MEAN-FIELD DYNAMICS FOR GINZBURG-LANDAU VORTICES
WITH PINNING AND APPLIED FORCE
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ABsTRACT. We consider the time-dependent 2D Ginzburg-Landau equation in the whole
plane with terms modeling impurities and applied currents. The Ginzburg-Landau vor-
tices are then subjected to three forces: their mutual repulsive Coulomb-like interaction,
the applied current pushing them in a fixed direction, and the pinning force attracting
them towards the impurities. The competition between the three is expected to lead to
complicated glassy effects. We rigorously study the limit in which the number of vortices
N. blows up as the inverse Ginzburg-Landau parameter ¢ goes to 0, and we derive via a
modulated energy method fluid-like mean-field evolution equations. These results hold
for parabolic, conservative, and mixed-flow dynamics in appropriate regimes of N, 1 co.
Finally, we briefly discuss some natural homogenization questions raised by this study.
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1. INTRODUCTION

1.1. General overview. Superconductors are materials that lose their resistivity at suf-
ficiently low temperature (or low pressure), which allows them to carry electric currents
without energy dissipation. Another important property of these materials is the so-called
Meissner effect: (moderate) external magnetic fields are completely expelled from the
sample. If the external field is much too strong, the superconducting material returns to a
normal state. In the case of a type-II superconductor, an intermediate regime is possible
between two critical values of the external field: the material is then in a mixed state,
allowing a partial penetration of the external field through “vortex filaments”. This mixed
state has however a major drawback: when an electric current is applied, it flows through
the sample, inducing a Lorentz-like force that sets the vortices in motion, and hence, since
1
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vortices are flux filaments, their movement generates an electric field in the direction of
the electric current, which dissipates energy and destroys the superconductivity property.

While ordinary superconductors need extreme cooling to achieve superconductivity, the
discovery of high-temperature superconductors from the 1980s onwards has given an major
boost to technological applications, as the critical temperature of such materials is now
reached with only liquid nitrogen. These high-temperature superconductors happen to be
in practice strongly of type II and, as such, they show vortices for a very wide range of
values of the applied magnetic field. Most technological applications of superconductors
therefore occur in this mixed state, and it is crucial to design ways to prevent vortices
from moving in order to recover the desired property of dissipation-free current flow. For
that purpose a common attempt consists in introducing normal impurities in the material,
which are meant to destroy superconductivity locally and therefore “pin down” the vortices
to their locations if the applied current is not too strong.

With these applications in mind, there is a strong interest in the physics community in
understanding the precise effect of such impurities (which are typically randomly scattered
around the sample) on the statics and dynamics of vortices. Of particular interest is the
critical applied current needed to depin the vortices from their pinning sites, as well as
the slow motion of vortices — named creep — in the disordered sample when the applied
current has a small intensity and thermal or quantum effects are taken into consideration.
The competition between vortex interactions and disorder actually leads to complicated
glassy effects that are still largely not understood and have attracted much attention in the
theoretical physics community these last decades [13, 49, 48]. The richness of the dynamic
phase diagram in terms of the different tunable parameters is particularly striking [72, 83].
In the sequel, we study the collective dynamics of many vortices in a (2D section of a) type-
IT superconductor with applied current and impurities, and we wish to establish in various
regimes the correct mean-field equations describing the vortex matter. We may view this
work as a first step to identify proper questions towards a mathematical understanding of
the glassy properties of such systems (cf. Section 1.5 for further comments and questions).

The phenomenology of superconductivity is accurately described by the (mesoscopic)
Ginzburg-Landau theory. Restricting ourselves to a 2D section of a superconducting ma-
terial, we rather consider the simpler 2D Ginzburg-Landau model, and vortex filaments
are replaced by “point vortices”. We refer e.g. to [104, 103| for further reference on these
models, and to [90]| for a mathematical introduction. The (mesoscopic) impurities in the
material are usually modeled by introducing a pinning weight a : R? — [0, 1], which locally
lowers the energy penalty associated with the vortices [67, 21| (see also [22]): regions with
a = 1 correspond to the pure superconducting material, while regions with a =~ 0 define
the normal impurities. In the time-dependent 2D Ginzburg-Landau equation (which is a
gradient flow for the corresponding energy), the pinning weight and the applied electric
current appear as follows,

dwe = Awe + % (a — |we]?), in RT x Q,
n - Vwe = iwe|loge|n - Jex, on R* x 99, (1.1)

w&“t:O = wgv

where  is a domain of R? and n is the outer unit normal on 99, where w, : RT x Q — C
is the complex-valued order parameter describing superconductivity, where |loge|Jeyx :
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0Q — R? is the (critically-scaled) applied electric current, and where ¢ > 0 is the in-
verse Ginzburg-Landau parameter (a characteristic of the material, which is typically very
small for real-life superconductors). More precisely, as first derived by Schmid [93] and by
Gor’kov and Eliashberg [51], the true Ginzburg-Landau model should be further coupled
to electromagnetism, replacing the above equation by a suitable version with magnetic
gauge, and in particular the imposed electric current Jex should rather appear as a bound-
ary condition for the electric and magnetic fields. ! Since the gauge does not introduce any
significant mathematical difficulty, we focus on the above simplified form of the model,
and only briefly comment on the case with gauge in Section 1.4. The order parameter
we has the following meaning: values |w.| = 1 and |w.| = 0 correspond to superconduct-
ing and normal phases, respectively, and the vortices are the zeroes of w. with non-zero
topological degree. Vortices typically have a core of size of order ¢, hence they become
point-like in the asymptotic limit € | 0. Moreover, a vortex of degree d at a point x carries
a (self-interaction) energy m|d|a(x)|loge|, which varies with its location due to the pinning
weight a, and implies that vortices are indeed attracted to the minima of the weight, that
is, to the normal impurities.

An important variant of this model (1.1) is the corresponding (conservative) Schrodinger
flow, with dyw, replaced by i0;w.. This coincides with the so-called Gross-Pitaevskii equa-
tion, which is an example of a nonlinear Schrédinger equation and serves as a model for
Bose-Einstein condensates and superfluidity |2, 85|, as well as for nonlinear optics [6]. As
argued e.g. in [5], there is also physical interest in the “mixed-flow” (or “complex”) Ginzburg-
Landau equation, which is a mix between the Ginzburg-Landau and Gross-Pitaevskii equa-
tions. Instead of (1.1) we thus turn to the following more general equation, for any a > 0,
BeER, o*+ %=1,

(a+illoge|B) 0w = Awe + %5 (a — [we]?), nRT x Q,
n - Vw, = iwe|loge|n - Jex, on R* x 99, (1.2)
w€|t=0 = wg’

which allows to consider by the same token both the parabolic or Ginzburg-Landau case
(e =1, B =0) and the conservative or Gross-Pitaevskii case (o =0, § = 1).

In this context, including both pinning and applied current, the problems that naturally
arise are

— to derive from equation (1.2) a simpler discrete problem for the evolution of a fixed
number N of point vortices in the asymptotic limit € | 0;

— to derive a mean-field equation describing the evolution of a large number of vortices,
either by taking the limit N 1 oo in the discrete problem, or preferably by taking
the limit directly in (1.2) when the number of vortices N. blows up as ¢ | 0, thus
investigating the commutation of the limits € | 0 and N 1 oo;

— to derive effective equations in the regime when the impurities are scattered at a
small scale, that is, when the pinning weight a oscillates rapidly, by starting either
from the mean-field equation, from the discrete problem, or preferably from (1.2).

As recalled below, the first question has already been fully answered. In this work, we
focus on the second question, which is to derive a mean-field equation for the vortex liquid

1. Note that in this simplified model (1.1) the number of vortices has to be imposed artificially through
the boundary condition, while in the model with gauge it is implicitly determined by the value of the
external magnetic field.
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directly from the mesoscopic model (1.2). This naturally leads us to the third question,
which however remains largely open: in Section 1.5 we state various conjectures and give
a few preliminary results.

Let us start by recalling the behavior of a fixed number N of vortices in the asymptotic
regime € | 0. A good understanding was achieved in the physics community since the
1990s [80, 37, 82, 23], and various rigorous studies became available shortly after in the
parabolic case [70, 69, 59, 61, 88|, in the conservative case [28, 71, 58, 64], as well as in the
mixed-flow case [102, 98]. As seen there, vortices are subjected to three forces:

— their mutual repulsive Coulomb (logarithmic) interaction;
— the Lorentz-like force F' due to the applied current of intensity Jex;

— the pinning force, equal to —Vh in terms of the so-called pinning potential h := log a
defined by the pinning weight a.

Neglecting boundary effects, and assuming that all vortices have the same degree +1, the
effective vortex dynamics is then given by a system of ODEs of the form

N
Wn(z1,...,2N) == — Zlog |z — x4,

i#j
where the z;’s are the macroscopic vortex trajectories, and where J denotes the rotation of
vectors by angle 7 in the plane. The pinning and applied current intensities are parameters
which can be tuned, leading to regimes in which one or two forces dominate over the others,
or all are of the same order. In [102], in the parabolic case, no pinning force is considered
and the regimes treated lead to the applied force being of the same order as the interaction.
In [98] the pinning and applied forces are chosen to be of the same order, and both dominate
the interaction. In [64], in the conservative case, the critical scaling is considered, that is,
with all forces being of the same order.

In this work, we rather focus on the situation when the number N, of vortices in (1.2)
is not fixed but depends on € and blows up as € | 0, which is a physically more realistic
situation in many regimes of applied fields and currents. We then wish to describe the
evolution of the density of the corresponding vortex liquid. In dilute regimes (that is,
when N does not blow up too quickly with respect to ¢), the correct limiting equation
is naturally expected to coincide with the mean-field limit of the discrete vortex dynam-
ics (1.3) (cf. |39, 96]), that is, the following nonlocal nonlinear continuity equation for the
mean-field vorticity m,

Om =div ((a —IB)(Vh— F — VA 'm)m), (1.4)

or alternatively, in terms of the mean-field supercurrent density v (related to m via m =
curlv),

v = Vp+(a— BN (V*Th — F —v)curl v, divv = 0. (1.5)
Note that in the conservative case (« = 0, § = 1) this equation becomes
Ov =Vp+(Vh — F +v)eurlv, divv =0, (1.6)

which is equivalent to the incompressible 2D Euler equation due to the identity v curl v =
(v-V)v—1V|v[%, while the force Vi — F plays the role of a background flow. In the
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dissipative case a > 0, as first discovered in [95]|, the mean-field behavior in nondilute
regimes changes drastically and rather leads to compressible equations. In other words,
the limits € | 0 and N 1 oo do not always commute. A heuristic explanation of such
behaviors is included in Section 1.3.

In the case without pinning and applied current (h = 0, F' = 0), such mean-field results
have already been rigorously established in a number of settings:

— In the conservative case (o = 0, f = 1), Jerrard and Spirn [60] have shown in
the strongly dilute regime 1 < N. < (log|loge|)!/? that the vorticity converges to
the solution of (1.4) (which in that case coincides with the 2D Euler equation in
vorticity form), while the second author has shown in [95] in the nondilute regime
[loge| < N. < ! that the supercurrent itself converges to the solution of the 2D

Euler equation (1.6).

— In the parabolic case (o = 1, 8 = 0), the convergence of the vorticity to the solution
of (1.4), first formally derived by Chapman, Rubinstein, Schatzman, and E [24, 43],
has been rigorously established by Kurzke and Spirn [66] in the strongly dilute regime
1 < N. < (loglog |loge|)'/*. Next, the second author has shown in [95] that in the
whole moderately dilute regime 1 < N. < |loge| the supercurrent itself converges
to the solution of (1.5), but that in the critical regime N, =~ |loge| it converges to a
different compressible equation.

In all the other regimes (that are, the moderately dilute regime 1 < N, < |loge| in the
conservative case and the nondilute regime [loge| < N. < ! in the parabolic case),
justifying the mean-field limit remains an open question — to the exception of the weakly
nondilute regime |loge| < N. < [loge|log|loge| in the parabolic case, which is further
treated in the present work and leads to yet another compressible mean-field equation,
thus answering a question raised in [95]. All these results assume that the initial data
are suitably “well-prepared”. Note that the delicate boundary issues are neglected in [60]
and [95], where the Gross-Pitaevskii or Ginzburg-Landau equation is set for simplicity on
the whole plane, while in [66] Dirichlet boundary data on a bounded domain € are further
considered. The results in [66] and [60] rely on a direct method and a careful study of the
vortex trajectories, while those in [95] are based on a “modulated energy approach” and
rely on the regularity and stability properties of the mean-field equations.

The main goal of the present work is to adapt the modulated energy approach of [95]
to the setting with pinning and applied current, thus extending the results of [102, 98, 64|
to the case with N. > 1 vortices — in the whole plane for simplicity. The derivation
bears several complications compared to the situation in [95], in particular due to the lack
of sufficient decay at infinity of the various quantities, and also to the fact that the self-
interaction energy of each vortex now varies with its location due to the pinning weight.
Next to the parabolic and conservative cases, we also consider the mixed-flow case. We
establish the convergence to suitable fluid-like mean-field evolution equations, which in the
simplest case take the form (1.4)—(1.5) but differ in some regimes, and for which global well-
posedness is discussed in the companion article [40]. Some of these equations are new in
the literature, while some others already appeared in the context of 2D fluid dynamics: in
the conservative case, for instance, the obtained mean-field equation coincides with the so-
called lake equation [18, 19] for shallow water flows. As emphasized above, different regimes
for the intensity of the pinning and applied current lead to different limiting equations,
and we include a discussion of all of them.
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Notation. Throughout, C' denotes various positive constants which depend on controlled
quantities and may change from line to line, but do not depend on the small parameter ¢.
We write < and 2 for < and > up to such a multiplicative constant C'. We write a ~ b if
both a < band a 2 b hold. Given sequences (ag )., (b:)e C R, we write a. < b. (or bs > a.)
if a. /b. converges to 0 as the parameter € goes to 0. We also write a. < O(b;) if a < b., and
as < o(be) if a. < b.. We add a subscript ¢ to indicate the further dependence of constants
on an upper bound on time ¢, while additional subscripts indicate the dependence on other
parameters. A superscript ¢ to a function indicates that this function is evaluated at time ¢.
For a vector field G = (G1,G2) on R?, we set G+ = (—Ga,Gy), curl G = 9,Gy — Gy,
and div G = 01G1 + 02G2. We write J : R? — R? for the rotation of vectors by angle 5
in the plane, hence JG = G+. We denote by B(z,r) the ball of radius r centered at
in R?, and we set B, := B(0,r) and B(z) := B(z,1). We let @ := [—3, 1)? denote the
unit square, frequently identified with the 2-torus T?. We write a A b := min{a, b} and
aVb:=max{a,b} for a,b € R. We denote by L”, (R?) the Banach space of functions that
are uniformly locally LP-integrable on R?, with norm

1, = sup 1/ llLe ()

and we similarly define the Sobolev spaces WP (R?). Given a Banach space X and t > 0,

uloc
we use the notation || - [z x for the usual norm in L”([0,¢]; X).

