.

Theorem A.3 (High-temperature bound). Let W ∈ (L1 + L∞)(Rd) be even with W− ∈ L∞(Rd),
let V ∈ L1

loc(Rd) satisfy
´
Rd e

−V < ∞ and inf V > −∞, and assume that β‖W‖(L1+L∞)(Td) � 1 is
sufficiently small. Denote by M̄β :=

´
RdMβ(·, v)dv ∈ L∞ ∩ P(Rd) the spatial equilibrium measure,

define the M̄β-centered interaction kernel

Wβ(x, y) = W (x− y)−W ∗ M̄β(x)−W ∗ M̄β(y) +

¨
Rd×Rd

W (x− y)M̄β(x)M̄β(y) dxdy,

and the associated partition function

ẐN,β :=

ˆ
(Rd)N

exp
(
− β

2N

N∑
j 6=l

Wβ(xj , xl)
)
M̄⊗Nβ .

Then we have for all N ≥ 1,

1 ≤ ẐN,β ≤
{

exp(CeCβ), if W ∈ (L2 + L∞)(Rd),
CNCβ2

, if W ∈ (L2,∞ + L∞)(Rd).

These estimates are obtained by repeating the argument of Section 2.2, simply using that the centered
kernel Wβ satisfies the corresponding cancellation property,ˆ

Rd
Wβ(x, y)M̄β(x)dx = 0,

ˆ
Rd
Wβ(x, y)M̄β(y)dy = 0.
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In the case of the repulsive logarithmic kernel, the uniform bound supN≥1 ẐN,β < ∞ is known to
extend to all β <∞ by [5, Theorem 2.5].

To exploit the above estimates on the modified partition function ẐN,β, we show that it allows
again to control the density of the Gibbs equilibrium MN,β with respect to the product mean-field
equilibrium M⊗Nβ , in the spirit of (2.2). Indeed, using the identity

e−
β
2
|v|2−βV = ZβMβe

βW∗Mβ ,

a direct computation yields
ˆ
DN

|MN,β|p

|M⊗Nβ |p−1
=

´
(Rd)N exp

(
− pβ

2N

∑N
j 6=lWβ(xj , xl) + pβ

N

∑N
j=1W ∗ M̄β(xj)

)
M̄⊗Nβ( ´

(Rd)N exp
(
− β

2N

∑N
j 6=lWβ(xj , xl) + β

N

∑N
j=1W ∗ M̄β(xj)

)
M̄⊗Nβ

)p
≤ e2pβ‖W∗M̄β‖L∞ ẐN,pβ

(ẐN,β)p
,

which can then be controlled using the above partition function estimates. With this control at
hand, the a priori estimate of Lemma 3.2 on the Liouville solution is easily adapted and the proof of
Theorem 1.1 then carry over verbatim.
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