1.2. Main results. We first give a precise formulation of the problem under consideration,
present our modulated energy approach and underline the main new difficulties, state
precise assumptions, discuss the various regimes that our approach allows to consider, and
then state our main mean-field results.

1.2.1. Precise setting. Since the presence of the boundary creates mathematical difficulties
which we do not know how to overcome (due to the possible entrance and exit of vortices),
we modify the mesoscopic model (1.2) and consider a suitable version on the whole plane
with boundary conditions “at infinity”. As in [102, 98|, the boundary conditions can be
changed into a bulk force term by a suitable change of phase in the order parameter w;.
Also dividing w, by the expected density /a, we arrive at the following equation for the
modified order parameter u,,

Ae(a +illoge|B)Orus = Aue + Fue (1 — lue|?)
+Vh - Vue + illoge| F* - Vue + fue, (1.7)

u€|t:0 = U§7

with h := loga, f : R?> = R, and F : R? — R?, where I is an effective applied force
corresponding to the Lorentz-like force generated by the applied current. The parame-
ter \; is an appropriate time rescaling needed to obtain a nontrivial limiting dynamics.
Within the derivation of (1.7) from (1.2), the zeroth-order term f takes on the following
explicit form (although this is largely unimportant, and the scaling in the corresponding
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bounds (2.1)-(2.2) below may also be substantially relaxed),

_ Aya 1
Va4
The derivation of the modified model (1.7) from equation (1.2) is postponed to Section 2.1,
while the global well-posedness of (1.7) is discussed in Section 2.2. For simplicity we assume
that the pinning weight satisfies

f llog e[| F|2. (1.8)

1
c <a(x) <1, for all z, (1.9)

which avoids degenerate situations: physically one would like to consider a pinning weight
a that may vanish, representing true normal inclusions [21], but this is much more delicate
mathematically (cf. e.g. [4]). Setting FF =0,a =1, h =0, and f = 0, we naturally retrieve
the model without pinning and applied current as studied e.g. in [66, 60, 95|, and our
results are thus indeed generalizations of those in [66, 95].

Given solutions of the mesoscopic model (1.7), we wish to establish the convergence of
their supercurrent, defined by

Je = <Vu5,iu5>,

where (-, -) stands for the scalar product in C as identified with R?, that is, (x,y) = R(z¥)
for z,y € C. The vorticity p. is derived from the supercurrent via p. := curl j.. Note that
this indeed corresponds to the density of vortices, defined as zeros of u. weighted by their
degrees, in the sense that

pe ~ 21y didy,  asel0, (1.10)

with {x;}; the vortex locations and {d;}; their degrees (this is made rigorous by the so-
called Jacobian estimates, e.g. [90, Chapter 6]). In this setting, we wish to show that the
rescaled supercurrent NLE Je converges as € | 0 to a vector field v solving a limiting PDE,
which as in [95] is assumed to be regular enough. The limiting equations are fluid-like
equations of the form (1.5), where the incompressibility condition can however be lost
when the density of vortices becomes too large. Such equations are studied in detail in the
companion article [40|, where solutions are shown in most cases to be global and indeed
regular enough if the initial data is. A formal derivation of these mean-field equations is
included in Section 1.3.

1.2.2. Modulated energy approach. In order to establish the convergence of the rescaled
supercurrent, we adapt the modulated energy approach used by the second author in [95].
Modulated energy techniques originate in the relative entropy method first designed by
DiPerna [35] and Dafermos [29, 30| to establish weak-strong stability principles for some
hyperbolic systems. This method was later rediscovered by Yau [105] for the hydrodynamic
limit of the Ginzburg-Landau lattice model, was introduced in kinetic theory by Golse [14]
for the convergence of suitably scaled solutions of the Boltzmann equation towards solutions
of the incompressible Euler equations (cf. e.g. [86] for the many recent developments on the
topic), and first took the form of a modulated energy method in the work by Brenier [17] on
the quasi-neutral limit of the Vlasov-Poisson system. In the present situation, the method
consists in defining a modulated energy, which in the case without pinning takes the form

. ! 1
£ = / 5 (Ve — i Nev P 4 o5 (1= Juc)?), (1.11)
R2 2e
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where v denotes the (postulated) mean-field supercurrent density. Note that, while the
Ginzburg-Landau energy (that is, (1.11) with v = 0) diverges for configurations u. with
nonzero degree at infinity,

0 # deg(ue) := lim (Vg, iue) - n’*,
Rtoo 9Bgr

the modulated energy may indeed converge (and does if v has the correct circulation at in-
finity). This modulated energy E. measures the squared distance between the supercurrent
Je = (Vug,iuc) and the postulated limit Ngv, in a way that is well adapted to the energy
structure. In order to prove the desired convergence N% Je — v, showing & = o(N?2) is then
sufficient. Under some regularity assumption on v, it was proved in [95] that, thanks to the
suitable limiting equation satisfied by v, the modulated energy &. satisfies a Gronwall rela-
tion, so that if it is initially of order o(N?2), it remains so, yielding the desired convergence
Nigj8 — v. However, in regimes with N. < |loge|, the modulated energy &. cannot be of
order o(N2), since each vortex of degree d carries a self-interaction energy m|d||loge|. For
that reason, we need to renormalize the modulated energy E by subtracting the (fixed)
total self-interaction energy w3 . |d;||loge|. More precisely, as we will work in a setting
where the initial vortices have positive degrees, > . |d;| = N, and as we expect that this
remains the case at later times, we consider the modulated energy excess

D. := & — wN.|loge], (1.12)

and establish a Gronwall relation on this quantity. The proof requires to use many tools
of vortex analysis developed over the years, cf. [90]: lower bounds via the Jerrard-Sandier
ball construction, Jacobian estimates, and product estimates.

In the case with pinning weight a, the modulated energy (1.11) should naturally be
changed into a weighted one,

a , a
/R2 3 <|Vu8 — iueNev |2 + 2752(1 - \ua\Q)Z) . (1.13)

This leads to several notable modifications:

— A vortex of degree d at a point x now carries a self-interaction energy w|d|a(x)|loge],
which non-trivially depends on the vortex location x. The total self-interaction
energy that needs to be subtracted from the modulated energy (1.13) is thus no
longer wN¢|loge| but rather, in view of (1.10),

loge
ﬁZdia(xi)lloga‘] ~ | g ‘/RQ(LME.
(2

— In some regimes of pinning and applied current, the solution v of the limiting equa-
tion needs to be replaced in the modulated energy (1.13) by a suitable e-dependent
map V., which is separately shown to converge to v. This amounts to including
lower-order terms in the modulated energy.

— If Vh, F, and f in (1.7) are bounded but not decaying at infinity (which is a natural
setting in view of the typical example of a uniform applied current circulating through
the sample), then the modulated energy (1.13) does usually not remain finite along
the flow, which forces us to truncate it at some scale. In the conservative case,
the decay of Vh, F, and f is anyway needed to guarantee the well-posedness of
the mesoscopic model (1.7) (cf. Section 2.2), so that a truncation of (1.13) is no
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longer needed, but in that case, due to pinning, the pressure p in the mean-field
equation (1.5) for v is no longer square-integrable and another truncation argument
is required.

For these reasons, we are lead to considering the following truncated version of the modu-
lated energy (1.13),

a .
Eonim [ NE (190 — N 4 5 (1= i), (119
R

as well as the corresponding excess,

loge
DE,R = gE,R_| 9 |/ X RMe
R2

axR .
B /Rz >2< ('VUE iue Neve +ﬁ(1_|“€|2)2_|10g5‘ﬂa), (1.15)

where for all r > 0 we set x, := x(-/r) for some fixed cut-off function y € C°(R?; [0, 1])
with x|p, = 1 and x|g2\ g, = 0, and with |[Vx| x/2(1 = x)¥/2.? In the sequel, all energy
integrals are truncated as above with the cut-off function y g, for some scale R > 1 to be
later suitably chosen as a function of . We write &, := &  for the corresponding quantity
without the cut-off xr in the definition (formally R = 00), and also D. := supp>; D¢ g.
Rather than the L?-norm restricted to the ball Bg centered at the origin, our methods
further allow to consider the uniform Lloc norm at the scale R: setting x% := xr(- — 2),
we define

* axy .
Elpi=suwp&lp, &= /2 R (]Vue iue Nove|® + 272(1 — ]u€]2)2>, (1.16)
z R

* loge
Dlp:=suwpDlp, Dip:=E&pR— | ) | /2 axXrhe, (1.17)
z R

where the suprema run over all lattice points z € RZ?.

In this setting, the proof is split into two parts: first we show that N% Je is close to a
suitable v, by means of a Gronwall argument on the modulated energy excess D; r» Which
requires some careful vortex analysis, and second we check that v. converges to v, which is
a soft consequence of the stability of the limiting equation. In order to establish a Gronwall
relation for D7 p, in addition to the problems at infinity created by the non-decay of Vh
and F that we wish to allow, the presence of the pinning weight introduces important new
technical difficulties, as always in the analysis of Ginzburg-Landau. We mention two of
them (cf. Section 5 for detail):

— In this weighted setting, the fact that the self-interaction energy of a vortex de-
pends on its location makes it more difficult to a priori control the total number
of vortices, and requires localized estimates, in particular a localized version of the
Jerrard-Sandier ball-construction lower bound [87, 57| with a very precise error esti-
mate o(IN2). The usual error in the lower bound is O(N¢|logr|), where r is the total
radius of the balls, so that we need to take r large enough (almost O(1) when N
diverges slowly), but here the pinning weight a adds an important difficulty since it

2. Such a function x is easily constructed by smoothly gluing the choices x(z) = 1 — exp(—m)

for |z| ~ 1 and x(z) = exp(—m) for |z| ~ 2. Since ‘V(l —exp(—ﬁ))‘ < exp(—ﬁ) and

’V exp(—mﬂ S exp(—m), this choice indeed satisfies the bound |Vx| < x'/2(1 — x)'/2.
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may vary significantly over the size of the balls of this construction, thus perturbing
the lower bound itself. A particularly careful vortex analysis is therefore needed.

— Due to truncations, the vortex analysis must further be refined to the setting of the
infinite plane with no global energy control, hence no a priori finiteness assumption
on the total number of vortices, which yields additional complications.

1.2.3. Assumptions. For the essential part of the proof, in the dissipative case (a > 0), it
suffices to assume h € W2 (R?) and F € WH*(R?)? (hence f € L*°(R?) in view of (1.8)),
that is, no decay at infinity is needed. In the conservative case, in contrast, we need to
restrict to a decaying setting to ensure the well-posedness of the mesoscopic model (1.7):
more precisely, we assume Vh, F € WP (R?)2 for some p < oo, f € L%(R?), and div F = 0.
In both cases, in order to ensure strong enough regularity properties of the solution v of
the mean-field equation, even stronger assumptions on the data are needed and are listed
below. Note that we do not try to optimize these regularity assumptions.

Assumption 1.1. Let « > 0, B € R, a?+ 82 =1, h:R> 5> R, a :=¢e" F:R? - R?
fiR? 5 R, u?:R? = C, and v2,v° : R? — R? for all £ > 0. Assume that (1.8) and (1.9)
hold, and that the initial data (u2,v2,v°) are well-prepared as ¢ | 0, in the sense

z
DX° := sup sup / IXp (\Vug - iugNaVyQ =+ %(1 - |u§\2)2
R>1.cR? JR2 2 2e

—]10g5]cur1(Vu§,iu§>> < N2, (1.18)

with v& — v° in L2, (R?)2, and with curl v°, curlv® € P(R?). Assume that v° and v° are

bounded in W14(R?)? for all ¢ > 2. In addition,

(a) Dissipative case (o> 0, B € R), non-decaying setting:
For some s > 0, assume that u2 € Hl_ (R?;C), that h € WsT3°(R?), F € WsT2:>(R?)?
(hence f € W1°(R?) in view of (1.8)), that v2, v° are bounded in W*+2>°(R?)2 and
that curl v, curl v°, div (av?) are bounded in H**t! N WsThoo(R2),

(b) Conservative case (v =0, § = 1), decaying setting:
Assume that ug € U + H%(R?; C) for some reference map U € L>°(R?; C) with V2U €
HY(R%C), VIU| € L2(R?), 1 — |U|]?> € L3(R?), and VU € LP(R?%;,C) for all p > 2
(typically we may choose U smooth and equal to ¢'V=? in polar coordinates outside a
ball at the origin). Assume that h € W3 (R?), Vh € H*(R?)?, F € H3NW3>(R?)?,
f € H2NW2>®(R?), and that we have div F' = 0 pointwise, and a(z) — 1 uniformly
as || T co. Assume that v°, v° are bounded in W2°(R?)2 and that curlv?, curl v°
are bounded in H!(R?). O

One may observe that if N. < O(|loge]) the well-preparedness assumption (1.18) implies
that most vortices are initially positive.

1.2.4. Regimes. We first comment on the different regimes for the number N, of vortices.
A first critical threshold is N, = O(|loge|), as is clear from energy considerations since in
this regime the (concentrated) vortex energy O(Ng|loge|) becomes of the same order as
the (diffuse) phase energy O(NZ2). Another critical threshold is expected to occur for N, =
O(e71) due to the overlap of the vortex cores. We therefore separately consider the dilute
regime N, < |logel, the critical regime N, ~ |logel|, and the nondilute regime |loge| <
N. < €71, In the dissipative case, these regimes lead to drastically different mean-field
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behaviors (cf. heuristics in Section 1.3). We do not consider here the superdense regime
N, 2 !, which is of totally different nature since the modulus |u.| of the order parameter
is then expected to enter the limiting equation, thus leading to different compressible fluid-
like equations |9, 10, 8, 20|.

As we can play with the relative strengths of interactions, pinning, and applied current,
we now describe the different possible scalings. From energy considerations, we expect
interactions, pinning, and applied current to be of order O(N2), O(N:|loge|)|Vh|, and

O(N¢|loge|)|F|, respectively. The critical scaling (such that all effects have the same
order) thus amounts to choosing both VA and F of order O(‘l |) In order for the
different effects to give a nontrivial O(1) Contrlbutlon in the mean-field limit, the time
rescaling in (1.7) then needs to be chosen as \. = O(x Tog ‘) This leads us to the following
critical regimes:

(GL1) Dissipative case — dilute vortex regime:
a>0,1< N, < |loge|, A\ F=)F,h=X\h (ie.a=ad");
(GL2) Dissipative case — critical vortex regime:
a>0, N. ~|loge|l, \. =1, F=F, h=nh (ie. a = a);
(GL3) Dissipative case — nondilute Vortex regime:
a>0,|loge] < N: <e 1, A\ = F=X\F,h=h(ie. a=a);
(GP) Conservative case — nondilute vortex reglme
a=0,8=1,|logel < N. <e !, A\ =

\logsl’

Ilogél’

F=X\E h=h(ie. a=a);

Ilog el’
where h and F' are independent of €, and h < 0 is bounded from below. Just as in [95]
the modulated energy approach does not allow us to treat the conservative case with
fewer vortices N. < [loge|, although in that case the same mean-field behavior is formally
expected as in the nondilute regime |loge| < N. < 7! (cf. Section 1.3). Note that the non-
degeneracy condition (1.9) for the pinning weight a = ¢/ imposes that the pinning potential
h remains uniformly bounded, so that h cannot be chosen of critical order O( ‘l(])\é E€|) when
N; > |loge|, which explains the non-critical scaling of h in (GL3) and (GP).

Modifying the time rescaling A\, and the scaling of h, we may also consider various non-
critical scalings, for which the pinning either dominates or is dominated by the interactions.
In such cases, the limiting equations are substantially simplified. We consider for instance:

(GL}) Dissipative case — dilute vortex regime — very weak interactions:
a>0,N. < [loge|, \e =1, F=F, h=h;

(GL%) Dissipative case — dilute vortex regime — weak interactions:
a >0, N; < |logel, \1oga|<<)‘ <1, F=\F, h=\h;

(GL%) Dissipative case — dilute Vortex regime — strong interactions:
a >0, N: < |loge|, \e = F=X\F,h=Xh \ < \;

(GL)) Dissipative case — critical vortex regime — strong interactions:
a>0, N:~|loge|, \c =1, F=F, h=\.h, \. < 1,

where again h and F' are independent of €, and h < 0 is bounded from below. Since in the
present work we are mostly interested in pinning effects, we focus on the regimes (GL})
and (GLY}), while for (GL}) and (GL}) the pinning effects vanish in the limit and the situa-
tion is thus much easier and closer to [95]. For simplicity, subscripts “c” are systematically
dropped from the data a, h, F, f.

Ilogél’
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1.2.5. Statement of main results. We are now in position to state our main results. We
start with the dissipative mixed-flow case, and first consider the dilute and the critical
vortex regimes with critical scalings (GL1) and (GLz), or with non-critical scalings (GL})
and (GL)). The following result generalizes those in [66, 95] to the case with pinning and
applied current. Note that the statements are slightly finer in the parabolic case. The
mean-field equations are fluid-like of the form (1.5), but the incompressibility condition is
lost in the critical vortex regime, as first evidenced in [95] (cf. heuristics in Section 1.3). In
the regimes (GL1) and (GL}), the weight a naturally disappears from the incompressibility
condition divv = 0 due to the assumption a = é* — 1 as € | 0. Although all the proofs
are quantitative, we only include qualitative statements to simplify the exposition.

Theorem 1 (Dissipative case). Let Assumption 1.1(a) hold, where in particular the initial
data (u2,v2,v°) satisfy the well-preparedness condition (1.18). For all € > 0, let u. €

er Ve

Lo (RT; HL (R?%;C)) denote the unique global solution of (1.7) in RT x R%. Then, the

u

following hold for the supercurrent density j. := (Vue,iue).
(1) Regime (GLp) with log|loge| < N, < [loge|, and div (av?) = divv°® = 0:
We have N%jg — v oin L2 (RT; LY (R?)2) as e | 0, where v is the unique global
(smooth) solution of

dyv = Vp+(a — IB)(V+h — FL — 2v)curlv, (1.19)
divv =0, v|j=g=v°. '
In the parabolic case 3 =0, the same conclusion holds for 1 < N, < log|logel.
(ii) Regime (GLg) with Ik])VTEEI — X € (0,00) and v2 = v°:
For some T > 0, we have N%je — v in L ([0, T); L, . (R?)?) as e | 0, where v is the
unique local (smooth) solution of
{8tV = o 'V(a~'div (av)) + (a — JB)(V+h — F+ — 2)\v)curl v, (1.20)
V|t=0 = Voa .

in [0,T) x R2. In the parabolic case B = 0, this solution v can be extended globally,
and the above holds with T = oco.
(iii) Regime (GL}) with log [loge| < N. < [loge| and v2 = v°:
We have N%jg — v oin L2 (RT; LY (R?)2) as e | 0, where v is the unique global
(smooth) solution of

{@v = o 'V(atdiv (av)) + (o — IB)(V+h — FL)curlv,

. (1.21)
V=0 = v°.
(iv) Regime (GLj) with log |loge| < N. < |loge| and div (av?) = divv® = 0:
We have ]\%jE — v oin L2 (RT; LY .(R?)2) as e | 0, where v is the unique global
(smooth) solution of

{&;V = Vp+(a—IB)(VEh — F)curlv,

: (1.22)
divv =0, v|i=g=v°.

In the parabolic case B =0 with Ner < Ao < <) " the same conclusion also holds

[log e] € ~ [loge[’
for 1 < N < log |loge|. O
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Remark 1.2. In the regimes (GL;) and (GL)), the modified data v2 can for instance be
chosen as

ve = a 'V (div a7 1'V) teurl vO,
which indeed satisfies div (av?) = 0 and curl v = curl v°, while the assumption @ — 1 in
L°°(R?) easily implies vo — v° in LI(R?)? for all ¢ > 2, hence v2 — v° in L2 _(R?)2. ¢

uloc

We turn to the nondilute vortex regime (GL3). The following result is only proven to
hold in the parabolic case in the weakly nondilute regime |loge| < N, < |loge|log|loge],
and gives rise to a new degenerate mean-field equation that is studied in detail in the
companion article [40]. This result is new even in the case without pinning and applied
current, as it indeed treats a regime left open in [95]. Note that a slightly stronger well-
posedness condition is needed here; this condition is however still reasonable since for any
smooth v°® and any 0 < ¢ < 1 one may construct a configuration u? that satisfies it, cf. [90].

Theorem 2 (Nondilute parabolic case). Let Assumption 1.1(a) hold, and assume that
the initial data (u2,v2,v°) satisfy v2 = v° and satisfy the following slightly stronger well-
preparedness condition, for some § > 0,

axs a
’D;’O = ;1;11 Su]é)z/ >§R (|Vu§ — Z'USNEVO‘Q + 2762(1 — |Ug|2)2
>1ze

— |log &|curl <vug,mg>) < N2,
For some s > 3, assume in addition that h € Wst2°(R?), F € WstL°(R?)2, and that
v € WeHL®(R)2 m° = curlv® € PN H*(R?), and d° := div (av®) € H*"1(R?). For all
e>0, letus. € L2 (RT; HL (R% C)) denote the unique global solution of (1.7) in RT x R?.
Then, in the regime (GL3) with |loge| < N. < |loge|log |loge|, in the parabolic case
B =0, the supercurrent density j. := (Vue,iu.) satisfies N%ja — v in L2 (RT; LY (R?)?)
as € | 0, where v is the unique global (smooth) solution of

Opv = —(}:J— + 2v) curlv, (1.23)
V] = v°. 0

Remark 1.3. As explained in Section 1.3, the same mean-field result is expected to hold
in the whole nondilute regime |loge| < N. < e~! (up to a suitable well-preparedness
condition), but this remains an open question. A corresponding result is also expected in
the dissipative mixed-flow case, but then the correct limiting equation is actually unclear
since the local well-posedness of the mixed-flow version of the degenerate equation (1.23),
that is,

v = —(a— JB)(F+ + 2v) curly,

remains unresolved [40]. O

We finally turn to the conservative case in the regime (GP). For N, > |loge|, the well-
preparedness condition (1.18) is naturally simplified, as the vortex self-interaction energy is
no longer dominant. Note that the pinning force —Vh is absent from the limiting equation
since in the regime (GP) the interaction and the applied current dominate. The pinning
weight a = G nevertheless remains in the incompressibility condition div (av) = 0. The
mean-field equation is then a variant of the 2D Euler equation (1.6) and is known as the



14 MITIA DUERINCKX AND SYLVIA SERFATY

lake equation in the context of 2D shallow water fluid dynamics (cf. e.g. [18, 19]). The
following result generalizes that in [95] to the case with pinning and applied current.

Theorem 3 (Conservative case). Let Assumption 1.1(b) hold, and assume that the initial
data satisfy vi = v° and satisfy the following simplified well-preparedness condition,

£ ::/ O (IVue — 2N P 4 25 (1~ [u2?)?) < NZ.
R2 252

For alle > 0, let u. € LS.(RY; U + H?(R?;C)) denote the unique global solution of (1.7)

in RT x R2. Then, in the regime (GP) with |loge| < N. < 71, we have N%je — v in
L (RY; (LY + L?)(R?)2) as € | 0, where v is the unique global (smooth) solution of

—Un (P _ 9ul
8fv = Vp —(F —2v—)curlv, (1.24)
div(av) =0, v'—g=v°. 0

Remark 1.4. As explained in Section 1.3, the same mean-field limit result is actually
expected to hold for all 1 < N. < ¢~! (cf. indeed [60] for the other extreme regime
1 < N. < (log|loge|)*/?), but this remains an open question. As in [95], we need to
restrict here to the nondilute regime N > |loge| due to the difficulty of controlling the
velocity of individual vortices, which is related to the lack of control on [gs |dyuc|?. Note
however that in the dilute regime the conservative vortex dynamics formally behaves like
the conservative flow for Coulomb particles and that the mean-field limit of the latter

system can be rigorously established by a modulated energy approach [96]. O

The structure of the mean-field equations (1.19)—(1.24) is more transparent when ex-
pressed in terms of the mean-field vorticity m := curlv. In the case of (1.19) (and corre-
spondingly for (1.24)), the vorticity m satisfies a nonlocal nonlinear continuity equation,

{atm — div (( = JB)(Vh — F + 2vt)m),

. (1.25)
curlv=m, divv=0.

In the case of (1.20), the vorticity m satisfies a similar equation coupled with a convection-
diffusion equation for the divergence d := div (av),
dym = div ((a — I8)(Vh — F 4 2xvh) m),
Od —a ' Ad+at div (dVA) = div ((a — IB)(V+h — F+ — 2\v)am), (1.26)
curlv =m, div(av)=d,
while the convection-diffusion equation becomes degenerate in the case of (1.23) and then
takes on the following guise, in terms of 0 := div v,
Oym = div ((—F +2AvH)m),
80 = div ((—F* —2xv)m), (1.27)
curlv=m, divv=240.
A detailed study of these families of equations is provided in the companion article [40],
including global existence results for rough initial data. In the cases (1.21) and (1.22),

which correspond to scalings with negligible interactions, the limiting vorticity m rather
satisfies a simple linear continuity equation,

Om = div ((a — IB)(Vh — F)m). (1.28)
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Let us emphasize the nonlocal character of (1.25)—(1.27): in (1.25) and (1.27) the equations
curlv = m and divv = 6 are (formally) solved as

v=ViATtm+VATlY,
while in (1.26) the equations curlv = m and div (av) = d lead to
v=a"'V(diva V) ' m+V(divaV)1d.
1.3. Heuristic derivation of the mean-field equations. In order to illustrate the
structure of the 2D mesoscopic model (1.7) and the importance of a careful vortex analysis,
we now give a short heuristic derivation of the mean-field equations (1.19)—(1.24). This
derivation brings a more intuitive explanation of the compressibility of the mean-field
equations in the nondilute dissipative case, and it further predicts the expected behavior
in the different regimes for which our analysis fails. For simplicity of the discussion, we

focus here on the simpler case without pinning and applied current, thus considering the
following version of (1.7),

Ae(a +illoge|B)Ous = Aue + %(1 — |ue|?). (1.29)
Next to the supercurrent density j. and the vorticity u., we define the vortex velocity
Ve := 2(Vue, i0pu.),
the Ginzburg-Landau energy density
e = 5 (1Tl + g (1= uclP?),
and the stress-energy tensor

0 1
(St += (Otie, Opic) = B (IVl? + 55 (1= Ju)?).

2¢2
The definition of V easily leads to the following algebraic identities (cf. [89]),
Orje = Ve + V{(Opue, i), Opte = curl V.. (1.30)

By (1.29), we further find the following identities for the divergence of the supercurrent
density

. . ) AeBlloge
div je = (Aug,iue) = Aea(Opue, iue) — 'Eﬁggh?t(l — |ue|?), (1.31)
for the divergence of the stress-energy tensor
Ac|l
div S. = <Vu5, Au. + 5(1 - |u€|2)> = AoV, dus) + |°2g5|5v (1.32)

and for the time derivative of the energy density
Oree = div (Vue, Opue) — )\Ea|8tu€|2.
Using (1.32) to replace (Vue, Opue), this last identity rather takes on the following guise,

Ac[loge|s
2

Aeadse. = divdiv S. — div V. — A2a?|0su.|?. (1.33)

If there is no excess energy, the Ginzburg-Landau energy is expected to split into a (concen-
trated) vortex energy of order O(N.[loge|) and a (diffuse) phase energy of order O(N2).
Since the quantity |1 — |uc|?| is bounded by e(e;)'/2, it is therefore formally of order
O(e(N:|loge| + N2)Y/2), which is negligible as soon as N. is much smaller than O(e~1).



16 MITIA DUERINCKX AND SYLVIA SERFATY

Choosing the critical scaling . := |1<]J\§6|’ the above identities (1.31), (1.32), and (1.33)

then become

. Je <atusaius>
div¥—~a———" 1.34
iv N a Toge] (1.34)
. S <Vus7atu€> ‘/5

2div —= = 2q~——2 2 "=1 — 1.

N2 Nc|loge] +5N€’ (1.35)
2e. |Opu|?

— 2divdiv 25 — Bdiv Y2 — 242 1.

O hoga] = 24 v g — B 7 20 e (136)

In order to take weak limits in these equations and to characterize the limiting evolution,
we need to establish a priori bounds on all the terms and to find relations between the
weak limits of the various quantities. In the limit € | 0, vortices become point-like and
the vorticity p. looks like a sum of N, Dirac masses, cf. (1.10). We may thus formally
assume that the rescaled vorticity NLE 1e converges weakly-* to some probability measure
m € L>®°(R*;P(R?)). Similarly, the vortex velocity V. concentrates at the vortex locations,
and we may assume that its rescaled version N%Va converges weakly-* to some measure V €

L (R*; M(R?)?). For p < 2 the rescaled supercurrent density ]\1[ je may be assumed to
be bounded in LY, (R?) and thus to converge weakly to some limit v € L% (RT; LP (R?)?),
but it cannot converge in LIOC(RQ) due to energy concentration. In short,

]\175'% Ao, szgiv, Ejgév (1.37)
Quadratic quantities such as e. ~ 1|jc|> and |Gjuc|? have a part that concentrates at
vortex locations in the limit ¢ | 0, and their concentrated and diffuse parts must be
analyzed separately. If there is no excess energy, the concentrated part of the energy density
e N %\js\Q should coincide with the vortex self-interaction energy %\log £l pe =~ %Nellog glm
(this is made precise by the Jerrard-Sandier ball construction lower bound [87 57]), while
the diffuse part should be given by 2N2]v|2 in terms of the weak limit v of — - Jes cf. (1. 37)
Such properties could be phrased in terms of defect measures for the convergence of NE “Je
in L2 (R?), cf. [89]. Similarly, if there is no excess energy, the concentrated part of |Oyu.|?
should coincide with

*\logff!ug HIARES *N logelm™|V[?

in terms of the vortex velocity and the Vortl(:lty (this is made precise by the so-called
product estimate [89]), while identity (1.34) in the form

o?|Oue|* ~ &P Dpue, iu)|* ~ AP div je|”

suggests that the diffuse part of o?|d;uc|?* should simply be given by |loge|?|divv|:. In
short,

2¢. = |j-|* = N:|loge|m +N2|v|?, (1.38)
20%|0su.|* = 2[loge|?|divv|* + o® N.|log elm | V|2 (1.39)
Let us now turn to the limit of the stress-energy tensor S: =~ j. ® j. — %\j5|2. Due to the

isotropy of the vortex core energy, in link with equipartition properties of the Ginzburg-
Landau energy [65], the stress-energy tensor S. should not be sensitive to the concentrated
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part of j. in L2 (R?), and we simply expect ﬁSE NVRV —%|V|2 in terms of the weak
limit v of N% Je (see also [90, Chapter 13]). In particular,
S Id
div N—‘ZQ ~ div <V®V—5‘V‘2> =vim+4vdivv. (1.40)
Inserting the convergences (1.37) and the identifications (1.38), (1.39), and (1.40) into
identities (1.34), (1.35), and (1.36), we obtain after straightforward simplifications,

divv ~ QM (1.41)
[log |
0,
2vim +2vdivv ~ QaM + BV, (1.42)
N:|loge|
adym +2a).v -0pv &~ 2div (vim) + 2v-Vdivv —4divV —A.a*m V|2 (1.43)
Further inserting (1.41) into (1.30), we obtain
adyv ~ aV +\ 'V divv, Om = curl V. (1.44)

We now separately consider the conservative and the dissipative cases.

e Conservative case (a« =0, f=1).
Identity (1.41) yields divv = 0, while identity (1.42) takes the form V = 2v‘m.
Injecting this into (1.44) then leads to

Oym = 2div (vm), curlv =m, divv =0,

or alternatively,
v = Vp+2vrcurlv, divv = 0.

In the regime 1 < N. < ¢! with the critical choice Az = %

|log€a| )
supercurrent density N%js is thus expected to converge to the solution v of this
incompressible 2D Euler equation.

e Dissipative case (a >0, o® + 52 =1).
Injecting (1.44) into (1.43) yields

the rescaled

2
Opm &~ — div (vitm) — g divV =V -(2v +am™'V). (1.45)

Comparing with (1.44) in the form d;m = curl V, we deduce in the parabolic case
(¢ =1, = 0) that V = —2vm, while a more careful computation in the general
mixed-flow case leads to V = —2avm +23vm. Injecting this into (1.44), we obtain

v =~ (M) IV divv 42(—av +8vE) curl v (1.46)

We need to distinguish between three regimes:
— Dilute regime 1 < N, < |loge|:
As \; < 1, equation (1.45) and the identification of V then yield
dym = div (2(avt 4+8v) m),

while equation (1.46) together with (1.41) leads to div v = 0, so that we de-
duce, using the relation divv = 0 in the form v = V+A~'m, and setting

p:= —2A"1div ((—av +8vt) m),
v = Vp +2(—av +6v1) curl v, divv = 0.
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— Critical regime N ~ |loge| with \c — X € (0,00):
Equation (1.46) then becomes

Av = a 'V divyv +2\(—av +8vh) curlv.

— Nondilute regime |loge| < N < 71
As A\; > 1, equation (1.46) then becomes

v = 2(—av +fv) curl v.

In these different regimes, with the critical choice A, = %, the rescaled supercur-

rent density N%: Je is thus expected to converge to the solution v of one of the above
equations.

This careful heuristic argument therefore allows to predict the whole family of announced
mean-field evolutions (1.19)—(1.24), and formally explains the (a priori unexpected) higher
variety of possible behavior in the dissipative case depending on the vortex density regime.
Note however that this formal argument relies on important unproven assumptions such
as the absence of energy excess and the equipartition of energy, which are bypassed by the
modulated energy approach.

1.4. Case with gauge. In the dissipative case, it is interesting to make the computations
also in the case with magnetic gauge, which is the relevant physical model for supercon-
ductors. The evolution equation (1.2) is then replaced by the following, as first derived by
Schmid [93] and by Gor’kov and Eliashberg [51], here written in the mixed-flow case, with
strong (critically scaled) applied electric current [loge|Jex : 92 — R? and applied magnetic
field |loge|Heyx : 92 — R at the boundary, and with a non-uniform pinning weight a,

(a +illoge|B)(Bpwe — iw: W) = Vi we + % (a — |we?), inRY xQ,

0(0;B: —VV.) = Vteurl B, + (iw., Vg w.), in R x €,
curl B; = |log e| Hex, on RT x 99,
n-Vp.we = iw:|logen - Jex, on Rt x 09,

wa‘t:O = wga

where B, : Rt xR? — R? is the gauge of the magnetic field curl B,, where ¥, : R* xR? — R
is the gauge of the electric field —0, B, + VV¥., where Vp_ := V — ¢B. denotes the usual
covariant derivative, and where the real parameter o > 0 characterizes the relaxation time
of the magnetic field. As the presence of the boundary creates important mathematical
difficulties, we again modify the above mesoscopic model and consider a suitable version
on the whole plane with boundary conditions “at infinity”. As in [102, 98], the boundary
conditions can be changed into a bulk force term by a suitable change of phase in the
unknown functions. Also dividing w. by the expected density \/a and making a suitable
choice of the gauge W, we arrive at the following equation for the couple (u., Ac) replacing
the triplet (we, Be, V),

Ae(a +illoge] 8)dyue = Vi _ue + (1 — |uel?)

£2
+Vh -V ue +illoge|F+ - Va u: + fue, in R xQ,
00 A: = VEtewrl A + a(iue, Va, u.) — 2|logelaFt (1 — |uc[?), in RT x Q,

u&“t:O = ugv
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with b := loga, f : R? = R, and F : R?> — R?, where F and f are given explicitly in
terms of a, Jox, and Heyx. We refer to [98, Section 2| for the detail of the derivation of
this equation from the above model. Natural quantities associated with this transformed
model are the gauge-invariant supercurrent and vorticity,

Je == <vAgu€7qu>7 pe = curl (Je + Az—:)7

and the electric field
EE = —8tA5.

We believe that the derivation of mean-field limit results from this gauged version of the
model (1.7) does not cause any major difficulty, and can be achieved following the kind
of computations performed in [95, Appendix C|. Formally, the corresponding results to
Theorem 1 are the convergences

Je He curl A,

E.
2 = = curl v+ H H =
N. —V, N — m curl v+ H, N — H, N

where the limiting triplet (v, H, E') satisfies, in the dilute regime (GL1),

v —E = Vp+(a—JB)(Vth — F+ —2v)m,
OH = —curl E, (1.47)
—0E=v+4+V+H, divv=0,

and in the critical regime (GLg),

ov—E=a 'V(a 1div (av)) + (o — JB)(VEh — FL — 2\v)m,
OH = —curl E, (1.48)
—oE=v+V+tH,

while in the non-critical scalings (GL))-(GLj) the equations are obtained from the above
by removing the nonlinear interaction terms vim. The structure of these equations is maybe
more transparent at the level of the vorticity m := curl v+ H: the system (1.47) takes the
form

dym = div ((a — JB)(Vh — F +2v+)m),

cOtH—AH+H =m,

divv=0, curlv=m-H
while (1.48) becomes for o > 0,

(O,m = div (e = I8)(Vh — F +2v1) m),
dd —a~tAd+a~'div(dVh) + Ld
= —L1aVh -V H +div ((a = IB)(VEh — FL = 2)v)am ),
cOH—AH+H=m,
div(av) =d, curlv=m—H,

that is, a continuity equation for m coupled with a linear heat equation for H, and in
the case (1.48) further coupled with a convection-diffusion equation for the divergence
d :=div (av). For simplicity, we only focus in this work on the model without gauge (1.7).
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1.5. Further questions: homogenization regimes. So far, we have considered the
mean-field regimes for the vortices with a pinning force Vh which varies at the macroscopic
scale. However, the most interesting situation from the modeling viewpoint is to let the
pinning weight a oscillate quickly at some mesoscopic scale 1. < 1. In real-life materials,
the way in which the impurities are inserted typically leads them to be uniformly and
randomly scattered in the sample. This is naturally modeled as

- - ne

a(z) == a’(x, n%:c) , (1.49)
where for all z the function a%(z,-) is a typical realization of some (s-independent) non-
negative stationary random field, and the pinning force then takes the form

Vh(z) = Vah? (2, 17153”) + n.V1h? (z, 771533)’ (1.50)

in terms of h := log a and RO .= loga®. We refer to 7. as the “pin separation”, and for
simplicity we assume that @ is periodic in its second variable.

This leads to the question of combining the mean-field limit for the Ginzburg-Landau
vortex dynamics with a homogenization limit. In other words, can one perform the deriva-
tion of a limiting equation as € | 0, N 1 oo, and 7. | 0, and in which regimes does it hold?
While the homogenization of the (static) Ginzburg-Landau energy functional with pinning
has been studied in some settings [3, 4, 38|, we believe that these homogenization questions
in the dynamical case are particularly challenging. They are in fact already very hard for
just a finite number of vortices: studying the limit as 1 | 0 of the discrete dynamics (1.3)
with pinning force of the form (1.50) is a homogenization question for a system of nonlin-
ear coupled ODEs and is notoriously difficult. This difficulty is related to the complexity
of the collective effects of the interacting vortices and to the possible “glassy” properties
predicted by physicists for such systems [49] due to the subtle competition between vortex
interactions and disorder. Justifying suitable homogenized mean-field equations is thus a
crucial question since such equations should enclose all the key dynamical properties of
vortex matter; we briefly comment on it below.

1.5.1. Diagonal and non-diagonal regimes. As explained in Section 9.1, our modulated
energy methods are not adapted to include homogenization effects: they only allow to
treat a diagonal regime, that is, when the pin separation 7. tends very slowly to 0, in
which case the homogenization limit can simply be performed after the mean-field limit.
The limiting behavior of the rescaled supercurrent N% Je is then reduced to that of the
mean-field equations (1.19)—(1.22) with wiggly pinning force (1.50), that is, a (periodic)
homogenization problem for the mean-field equations.

Corollary 1.5. Let the same assumptions hold as in Theorem 1, with a wiggly pinning

weight (1.49). In the regime (GL2), we restrict to the parabolic case. Then there exists a

sequence 10 | 0 (depending on all the data of the problem) such that for n.g < n. < 1

the same conclusions hold as in Theorem 1 in the form N%jg — Ve — 0, where v denotes

the unique global (smooth) solution of the corresponding mean-field equation (1.19)—(1.22)
1

with Vﬂ(aﬁ) replaced by the wiggly pinning force Vgﬁo(x, e ). ¢

In non-diagonal regimes, as our modulated energy approach fails, we only manage to
justify the following minor rigorous result: In the case with negligible interactions and
negligible applied current, that is,

a>0, N. < |loge], @VT;‘<<A551, h=Xh, F=)F, \. <\,
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the vorticity is shown to remain “stuck” in the limit, that is, to converge at all times to
its initial data (cf. Proposition 9.2). This is a particular case of the stick-slip phenomenon
discussed below. The rigorous treatment of all other regimes, including the commutation
of the limits € | 0, N 1 0o, and 1 | 0, is left as an open question. For particle systems with
smooth interactions, this commutation problem is easier to settle and is discussed in the
forthcoming work [41].

1.5.2. Homogenization of mean-field equations. In view of Corollary 1.5, it is natural to
consider the homogenization limit of the mean-field equations (1.19)—(1.22) with wiggly
pinning force Vh(z) = Voh(z, n%x) This topic is very delicate on its own, with the
same kind of difficulties as for the homogenization of the discrete system (1.3) of coupled
ODEs. We first consider the scaling with negligible vortex interactions, which leads to a
well-defined linear limiting equation, and we discuss its stick-slip properties, before turning
to the general nonlinear case.

(i) Negligible interactions: linear stick-slip law.

In the regime of negligible vortex interactions (cf. (GL})—(GL))), particles are in-
dependent and the mean-field equations are reduced to a linear continuity equa-
tion (1.28) for the vorticity (with a compressible vector field), which is much easier to
handle. The homogenization of such an equation is easily understood in 1D [1], but
it becomes surprisingly more subtle in higher dimensions: the 2D periodic case was
first investigated by Menon [73] and is still partially open. The situation becomes
much simpler if the applied current F is a constant and if the wiggly pinning weight
is independent of the macroscopic variable, that is,

a(r) = a"(Lx)"™,  Vh(z) = Vho(ia). (1.51)

The wiggly linear continuity equation for the mean-field vorticity m. then takes the
form

o, = div <(a - IB) (Vﬁo(ni) ~F) rh5>,

which is known as a washboard system in the physics literature. The homogenization
of this equation is a particular case of the nonlinear results in [33] (see also [42, 56]
in the incompressible case and [45, 32| in the linear Hamiltonian case), but a more
accurate asymptotic description without well-preparedness assumption is postponed
to a forthcoming work [41].

The behavior of the vorticity m, is intuitively easily understood: If F= 0, the vortic-
ity is attracted towards the local wells of the pinning potential 775?10(77%8). Otherwise,
a constant applied force ' # 0 can be absorbed into the term Vﬁg(n—'s) by adding an
affine function to the pinning potential, which effectively tilts the potential landscape
into a washboard-shaped graph. Beyond some positive value of the intensity ]ﬁ’ |, the
tilted potential has no local minimum, leading the particle to fall in the direction of
F, while below this critical value the vorticity remains pinned. Such a behavior is
known as a stick-slip law, and the critical value of the applied force corresponds to
the so-called depinning current. More precisely, the dynamics of the homogenized
vorticity m is characterized by a linear transport equation

oy = —div (V(F)m),
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(i)

with homogenized velocity field given by
V(E) == | TPt ), (1.52)

where MA is an invariant measure for the dynamics associated with the periodic
vector field TF 1= (a—JB)(Vho—F) on the torus Q. The stick-slip behavior is easﬂy
recovered from this formula (cf. Figure 1a): for small |F| any invariant measure "
concentrated at fixed points, hence V(F ) = 0, meaning that the vorticity gets stuck,
while for large |F'| the measure MF becomes non-trivial, hence V(F) # 0, meaning
that the vorticity is transported. Note that the response F s V(F ) is not smooth
at the depinning threshold, but typically has a square-root behavior,

V(E) oc (IF| = |2, (1.53)

for || close to the critical intensity |Fy|, cf. [41]. Such a frictional stick-slip dynamics
is well-known in various 1D systems [12, 52, 36].

Non-negligible interactions: monlinear stick-slip law.

In the regimes (GL;) and (GLs2), vortex interactions can no longer be neglected in
the mean-field equations (1.19) and (1.20). Considering these equations with wiggly
pinning force (1.51) and taking the homogenization limit, a formal 2-scale expansion
leads to nonlocal nonlinear homogenized continuity equations for the homogenized
vorticity m: setting W (¥; F)(z) := V(F — 2% (z)) with V defined as in (1.52), we
find in the case (1.19),

{atﬁl = —div (W (¥; F) m), (1.54)

curl v = m,

and in the case (1.20) with a =1, 8 =0,

A rigorous justification of this homogenization limit is particularly challenging due
to the nonlocal nonlinear character of the mean-field equations (1.19)—(1.20) and
to their strong instability as n. | 0. As shown in a forthcoming work [41], these
questions can be partially solved if Coulomb interactions in (1.19) are replaced by
smooth interactions, that is, if we rather consider a mean-field equation of the form

O, = div ((Vh(;-) — F — 2Vg * 1) ),

for some smooth interaction potential g. The relation curlv = m in the formal
homogenized equation (1.54) is then replaced by ¥ = V1g x . Note however that
the well-posedness of the homogenized equation remains unclear since the vector field
W (¥; F) is in general not Lipschitz continuous even for smooth v due to (1.53).

Heuristically, the stick-slip picture remains the same as in the case of negligible in-
teractions: For small F' the vorticity m first spreads due to the vortex repulsive
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interaction until the interaction force ¥ becomes small enough such that W (¥; F )=0
and the vorticity then remains stuck. The mean velocity of the system

t
Vi (F) = lim © / W (¥, F) din® ds
ttoo T 0 JR2

is thus expected to satisfy a similar stick-slip law. Nevertheless, the precise picture
should be very different at the depinning threshold: the mean velocity is expected
to be non-smooth, but, compared to the case without interaction (1.53), the value
]Fc| of the threshold and the value % of the depinning exponent are expected to be
radically different, in link with the glassy properties of the system, as predicted in the
physics literature [76, 79, 26] (see also [49, Section 5]). Indeed, due to the competition
between the pinning potential and the vortex interaction, the vortices are expected to
move as a coherent elastic object in a heterogeneous medium, yielding very particular
glassy properties, but a rigorous justification is still missing.

Since vortices are elastically coupled by the interaction, the problem is formally anal-
ogous to the motion of elastic systems in disordered media, which is indeed the
framework considered in the above-cited physics papers. In this spirit, a consider-
able attention has been devoted in the physics community to the simpler Quenched
Edwards-Wilkinson model for elastic interface motion in disordered media [62, 16].
These questions are also related (although again for different models) to the recent
rigorous homogenization results for the forced mean curvature equation and for more
general geometric Hamilton-Jacobi equations [7].

Remark 1.6. Although deriving a nonlinear stick-slip law based on the mesoscopic model
seems out of reach, a rigorous analysis is possible on a very short timescale: For t = O(.),
in each (mesoscopic) periodicity cell, the vorticity is shown to concentrate on the support
of the invariant measure associated with the initial vector field (cf. Proposition 9.1). This
mesoscopic initial-boundary layer result is in agreement with the above description of the
dynamics on larger timescales as transport takes place “along” invariant measures.

V(E)]

(A) No thermal noise: stick-slip law.
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(B) With thermal noise: Arrhenius law.

FI1GURE 1. Typical current-velocity characteristics in the case of negligible

vortex interactions.
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1.5.3. System with thermal noise. Different stochastic variants of the Ginzburg-Landau
equation have been introduced in the physics literature in order to model the effect of
thermal noise in type-II superconductors (94, 54, 34| (see also |99, 46, 47, 101| for corre-
sponding stochastic versions of the mixed-flow Gross-Pitaevskii equation to model thermal
and quantum noise in Bose-Einstein condensates). Although we do not study here the
mean-field limit problem for such models, we expect that for a finite number N of vor-
tices in the limit € | 0 the thermal noise acts on the vortices as N independent Brownian
motions: more precisely, in the regime (GL1), the limiting trajectories (z;)X; of the N
vortices are expected to satisfy the following system of coupled SDEs instead of (1.3) (cf.
e.g. [43, Section II1.B]),

(aAFM%dm::(AfAF4VgJVN@q,.qu)—Yﬁﬂxﬁ4fﬁ@%0dt+vﬁfﬂBﬂ (1.55)

N
Wi (x1,...,2N) = —WZlog |z; — 5],

i#]
where Bi,...,By are N independent 2D Brownian motions. Such macroscopic phe-
nomenological models, where the thermal noise acts via random Langevin kicks, are abun-
dantly used by physicists |13, 49, 83]. In the case of a diverging number of vortices N > 1,
in the regime (GLy), it is then natural to postulate that a good phenomenological model
for the (formal) mean-field supercurrent density v is given as the mean-field limit of the
particle system (1.55), that is, the following viscous version of (1.19),

(1.56)

divv =0, v|j=o=v".

{atv = Vp+(a— Jﬁ)(VJ-B —Fl - 2v)curl v +T Av,

In the regimes (GL2) and (GL3) we rather consider corresponding viscous versions of (1.20)
and (1.23), while in the regimes (GL}) and (GLY}) these viscous equations should be replaced
by their versions without interaction term. In this viscous context, we may now consider the
homogenization problem for the mean-field model (1.56) with wiggly pinning force Vﬁ(x) =
Vﬁo(n%x). We naturally restrict attention to the critical scaling for the temperature, that
is, T := n.Tp for some fixed Ty > 0. We first consider the scaling with negligible vortex
interactions before turning to the general nonlinear case.

(i) Negligible interactions: Arrhenius law.
If interactions are neglected, we are reduced to the following wiggly linear continuity
equation for the mean-field vorticity me,

O = div ((a — IB)(Vaho(5) — F) tie) + 1Ty Arhe. (1.57)

The homogenization of this equation is a particular case of the nonlinear results in [31],
although the argument can be considerably simplified here, cf. [41]. The dynamics of
the homogenized vorticity m is characterized by a linear transport equation

Ay = — div (Vg (F) ),

with homogenized velocity field given by the following viscous analogue of (1.52),

Vi (F) o= — /Q b (1.58)
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where ,ugo is the Tp-viscous invariant measure for the dynamics associated with the

periodic vector field L (v — Jﬂ)(Vﬁo — 13’) on the torus @, that is, the unique
probability measure on () satisfying

ToApg, + div(DFpd) = 0.

For Ty > 0, since the viscous invariant measure ,u?o vanishes nowhere on ), we find

V1, (F) # 0 for all F' # 0: the vorticity can never get stuck in local wells of the
pinning potential. The precise behavior of Vg, (F) for F' close to 0 is of particular
interest. Heuristically, the current F # 0 tilts the energy landscape, and the energy
barriers of size osc il() := max fzo — min il() are overcome by thermal activation even
for small Fy # 0. The velocity law for this so-called thermally assisted flux flow is

expected to satisfy the classical Arrhenius law from statistical thermodynamics (cf.
e.g. [49, Section 5.1]),

Vi, (F) o< Ty exp (— T, osc izo) F, (1.59)

for ]F | < Tp < 1, that is, the response is linear but exponentially small with respect
to the inverse temperature. This is easily checked in 1D [41]| and is related to the
Eyring-Kramers formula [15, 53]. The typical velocity law is plotted in Figure 1b.

Non-negligible interactions: creep law.

We turn to the homogenization limit of equation (1.56) with wiggly pinning force
Vh(z) = Vﬁo(n%x) and with 7' = n.Ty. A formal 2-scale expansion leads to the non-
local nonlinear homogenized continuity equation (1.54) for the homogenized vorticity
i with W (¥; F) replaced by its viscous analogue Wy, (v; F)(2) := Vg, (F — 29 (2))
with Vp, defined as in (1.58). A rigorous justification of this homogenization limit
is particularly challenging but we show in a forthcoming work [41] that it can be
entirely solved if Coulomb interactions in (1.56) are replaced by smooth interactions,
and the homogenized equation is then well-posed.

As in the case without temperature, due to the competition between pinning and
vortex interactions, the precise dynamical properties of the homogenized vorticity are
expected to change dramatically with respect to the case of negligible interactions, in
link with the expected glassy properties of the system [49]. The main manifestation
is visible in the low-current low-temperature limit (|F| < Ty < 1), where the linear
Arrhenius law (1.59) is now expected to break down, being replaced by a so-called
creep law: the mean velocity is expected to depend nonlinearly on the current and
to have all vanishing derivatives with respect to F at 0. This was first predicted
by physicists for related elastic interface motion models [77, 55] and then adapted to
vortex systems [44, 78, 50, 25, 26| (see also [49, Section 5| and references therein), but a
rigorous justification is still missing. Note that the key influence of vortex interactions
on the dynamics is exemplified in a simplified 1D model in [43, Section IV].
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2. DISCUSSION OF THE MESOSCOPIC MODEL

For future reference, note that in each of the considered regimes (GL;), (GL2), (GL3),
(GL}), (GLY), and (GP), due to the explicit choice (1.8) of the zeroth-order term f, the
following scalings hold,

(a) Dissipative case, non-decaying setting:
IVA|[wie STA N, |E |l < Ae, (2.1)
£ llwree S TA A+ AZ[logel* S M2flogel*;

(b) Conservative case, decaying setting:

S | F | mriawiee S Ae (2.2)

~

Ifllgawie S 14 A2llogel? < NZ.

VAl 1 awe

2.1. Derivation of the modified mesoscopic model. In this section we justify the
modified model (1.7) based on the 2D mixed-flow Ginzburg-Landau model (1.2) without
gauge. For that purpose, as in [102, 98], we transform the rescaled order parameter ﬁws
in order to turn the Neumann boundary condition into a homogeneous one, which makes
the applied electric current Jox appear as a bulk term in the equation. For that purpose,
we assume that ¢ = 1 holds on the boundary 0f2, and that the total incoming current
equals the total outgoing current, that is, [ a9qM " Jex = 0. We then have /. 90 an - Jex =0,
so that there exists a unique solution ¢ € H1(Q) of

div (aVy)) =0, in Q,
n-Vip =n-Je, on 0.

Defining the modified order parameter u. := e illogely ﬁwa, a straightforward computation

leads to
Ae(a+ifloge] 8)diue = Aue + 2 (1 — |uc|?)
+Vh - Vu, +illoge|F* - Vu, + fue, in Rt x Q, (2.3)
n-V(usy/a) =0, on R* x 99, '
Ua|t:0 = Ug,
where we have set
A 1
h :=loga, F = —2V1y, and f= \/\gﬁ — Z|log5|2\F]2. (2.4)

Note that the vector field F' satisfies div F' = curl (aF') = 0. In order to avoid delicate
boundary issues ®, a natural approach consists in sending the boundary 92 to infinity and
studying the corresponding problem on the whole plane R?. The assumption a|gq = 1 is
then replaced by

a(x) — 1 (that is, h(xz) — 0) and Vh(z) — 0, as |z| 1 oo,

3. Another way to avoid boundary issues is to rather consider the equation on the torus. The total
degree of the order parameter u. on a period would then however vanish: in order to describe a non-trivial
vorticity with distinguished sign, we should rather work with the Ginzburg-Landau model with gauge.
As explained in Section 1.4, working with the gauge does not cause any major difficulty, but it makes all
computations heavier, which we wanted to avoid.
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while F), f are simply assumed to be bounded. Noting that this condition implies 2V+/a =
vaVh — 0 at infinity, the Neumann boundary condition in (2.3) formally translates into
x

= Vu. — 0 at infinity. Further imposing the natural condition |u;| — 1 at infinity, we

look for a global solution u. : R* xR? — C of (1.7) with fixed total degree degu. = N. € Z,
and with

x
|z
If the fields F' and f do not decay at infinity, the solution w. may display a possibly
complicated advection structure at infinity, as explained in Section 2.2 below: it is then
unclear whether the above properties at infinity are satisfied and even whether the total
degree of u. is well-defined. As a more precise description of u,. at infinity is anyway not
relevant for our purposes, it is not pursued here.

For simplicity, we may rather truncate F' and f at infinity, thus focusing on the local
behavior of the solution u. in a bounded set. In the conservative case, our results are
limited to this decaying setting. Note that one of the conditions div F' = curl (aF') = 0
must then be relaxed: we may for instance truncate ¢ and define F' via formula (2.4), so
that only the condition div F' = 0 is preserved. Since there is no advection at infinity in
this setting, the solution wu. will be shown to satisfy the desired properties at infinity.

lue| — 1 and Vu. — 0, as |x| T oo.

Remark 2.1. Rather than normalizing w. by the expected density y/a, another natural
choice is to normalize by a minimizer 7. of the weighted Ginzburg-Landau energy [68],
that is, a nonvanishing solution of

—Ave = Z%(a - ’7&‘2)7 in §,
n-Vy =0, on 0f.

Setting . 1= e—illogalwiwg with 1 as before, we find

2~
. - - u, - = ~ . ~ ~ .
Ae(a +i|loge|B)Ovte = At + 7‘;26 (1-— ]u€]2) + Vh- Vi + z]loga]FL - Vi + fi,,
in terms of h := log 2, F:= —2Viy, and f = —i|F\2, and we are thus reduced to a
similar equation as before. O

2.2. Well-posedness of the modified mesoscopic model. In this section, we address
the global well-posedness of the modified mesoscopic model (1.7), both in the dissipative
and in the conservative cases. In the dissipative case, global well-posedness is established
in the space L® (R*; HL (R% C)) for general non-decaying data h, F, f, but no precise
description of the solution at infinity is obtained, due to a possibly subtle advection struc-
ture at infinity: it is not even clear whether the total degree of the solution is well-defined.
This difficulty originates in the possibility of instantaneous creation of many vortex dipoles
at infinity for fixed € > 0 due to pinning and applied current, although these dipoles are
shown to necessarily disappear at infinity in the limit € | 0 e.g. as a consequence of our
mean-field results. In contrast, in the conservative case, we must restrict to decaying data
h, F, f, in which case no advection can occur at infinity. As is classical since the work of
Bethuel and Smets [11] (see also [75]), we then consider global well-posedness in an affine
space L2 (RT;U. + HY(R% C)) for some “reference map” U, which is typically chosen
smooth and equal (in polar coordinates) to V< outside a ball at the origin, for some
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given N € Z, thus imposing for u. a fixed total degree N, at infinity. More generally, we
may consider the following space of admissible reference maps,

E1(R?) := {U € L®(R%*C) : V2U € H'(R?;C), V|U| € L3(R?),1 — |U|* € L*(R?),
VU € LP(R?;C) Vp > 2}.

Our global well-posedness results are summarized in the following; finer results and detailed
proofs are given in Appendix A, including additional regularity statements.

Proposition 2.2 (Well-posedness of the mesoscopic model).

(1) Dissipative case (o > 0, 8 € R), non-decaying setting:
Let h € WL°(R?), a := €, F € L¥(R?)?2, f € L®(R?), and u? € H} . (R*C).
Then there exists a unique global solution u. € L (RY; HY (R%,C)) of (1.7) in

loc uloc
R* x R? with initial data u®, and this solution satisfies yu. € LS (RT; L2 (R%C)).

uloc

(ii) Conservative case (o =0, 8 = 1), decaying setting:
Let h € W3(R2), Vh € H2(R2)?, a := ", F € H3 N W3 (R2)2 with div F = 0,
f e H2NnW?2>(R?), and u € U + H?*(R%,C) for some U € E1(R?). Then there
exists a unique global solution u. € LS (RY; U + H2(R%,C)) of (1.7) in RT x R? with

indtial data u®, and this solution satisfies Oyu. € LS (RY; L2(R?; C)). O

loc

Proof. Ttem (i) follows from Proposition A.2. We turn to item (ii). By Proposition A.1(ii),
the assumptions in the above statement ensure the existence of a unique global solution
ue. € LS (RY; U+ H2(R?;C)). This directly implies that Au., Vh-Vu., F+-Vu,, and fu.

belong to L (RT; L?(R?; C)). Using the Sobolev embedding of H'(R?) into L% NL¢(R?),

loc
and decomposing ue(1 — |ue|?) in terms of u. = U + . with 4. € L2 (R*; H?(R?;C)),

we further deduce that u.(1 — |uec|?) belongs to LS (R*T;L%(R?;C)). Inserting this into
equation (1.7) yields the claimed integrability of Ou.. O

Although a detailed proof is given in Appendix A, we include here a brief description of
the strategy. In the dissipative case with decaying data h, F, f, the arguments in [11, 75|
are easily adapted to the present context with both pinning and applied current. The
conservative regime is more delicate and we then use the structure of the equation to
make a change of variables that usefully transforms the first-order terms into zeroth-order
ones. The additional regularity assumptions in item (ii) above are precisely needed for
this transformation to be well-behaved. Finally, the general result stated in item (i) for
the dissipative case with non-decaying data is deduced from the corresponding result with

decaying data by a careful approximation argument in the space H&IOC(RQ; C).

3. PRELIMINARIES ON THE MEAN-FIELD EQUATIONS

As explained, it is convenient to first compare the rescaled supercurrent density N% Je
with an intermediate e-dependent approximation v, : RT x R? — R2, which is better
adapted to the e-dependence of the pinning potential and which is shown in a second step
to converge to the correct limit v. In all considered regimes, we derive equations for v. of
the form

Opve = Vpg +I'; curl v, Vs|t:0 = Vg7 (3'1)

for some smooth pressure p, : R> — R and some smooth vector field I'; : R? — R2. The
pressure will either be taken proportional to a~!div (av.), or be the Lagrange multiplier
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associated with the constraint div (av.) = 0. Until Section 6, we only manipulate these
quantities v¢, p,,I's formally, while the suitable choice of the equation will be exploited
later. In order to ensure that all our computations are licit, the following integrability and
smoothness assumptions are needed.

Assumption 3.1.

(a) Dissipative case (>0, f € R):
There exists some 7' > 0 such that for all e > 0, ¢ € [0,7), and ¢ > 2,

1ve, VYOl 2t roynnee St L lewdvef[pnqpee <o 1y [ldiv (ave) [z ape Se 1,
IPEll2 e Se A2 AN, IVPellizre Se 1AAT,
10vEl2aree St 1HAT2 (l0vellize el 1022 Se A,
ITellwroe Se 1, |0Telep2 Se 1.

(b) Conservative case (a =0, f=1):
There exists some T > 0 such that for all e > 0, ¢t € [0,7), ¢ > 2, and 2 < p < o0,

‘|(V§7VV2)H(L2+LQ)OL°° Sta 1, HCUﬂVZHLlﬁLOO Sel
IPelLane Seq L IVPLlzape Se 1, l0vEllLe Se 1, llopzllee Sep 1,
ITLflwree Se 1, [|OTE 2 Si 1 O

In the present section, we introduce the relevant choices for equation (3.1) and we show
that the corresponding solutions v, exist and satisfy all the properties of Assumption 3.1.
Three different choices are considered,

— Dissipative case (cf. Theorem 1):

In Section 6, the rescaled supercurrent N% Je is shown to remain close to the solution
ve of the following equation,

Opve = Vp, +Tcurl v, Velt=0 = V¢, (3.2)
2N,
S 1y ol E , 1 )
.= (« Jﬁ)(V h Tog <] Vg) P i= (Aeaa) ™ div (ave);

— Nondilute parabolic case (cf. Theorem 2):
In Section 7, the rescaled supercurrent N%: Je is shown to remain close to the solution
v of the following equation,

Ove = Vp, +Tccurl ve, Velt=o = v°, (3.3)
2N, 1 .
Io= At (Vlh —Ft - Toge] v ) .= (Aea) Hdiv (av.);

— Conservative case (cf. Theorem 3):
In Section 8, the rescaled supercurrent N% Je is shown to remain close to the solution
v of the following equation,

O¢ve = Vp, +Tccurl v, div (ave) =0, Veli=o0 = Vg, (3.4)
2N, )i
Ve
foge]

I,= A (th I
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In addition, using the choice of the scalings for A, h, F' in each regime, we show how to
pass to the limit € | 0 in these equations, which is indeed needed to conclude the proofs of
Theorems 1, 2, and 3.

3.1. Dissipative case. Let us examine the vorticity formulation of equation (3.2) for v..
In terms of m, := curlv, and d. := div (av.), it takes the form of a nonlocal nonlinear
continuity equation for the vorticity m., coupled with a convection-diffusion equation for
the divergence d.,

om, = —div (I'fm,),
Orde — (X)) Ad: +(a).) " div (d-Vh) = div (al'em,),
curlve. = mg, div(ave) =d,,

(3.5)

m.|i—o = curl vy, dg|=o = div (av).

A detailed study of this kind of equations is performed in the companion article [40],
including global existence results for vortex-sheet initial data. The following proposition
in particular states that a local solution v, always exists and satisfies the various properties
of Assumption 3.1(a) under suitable regularity assumptions on the initial data v2. Note
that in the regimes (GL1) and (GLY), due to the choice A. | 0, the solution v, is expected to
converge to the solution v of some incompressible equation with the constraint divv = 0, so
that we refer to (GL1) and (GLj) as the incompressible regimes, and to (GLgy) and (GL]) as
the compressible regimes. Some additional work is required in the incompressible regimes
since we then need to make clear the link with the limiting incompressible equations, in
particular in order to establish global existence in the mixed-flow case.

Proposition 3.2. Leta >0, B € R, h: RZ 5 R, a := €', F : R? - R?, and let
vo : R?2 — R? be bounded in WH4(R?)? for all ¢ > 2 and satisfy curlve € P(R?). For
some s > 0, assume that h € Wt3°(R2?), F € W5t2°(R2)2  that v° is bounded in
Wet2:0(R%)2 | and that curl ve and div (av?) are bounded in H**1(R?).
(1) Compressible regimes \. ~ 1 (that is, (GLy)—(GL})):
There exist T > 0 (independent of €) and a unique (local) solution v. of (3.2) in
[0, T)xR2, in the space L2, ([0, T); v2 +H?NW2°°(R2)2). Moreover, all the properties
of Assumption 3.1(a) are satisfied, that is, for alle >0, t € [0,T), and q > 2,

”(Véavvé)H(L2+Lq)ﬁL°° Sta 1, ||CU1"1V2||L10L°° Sel, div (CLVDHL%Loo Sel

IpellLz e e 1, ||VP§||L2 Sel (0l are St ||<9tp2||Lg 2 St l

~t

In the parabolic case (B = 0), the solution v. can be extended globally, that is, T = occ.
In the scaling with negligible interactions (GL}), in the dissipative mized-flow case,
the existence time T tends to infinity as € ] 0.

(ii) Incompressible regimes \. < 1 (that is, (GL1)—(GL))):
Further assume div (av?) = 0. There exist T > 0 (independent of €) and a unique
(local) solution v of (3.2) in RT xR2, in the space LS.([0,T); vS +H2NW 2> (IR?)?).

loc
Moreover, all the properties of Assumption 3.1(a) are satisfied, that is, for all t €
[0,T) and q > 2,
H(V§7VV§)H(L2+Lq)nL°° Sta 1, chrl"g\leLw Sel, |div (aVé)HL%Lw Sel,

HpénLQQLOO St Aa_l/27 HVPEHL§L2 Sel HatPZHLgLQ St )\e_l»
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10vE 2 e Se AT, [0vellLz 12 Se 1.

~t

In the parabolic case (B = 0), the solution v can be extended globally, that is, T = co.
In the dissipative mized-flow case, the existence time T tends to infinity ase ] 0. ¢

Proof. We split the proof into five steps. Item (i) is proved in Step 1, except the global
existence in the regime (GL}), which is postponed to the last step. The proof of item (ii)
is given in Steps 2-4.
Step 1. Compressible regimes (GLg)—(GL)).

Let s > 0 be non-integer. The assumption |[|A||yyst3,.00, ||[F|lws+2ze < 1 leads to

~

IN-H (VAR — FH)|lst2.0 < 1in the considered regimes, and also A\7'N./|loge| < 1 and

~

Ae ~ 1. Further using the assumptions on the initial data v2, it follows from [40, Theo-
rems 2-3] that there exists a unique (local) solution v. € L2,([0,T); v2 +H? N W2 (R?)?)
of (3.2) in [0,T) x R? with initial data v°, for some 7' > 1. Moreover, it is shown in [40]
that this solution satisfies for all ¢ € [0, 7)),

W=Vl S b ) s S1 [ mE=1 iz (36)
In the parabolic case, it actually follows from [40, Theorem 1] that the solution is global,
that is, T = oco. We now quickly argue that all the claimed properties of v follow from (3.6).

Combining (3.6) with the assumption that v° is bounded in W14(R?)?2 for all ¢ > 2, we
find

H(VZ:VVDH(LMLq)mLOO Staq L.
The choice p, = (A.aa)™ ! d. with A\ ~ 1 leads to
IpEllrwrce S 12l mamee Se 1.
Inserting this information into equation (3.2), we deduce
10:vEll 2 Aree S IVPEN2 Are + IITEmE 2 pee S 1.
Testing the convection-diffusion equation d;d. —(Ae) "} (Ade — div (d-Vh)) = div (al'em,)
with 0:d. yields
1
/ |0,d|* + ()\Ea)_lat/ Vd.|* = —/ Ode div (A\ear) 'deVh — al'em. ),
R2 2 R2 R2
and hence, integrating in time, with A, >~ 1,
1 _
0l 2 + 5 (o)~ [Vl
< IIVAZIIEe + 10edelliz 12 (ldelipz g + lalelluge oo |lmell 2 11
St 1+ 10de |22
Absorbing the last right-hand side term, we conclude
1010z 1e S 10dclle e i 1. (3.7)
All the claimed properties of v. follow.

Step 2. Estimates for convection-diffusion equations with large diffusivity.
In the incompressible regimes (GL;)—(GL)), the conclusion does not follow as in Step 1
since the corresponding choice p, = (A\eaa) ! div (av.) now contains the large prefactor
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(Aea)™! > 1. In particular, equation (3.5) for the divergence d. := div (av.) takes the
form

de —(Aea) ' Ad: +aHdiv (d.VR) = div (aTem,), (3.8)

with a large prefactor (Aca)~! > 1 in front of the Laplacian and with initial data d2 :=
div (av?) = 0. In this step, we consider the model convection-diffusion equation

dyw — vAw + div (wVh) = div g, wli—p = 0,

with large diffusivity v > 1. As the initial condition vanishes, a direct adaptation of [40,
Lemma 2.3] yields the following bounds: for all v > 1,

(a) for all s > 0, there is a constant C' only depending on an upper bound on s and
|VA||ws.e such that

1/2 t
V2wl e < C(£)2e7 gl 1 < CH/2egllLse g

Jw || s + v <C(;

(b) there is a constant C' only depending on an upper bound on ||ViL”L°O such that
[w'l 71 < Ce“llgllpzre;

(c) for all 1 < p,q < oo, there is a constant C' only depending on an upper bound on
|IVh||L such that
1/2 c(t)2 Ct?
[wllpre <CO(5) e ) lgllerre < Ct'/2e g/l La-
In particular, the same bounds as in [40, Lemma 2.3] hold uniformly with respect to the
large diffusivity v > 1. Further adapting the proof of (3.7) in Step 1 above, we easily find

(d) there is a constant C' only depending on an upper bound on ||VA||y1.0 such that

1/2 ot
HathL‘g’L2 < HVQHL% L2 "‘C(%) / eCquHL?o 12 < Ctl/QeotHgHLgo Hl-

Step 3. Incompressible regimes (GL1)—(GLS).

In the vorticity formulation (3.5), the large prefactor (A.a)~! > 1 does not affect the
equation for the vorticity m., but only the equation for the divergence d., which now takes
the form (3.8). However, for the choice di = 0, the result of Step 2 ensures that the
estimates for d. used in [40] hold uniformly with respect to the large prefactor. Hence,
as in Step 1, using the assumptions on the initial data, the proof of [40, Theorems 2—-
3| shows that in the incompressible regimes there exists a unique (local) solution v, €
L ([0, T);ve +H? N W2 (R?)2) of (3.2) in [0,7) x R? with initial data v°, for some
T 2 1. Moreover, it is shown in [40] that this solution satisfies for all ¢ € [0,7),

Ve =velmzawze St 1, l(mg, d2) | mawes Se 1, - mi=1, m{>0. (3.9)
In the parabolic case, it actually follows from [40, Theorem 1] that the solution is global,
that is, T' = oco. We now quickly argue that all the claimed properties of v, follow from (3.9).
By definition (3.2), we find |[|T%||yy1.0 < 1. Combining (3.9) with the assumption that v2
is bounded in W14(R2)2 for all ¢ > 2, we obtain

H(Véa v"é)H(L2 +LO)NL*® Staq L.
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Using (3.2) in the form p, = (Acaa)~!d., and applying items (a)—(c) of Step 2, we find

DLl rawiee S A AL e St AS Y2 alemepee (riawieey Se Az 2,

where the last inequality follows from (3.9). Similarly, using the choice h = Ach in the
form R

Vp. = (Aea) 'V(a7'd.) = (aa) "'\ Vde — d:Vh),
item (a) of Step 2 yields

IVPellLzrz St )‘;1||Vd8HL§L2 + lldellpee 12 St llaleme|[peo 2 St 1.
Inserting this information into equation (3.2), we deduce
||atvs”L2ﬁL°° S Hva-:HL2ﬂL°° + ||FtHL°°||ms||L2mL°° St As 1/2

and similarly

10vellzre S IVPellpz e + ITellge oo flmellpz g2 St 1.
Finally, item (d) of Step 2 yields

10l S AT Okdlgz 12 Se AT lalome e g S0 A

All the claimed properties of v, follow.

Step 4. Global existence in the mixed-flow incompressible regimes.
The energy estimates of [40, Lemma 4.1(iii)] yield

Ive—vellLe e 1.

Using this estimate and [p. [mE| =1 for all ¢, and arguing as in [40, Step 1 of the proof of
Lemma 4.5|, we find

1/2
2 10g"? (2 + [lmt <)

T div (vE = v2) 2 1og"/? (2 + v (v = v9) gz pee) - (3.10)

Vel <e 1+ mlf

Item (a) of Step 2 yields

Idelle e A2 alemelpge 2 Se AL [ve = vEllpge 2 llmeluge oo + A2 e e 12
1/2
Se A el 1o + AL |2 e
and hence, in terms of div (ve —v2) = a~'d. —A.Vh - (vo —v2),

Idiv (vE = v2)lp2 Se A2 (1 + [[me|e r)-

Inserting this into (3.10), we find

IvEllee Se (14 [Imelege o) log'/? (2 + flme|ge oo + div vE]|ro). (3.11)
Item (c) of Step 2 yields

ldEflee Se A2 laleme|lege oo S A2 (1 + [|velege noo) me e v,
or alternatively, in terms of divv. = a~'d. ~A\Vh- Ve,

Idivvl[eoe e A2 (14 [[velluze o) (1 + [[me|pe 1)

Combining this with (3.11) leads to

Idiv vE[lee Se AZ(L A+ [|me|[Fee 1) log? (2 + [[me Jrge v + div vE|[re).



34 MITIA DUERINCKX AND SYLVIA SERFATY

Estimating logl/2 by log, applying the inequality alogb < b+ aloga to the choices a =

1+ ”mg”%too Lo and b = 2+ ||Jmg|[re 1o 4 [|div v, and using A < 1 to absorb the term
|div vt || appearing in the right-hand side, we find

IdivvE [l Se AY2(1+ [Ime|[foo 1) log (2 + me[rge roe),

so that (3.11) finally takes the form

[VEl[Lee <o (1 + [[me]|pge o) log™/? (2 + [Ime e 1o ).
In particular, we deduce the following estimates,

IvElloe Se T+ [Imeflfooree and  fdf|roe Se AYZ(1+ melfEe o).

The result in [40, Lemma 4.3(i)| then yields the following bound on the vorticity m,,

Jml|e < exp (Ct(l + [|dellLge Loe + Ael[VelLge LW))

<t exp (CEIAV2(1 + HmsHigo 1))

As \; < 1, this bound easily implies that for all 7' > 0 there exists 9(7") > 0 such that
for all 0 < & < go(T) the vorticity m! (if it exists) remains bounded in L>°(R?) for all
t € [0,7]. Then repeating the arguments in [40, Sections 4.2-4.3|, this a priori bound on
the vorticity allows to deduce existence and uniqueness of a solution on the whole time
interval [0,7]. This proves that the existence time blows up as ¢ | 0.

Step 5. Global existence in the mixed-flow compressible regime (GL}).
Just as in (3.10) above, we obtain the bounds ||vt —v2||;2 <; 1 and
IVl Se 1+l 2 log!/? (2 + [t o)
+ [div (vE = v2) [z log!? (2 + |div (vE = v2) 2 ). (3:12)
Considering the equation (3.5) for d., the a priori estimates in [40, Lemma 2.3| yield
IdEllLe Se 1+ laleme|lpeo 2 Se 1+ [Imellpgo 12 + meflige Loe f[ve = vEllpge 12
St 14 [Jme|pge Loe,
and also
[dEllioe <o 1+ flalemellnge oo Se 1+ [[mellpge oo (1 + [|ve e Loe).-
As by definition div (vl —v°) = a~!(d. — d2) — Vh- (vl —v?), these estimates take the form
[div (ve = vE)llp2 Se 1+ meflige e, (3.13)
Idiv vellee e (1+ [[meflige roe) (1 + [[velluge 1oe).-
Injecting these estimates into (3.12) yields
¥l o1+ |2 dog™/2 (2 + [l o)
+ (1 + [m|go o) log™2 (1 + [Ime g Loe ) (1 + [|vellLge <))
St (1+ mef|rge o) log™? (2 4+ [Imeluge e + [[ve e 1).
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Estimating logl/2 by log, applying the inequality alogb < b+ aloga to the choices a :=

1+ ||me|jpee oo and b= 24 [|me|re 1o + || ve oo 1., and choosing K =~ 1 large enough
to absorb the term |[|v||pee Lo appearing in the right-hand side, we find

[VellLge oo Se (14 [Imel|nge o) log (2 + [Jmel|rge roe),
so that (3.13) takes the form,
[div ve|Lge oo St (14 [[me|[Lge Lo ) log (2 + [JmeLee o).

The result in [40, Lemma 4.3(i)] then gives the following bound on the vorticity m., in the
considered regime (GL)),

N, CtN.
It e S exp €11+ o vediv vl ) ) 1o (oo ).
As N. < [loge], this bound easily implies that for all 7' > 0 there exists 9(7") > 0 such
that for all 0 < & < go(T) the vorticity m% (if it exists) remains bounded in L*°(R?) for all
t € [0,T]. Then repeating the arguments in [40, Sections 4.2-4.3], existence and uniqueness
of a solution on the whole time interval [0, T’ follows from this a priori bound. This proves
that the existence time blows up as € | 0. ]

We now show how to pass to the limit in equation (3.2) as € | 0, which is easily achieved
e.g. by a Gronwall argument on the L2-distance between v. and the solution v of the
limiting equation.

Lemma 3.3. Let the same assumptions hold as in Proposition 3.2, and let ve : [0,T) x
R? — R? be the corresponding (local) solution of (3.2), for some T > 0 (independent of €).
Assume that v2 — v° in L2 (R?)? as ¢ | 0. The following hold.

uloc
(i) Regime (GL;):
We have ve — v in L ([0, T); L2, . (R?)?) as € | 0, where v € L (RT;v° +L2(R?)?)
is the unique global (smooth) solution of

. _ 1y pl
{atv_Ver(a JB)(V=h = F= = 2v)curlv, (3.14)

divv =0, v|t=g=v".

(ii) Regime (GLg) with “(])VTﬁE' — X € (0,00) and v = v°:

We have ve — v in L2 ([0, T); L2(R?)?) as e | 0, where v € L ([0, T); v° +L2(R?)?)
is the unique local (smooth) solution of

{atv = a 'V(a " div (av)) + (a — IB)(Vh — B+ — 2Av)curlv, (3.15)

V]g=o = v°.

(iii) Regime (GL)) with v2 = v°:
We have ve — v in L2 ([0,T); L*(R?)?) as € | 0, where v € L (RT;v° +L2(R?)?)
is the unique global (smooth) solution of

(3.16)

V]i=o = v°.

{@V — o'V (a L div (av)) + (a — IB)(V+h — F)curl v,
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(iv) Regime (GL5):
We have ve — v in L2 ([0, T); L2 .(R%)?) as € | 0, where v € LS (R*; v° + L2(R?)?)
is the unique global (smooth) solution of

dv = Vp+(a —IB)(VEh — FH)curlv, (3.17)
divv =0, v[==v°. ' 0

Proof. We treat each of the four regimes separately. We denote by &5 () := e~ lr=#l/R the
exponential cut-off at the scale R > 1 centered at z € RZ?.

Step 1. Regime (GLy).
Using the choice of the scalings for A, h, F' in the regime (GLj), with A\ = miVTas‘ < 1,

and setting a. := a = @, equation (3.2) takes on the following guise,
Ove = Vp. +(a —IB)(V* h — Ft —2v.)curlve, p, := (Aeaas) ' div (acve),

with initial data v¢|t=g = vZ — v° in Laloc(RQ)Q. As A\. — 0, it is then formally clear
from the vorticity formulation of this equation that v. should converge to the solution v
of (3.14).

The existence and uniqueness of a global smooth solution v € L (R*;v° + L*(R?)?)
of (3.14) are established in [40, Theorems 1 and 3|. Moreover, we show that the following
estimates hold for all ¢ > 0 and R, > 0,

IV lwise St Lo 105D 2 (s Seo B, lewrdl v = 1. (3.18)
The bounds on v are indeed direct consequences of the results in [40] together with the
regularity assumptions on the data (in particular v° € LY(R?)? for all ¢ > 2). It remains to
check the bound on the pressure p. Taking the divergence of both sides of equation (3.14),
we obtain the following equation for the pressure p?, for all ¢ > 0,

—Aph =div (o — I8)(V*th — FL — 2vh)curlv?).
By Riesz potential theory, we deduce for all 2 < ¢ < oo,

Ipllue Sq (14 IV lee)flewrl Vil 2o S (14 V¥ luse) (flewrl Vil + [V lee) S 1,

and the bound on the pressure p follows.
We turn to the convergence v, — v in L%, ([0,7"); L
argument. Using the equations for v., v, we find

2
uloc

(R?)2) and argue by a Gronwall

8t/ a:&q|ve —v|? = 2/ a:£h(ve —v) - V(p, —p) — 4a/ a:65|ve — v[2curl v,
R2 R2 R2
+ 2/ aE5 (o — JB)(VEh — FH — 2v) - (ve —v) curl (v —v). (3.19)
R2
Integrating by parts in the first term, decomposing

div (aeli(ve — V) = acVER - (Ve — V) + Acaalhp, —Agasgﬁvﬁ -V,
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noting that the second right-hand side term in (3.19) is nonpositive, and using the following
weighted Delort-type identity (as e.g. in [40]),

(ve —v)curl (ve —v)

1
= a-Y(ve —v)tdiv(ae(ve —v)) — ia;1|ve —v[’Vta, — a7 t(div (a:S,. — )t (3.20)
A Ae A 1/
= dap.(ve —v)E = A (Vh-v)(ve —v)* — ?|Vg —v[*Vth — ol (div (acSy, — )t

in terms of the stress-energy tensor Sy, := w ® w — 3|w|? Id, we deduce
0 [ actilve—vP < -2 [ alp. -0V (v ) - 2hca [ aiop.o )
R2 R2 R2

+ 2. / a£h(p. —p) v Vh+ 2)\€a/
R2

ac€5p (o —JB)(VEh — FL —2v) - (vo —v)*t
R2

— 2)\5/ ac&s(Vh-v)(a —IB)(Vih — X —2v) - (ve —v)*
R2
- )\5/ a.Ealve — v (@ — IB)(VEh — BY — 2v) . Vi
R2

—2 [ aSi s V(g + (TR - P —2v),

and hence, using (3.18) in the form ||vt||yy1.00 < 1, the assumption ||(Vh, F)|y1. < 1, the
property |[VE&s| < R™1€% of the exponential cut-off, and the pointwise estimate |Sy,| < |w/?,
we obtain

O / 065l —v[2 < (R™? - \ea) / RAAE
R2 R2

+ C’t(R_2 + ) /2 a5§§(\p\2 + \V\Q) + C; /2 a:ER|ve — v[2.
R R

Choosing R = AZ" for some n > 1, we obtain R~2 < \. hence R~2 — \.a < 0 for £ small
enough. Using (3.18) to estimate the second right-hand side term then yields

8t/ a:5|ve —v|? Sto R¥ ), +/ a:&qlve —v[* < )\;_2"0 + / a:|ve — v[2
R2 R2 R2
For 6 > 0 small enough, the conclusion follows from the Gronwall inequality.

Step 2. Regime (GL2).
Using the choice of the scalings for A¢, b, F in the regime (GL3), equation (3.2) takes on
the following guise,

Ove = a1V (a~tdiv (av.)) + <(a —JB) (VLIAz — - |li];r;v€ )) curl ve,

|lé\§€‘ — X € (0,00), it is formally clear that v, should

converge to the (local) solution v of equation (3.15). Existence and uniqueness of v are
given by Proposition 3.2 just as for v, and the following bounds hold for all ¢ € [0,T),

I vl S L, fleurl vt = 1 (3.21)

with initial data vc|;—g = v°. As
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Using the equations for v, v, we find
8t/ atqlve —v|?
RQ
— 90! / G€i(ve —v) - V(a1 div (a(ve — v))) —
R2

A a 2N,

2 Nz _ J_h _ FJ_ _ €
+ /]RQ aER((O‘ JB)(V uogg’

N, .
a 4(|log5| B )\) /R2 alp(ve —v) - (@ = JB) veurlv.

4N,
log e

v)> - (Ve — v)(curl v —curlv)

/ acs|ve — v|eurl v,

Integrating by parts, using the weighted Delort-type identity (3.20) in the form
(ve —v)eurl (v —v) = & H(ve — v) L div (a(ve — v))
1 .
= glve= v[2VLh — a~div (aS,, _ )T,

using the properties (3.21) of ve,v, the assumption ||(VhA, F)|ly1. < 1, and simplifying
the terms as in Step 1, we easily deduce

) / a€hlve —v[2 < 207! / a5 div (a(ve —v))P?
R2 R2

—i—Ct/ fﬁ]vE—VHdiv(&(ve—v)ﬂ+C’t/ d§§|vg—v|2+Ct c
R2 R2 llog €|

hence 9y [p2 a€|ve — v|? S Cy [ge a€|ve — v|? +04(1), and the conclusion now follows from
the Gronwall inequality, letting R 1 oo.
Step 3. Regime (GL)).

Using the choice of the scalings for A, h, F' in the regime (GL]), equation (3.2) takes on
the following guise,

)

2N,
[log <]

with initial data v.|;=9 = v°. As by assumption ”oLgfs‘ — 0, it is formally clear that v,

Ove = o tV(a"tdiv (ave)) + (o — JB) (Vlﬁ e Ve )curlvs,

should converge to the solution v of equation (3.16) as € | 0. Existence, uniqueness, and
regularity of this (global) solution v are given by Proposition 3.2 just as for v., and the
convergence result follows as in Step 2 (with A = 0).
Step 4. Regime (GLS).

Using the choice of the scalings for A, h, F' in the regime (GL}), equation (3.2) takes
the following form, with a. := a’e,
201N,

flog

Ove = Vp, +(a — IB) (VLE—FL — v5>curlva,

pe = (Aeaas) ™ div (acv.),

(R%)2.  As by assumption A\ ! “Og58| — 0,
it is formally clear that v, should converge to the solution v of equation (3.17) as € | 0.
Existence, uniqueness, and regularity of this (global) solution v are given by Proposition 3.2
just as for v., and the convergence result follows as in Step 1. U

with initial data v.|i—o = v — v° in L%,
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3.2. Nondilute parabolic case. Let us examine the vorticity formulation of equation (3.3)
for v.. Asin (3.5), in terms of m. := curlv, and d. := div (av,), it takes on the following
guise,

om, = —div (I['fm,),

Opde —A71Ad: +A71 div (d.Vh) = div (alem.),

curlve. = mg, div(ave) =d,,

mg|i—g = curlv®, dc|=p = div (av®).

In the present nondilute regime, as A. T oo, the diffusion tends to be degenerate and more
work is thus needed to ensure the validity of uniform a priori estimates. The key consists in
suitably exploiting the well-posedness of the degenerate limiting equation, studied in [40].
As an immediate corollary of such estimates, we also deduce that v. converges to the
solution v of this degenerate equation.

Proposition 3.4. Let h : R? - R, a := e, F : R? - R2, and let Ve R?2 — R? be
bounded in WH4(R?)? for all ¢ > 2 and satisfy curlve € P(R?). For some s > 0, assume
that h € Wst6:0(R2) | € WsT5°(R2)2 that v° is bounded in W5T5°°(R?)2, that curl v2
is bounded in HST*(R?), and that div (av?) is bounded in H**3(R?).

In the regime (GL3) with v = v°, there exists a unique (global) solution v. of (3.3) in
R* x R%, in the space LS (RT;v° +H*(R?)2). Moreover, all the properties of Assump-
tion 3.1(a) are satisfied: for all T > 0 and q > 2, there is some eo(T) > 0% such that for
all0<e<eg(T) and 0 <t <T,

||(V§’VVZ)||(L2+L‘1)0L°° Sta 1, HmZHLlﬂL‘X’ Sel ||8tV£HL20L°° Sl
||d2HL2r1L°° Sel, HVdZHLQOL‘” el ”&deHLZ el (3.22)

In addition, there holds ve — v in LS (R*;v° + H5+3(R?)?) as e | 0, where v is the unique
(global) solution of

Ov = _(}:J- + 2v) curl v, (3.23)
V|t:0 =V,
in RY x RY, in the space L2 (RT;v° +H* 4 N Wstho(R2)2). 0

Proof. Direct estimates on v, as in [40] are not uniform with respect to Ac > 1. As we
show, however, exploiting strong a priori estimates on the limiting solution v allows to
deduce the desired uniform estimates on v.. We split the proof into two steps.

Step 1. A priori estimates.

Let s > 0, and assume that h € W5T3°°(R2) ' € W*t2°(R2)2, and that there
exists a unique global solution v of equation (3.23) with v € L (R*;v° +L*(R?)?) N
L (RF; We+2°(R?)2) and with m := curlv, d := div (av) € L2 (RT; H*T2(R?)). Also
assume that there exists a unique global solution v of (3.3) in L{2,(R*;v° +H*T2(R?)). In

this step, we consider the nondilute regime A. > 1, and we show that for any fixed ¢t > 0
we have for all £ > 0 small enough (that is, for all A\, large enough),

Ive = vlige et + Ime = m e grovr + [lde = dllige e < CAZY, (3.24)

[de — dlfpee o1 < CeAZY2,

£

4. Only depending on an upper bound on T, s, s, |||y s+6.00, [|(F,v°)|lwrss5.00, [V |lwtaas 0| grstas
and ||d°|| gs+3.
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hence in particular,
[Ve =v[lLse mrs+e + [Imel[Lee grsvr + [[dellLge g1 < Cty (3.25)

where the constant C; only depends on an upper bound on AZ', s, s7!, ||h]|jpsss.co,
| Bl 2,00, [VllLge we+2ieo, [[(m, d)[lge grs+2, [[v = V[l e 2, and on time ¢. We split the
proof into six further substeps. In this step, we use the notation <; for < up to a constant
Cy > 0 as above, and we use the notation < for < up to a constant that depends only on
an upper bound on A2, [|A]|yys+s.0, and on |||y stz

Substep 1.1. Notation.

Define ove := Ae(ve—v), dm. = curldv. = A (m. —m), and dd. := div(adv.) =
Az(de —d). Given the choice of the scalings, equation (3.3) for v. takes on the following
guise,

Ove =A'V(a " de) + (\'VER - FE —2v.) me, (3.26)

and hence, decomposing v. = v+ 16ve,

Opv +)\€_18t(5vg = f(Fl +2v)m +)\€_1 (V(d_ld) +mV*th — FLém, —2vém. 72m5V5>
F A2 (V(&_ldda) +om VA — 20v.om. )

Injecting equation (3.23) for v and multiplying both sides by A., we obtain the following
equation for dv,,

Oove = A1V (a1ed.) + (We — 227 v.)dm. —2mév. +G, (3.27)
with initial data év.|t—=o = 0, where we have set
G:=V(a'd)+mV+th,  W.:=A'Vih— Bt —av.
Taking the curl of (3.27) leads to
dpom, = — div (W — 227 16vE)om,) + 20vE -Vm —2m dm, +curl G, (3.28)
while applying div (a-) yields
8;0d. = A-PA8d. —AZtdiv (6d.Vh)
+ div (a(W. — 227 6v.)om,) — 2div (amév.) + div (aG), (3.29)

with initial data 0mc|;—9 = 0 and dd|;—p = 0. Proving the result (3.24) thus amounts to
establishing uniform a priori estimates for the solutions dv., dm., and dd. of the above
equations.

Substep 1.2. L2-estimate on dv, and dms,.
In this step, we show that

H5V6||Lt°° L2 + ||5m€||L?o(H,1mL2) + ||5d€HLg° o1 fst 1. (330)
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On the one hand, from equation (3.27), noting that —2)\8_15V5 om. —2mov, = —2m.0v,,
we find by integration by parts,

at/ alov.|? = —2)\;1/ d‘1\6d5\2+2/ adve -(Wedm. —2m.dv. +G)
R2 R2 R2

< 2/ adve -(Wséms +G),
R2

and hence, using the Cauchy-Schwarz inequality and injecting the definition of G and W,

at(/RQ&’dVé‘Q)I/Q - HWQ!Lw(/de!(Smé\Q)l/QJr (/RQ d‘Gt‘2)1/2

SNV, B3 uee|ome|pz + ([ g + [[m 2
St 1+ [|omE] 2,
that is,
||5V5HL;>° L2 St H5maHL§° p2 + 1. (3.31)

On the other hand, equation (3.28) yields by integration by parts,
at/ (ome|? = / (G, |2 div (WL + 22" 1gvd)
R2 R2

—4/ \5m5|2m+2/ om, (25v€L Vm +curl G),
R2 R2
and hence, decomposing div (A-10v) = —A\-1ém. = m —m. < m,
8,5/ |om, | S/ |5m€|2cuer€+2/ om, (25V€L -Vm +curl G)
R2 R2 R2

< IVWellos[ome |[F2 + 4 Vil |6ve |2 [lome|p2 + 2[|eur] Gl p2(|ome]|p2.

Injecting the definitions of G and W, with A\7! < 1, and using (3.31) to estimate the
L2-norm of dv, in the right-hand side, we deduce

Oullomly 2 Se 0miflz + [[6vef2 +1 < [0me[|peo 2 + 1.

Combining this with (3.31) and with the obvious estimate ||(dm., dd.)|| ;-1 < [|0ve]|;2, the
conclusion (3.30) follows from the Gronwall inequality.

Substep 1.3. H*T'-estimate on ém..

In this step, we show that

Olldme [ prsr Se 1+ [|0me | grs+1 + [|0de a5

A (10me[[Fosn + 10me || rost [0de][ro+1). (3:32)
Arguing as in [40, Proof of Lemma 2.2|, with s > 0, the time derivative of the H*-norm of
the vorticity dm. is computed as follows,
L, .. _ .
Opl|me|| e < 5| div (W2 = 2271 6vE) ||nee [|0me || o + |[(V)* T div, W] ome | 2
+ 227 [(V)S T div, dvE]ome ||y 2 + 2[|6vE -Vm]| e
+ 2||mome || gs+1 + [[curl G|| gs+1

S (IWellwsszoe + Imlwsrrce)[0me || oss + [l grosz [ 6ve | e
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+ AT (10Vellwr.oo || || o + (|0 [[roe 16Vl prsv2) + [leurl Gl grosa.

Injecting the definition of G' and W, with A\Z! < 1, and using the Sobolev embedding for
L>°(R?) into H**1(R?) with s > 0, we find

el ome| et <o 10mellggoss + |0vellggors + ATH 0Vl oz [0mel pgosr + 1. (3.33)

Decomposing 6v. = a~'V+(div a7'V) 1dm, +V(div aV)~1dd., we appeal to e.g. [40,
Lemma 2.6 in the form

||5V5”HT+1 S./ HémEHH—lﬂHT‘ + ||6dEHH—lﬁHT‘) (334)

with successively r = s and r = s+ 1. Injecting this into (3.33), and using the result (3.30)
of Substep 1.2 in the form ||(ém., dd.)|| ;-1 e 1, the conclusion (3.32) follows.

Substep 1.4. H*H-estimate on dd. without loss of regularity.
In this step we show that

A V2)0delpe prost Se L [10melluge provr + [18dellge prs + AT e[ pravae (3:35)

Equation (3.29) for the divergence dd. takes the form 9;6d. = AZ'Add. +div H., where
we have set

H. = —)\E_lédg Vh+ a(We — 2)\6_15v5)5m5 —2amov, +aG.
Testing this equation with (—A)~1 (V)21 9,6d., arguing as in [40, Proof of Lemma 2.3(i)],
we find
t
AN oss < [ HE
0

and hence, injecting the definitions of H., G, and W, with s > 0,

t
A8 IF oo g S )\5_2/ 18QE [[Fosrdu+ A0V [F oo pross |0me|[Foo pross
0

+ Hdmsnigo Hs+1t ||5Vs’|i§° g+t 1
The Gronwall inequality with A-1 < 1 then yields
)‘;1||5d€||ig° et St 1 ||5ms”i§° gs+1 T ||5Vs||i§° s+ T >\22||5V€Hi§° Hs+1 Hémenigo Hs+1:

The conclusion (3.35) follows from this together with the bound (3.34) and with the re-
sult (3.30) of Substep 1.2 in the form ||(dm,, dde)|| 51 Se 1.

Substep 1.5. H?-estimate on dd. with loss of regularity.
In this step, we show that

O 0de s e 1+ ||0de|| s + ||ome || grs+1 + )\gl(HémgH%pH + ||6de || g2 [|6me || grs+1) . (3.36)
Equation (3.29) for the divergence dd. yields after integration by parts,

Op||6dc||3s < =221 /2 IV(V)$5d.|? + 221 /2<v>5(5d5v;3) - V(V)*6d.
R R
+ 2/ ((V)%6d. ) div (V)* (a(W. — 2X7 v, )dm, —2amdv. +aG)
R2

< ATY[6deVR|[Ze + 2)10de| s (la(We — 202 6ve)dme +aG|| ot
+ 2|lméd. || g+ + 2||adve-Vm| ),
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and hence, injecting the definition of G and W,
Oull8de | rrs Se 1+ 110de s + [[6mel| rosr + [[0vellars + ATV | o |01 oo

The result (3.36) follows from this together with the bound (3.34) and with the result (3.30)
of Substep 1.2 in the form ||(dm.,0d. )| ;-1 ¢ 1.

Substep 1.6. Proof of (3.24) and (3.25).
Injecting (3.35) into (3.32) with A-1 < 1, we find
Oyllome[Lge prer Se 1+ [[0mellpge gra+r 4 [[0de|[Lge as
ATV (0B e + 10 [ o) + ATH2 0 e e
Together with (3.36), this yields
O (Ilome]| oo rosr + [|0de]|Lpe 1)
St LA [[0me e g + [|0de e ars
+)\§1/2(H5msui;’° prerr + 110de[ e prs) + /\;3/2||5ma|’?ﬁ§° Hs+1
Se L l10me e o + 10delliz e + A2 ([0melLe oo + (100 e o),
and hence, by time integration,

_ 3
[omel[ree rstr + [|0de||Lee s < Ct(l + A 3/4(H5ms||L;>° g+ [|0de|ee ms) )

For any t > 0, choosing € > 0 small enough such that /\;3/4 < (2C;)73, we obtain
[0me [|pge o1 + [|6de|Lge s <o 1.

~t

Combining this with the bound (3.34) and with the result (3.30) of Substep 1.2 in the form
of [|(dme, dde)|| ;-1 St 1, we deduce

||5V€HL§’° He+1 T H5m6‘|L§° Hs+1 + H(sdaHL?’ Hs St L.
Injecting this into the result (3.35) of Substep 1.4, we find
100z (oo preer St AL,
and the conclusion (3.24) follows. Further decomposing v. = v +A-1dv,, these results yield
[melpee grsr + |ldeflpee grs+r St 1.
Combining this again with (3.34), we obtain
[ve = v®[lLge mrs+2 S [lme —m®(|pee pross + [[de — df|pge grsss + [[ve = VO ||peo 2
Se VA AT ([10mef|Lge grosn + [10del|nge o + [[0Velle 2) Se 1,
and the conclusion (3.25) follows.

Step 2. Conclusion.

Let s > 1, and assume that h € Wst5°(R2), F € W42 (R2)2, v° ¢ W5H30(R2)2,
curl vo € HP3NW*t3°(R?), and div (av°®) € H**t2?(R?). In this step, we use the notation
< for < up to a constant that depends only on an upper bound on the norms of these data
and on s and (s — 1)7!, and we write <; to indicate the further dependence on an upper
bound on time ¢.
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Under these assumptions we know from [40, Theorem 4| that equation (3.23) admits a
unique global solution v € L2, (RT;v° +H*T3 N W*+3°°(R?)?) which implies in particular

[V =V°lLee mrs+s + [[VILge wsts.00 + [[(m, d)|[Lpe gro+e St 1

In addition, we know from [40, Theorem 1(i)|] that equation (3.3) also admits a unique
global solution v. € L2 (R*;v° +HT3(R?)?). We may thus apply the result of Step 1,
which for any t > 0 yields for all £ > 0 small enough,

[Ve = VO|Lse mro+2 + [lmel[Lee grssr + [|dellLge vt St 1.
As s > 1, this implies by the Sobolev embedding,
[Ve = VllLoe (mranmz.oey + Ime [|Lee (m2amwoee) + [[dellLee (m2amwe) St 1,
and hence, using these bounds in equation (3.26),
[0evellLee (zrimpeey + [|Oedelpeo 2 St 1.

The desired estimates follow. Finally, the result (3.24) of Step 1 with A; > 1 directly
implies the convergence v. — v in L2 (RT;v° +HST2(R?)?). O

3.3. Conservative case. Let us examine the vorticity formulation of equation (3.4) for
ve. In terms of m, := curl v, it takes the form of a nonlocal nonlinear continuity equation
for the vorticity m,

o, = — div (['4m,),
curlve = m,, div(av.) =0, (3.37)

mg|i—o = curlve.

Given the form of I'. in (3.4), this equation is a variant of the 2D Euler equation in vorticity
form and is known as the lake equation in the context of 2D fluid dynamics (cf. e.g. [18, 19]):
the pinning weight a corresponds to the effect of a varying depth in shallow water, while the
forcing Vh — F is similar to a background flow. A detailed study of this kind of equations
is performed in the companion article [40]. The following proposition states that a solution
ve always exists globally and satisfies the various properties of Assumption 3.1(b), under
suitable regularity assumptions on the initial data vg.

Proposition 3.5. Let h : R? - R, a := e, F : R? — R?, and let v° : R? — R? be
bounded in W4(R?)? for all ¢ > 2 and satisfy curlve € P(R?). Assume that h € L°(R?),
Vh,F € LAnW2>(R?)2, that a(z) — 1 uniformly as |x| T oo, that v° is bounded in
W20 (R2)? with div (av?) = 0, and that curl v is bounded in H'(R?).

In the regime (GP), there exists a unique (global) solution v. of (3.4) in RT x R2, in the
space L2 (RY;ve +H?2 N WH°(R?%)2). Moreover, all the properties of Assumption 5.1(b)
are satisfied, that is, for allt >0 and ¢ > 2 and 2 < p < o0,

1ve, Vvl s oy Sta 1o leurlvillprqpe Se 1,
Ipelluenre Seg 1 IVDEl2are Se o 110ivelle Se 1 [102lle Sep 1
In addition, for all @ > 0 and ¢ > 1, setting p. , = X, P., we have for all t >0,

IV (ot — pb)llpe Sou =2 + / jcurl v2 . (3.38)
|z|>0 O
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Proof. We split the proof into three steps.

Step 1. Preliminary.

In this step, we prove the following Meyers-type elliptic regularity estimate: if b €
L>®(R?) satisfies 3 < b < 1 pointwise, and b(z) — 1 uniformly as |z| 1 oo, then for all
g € L' NL2(R?)? the decaying solution v of equation — div (bVv) = div g satisfies for all
2 < q < o0,

ol Sq llgll, 26, o S lgllueape-

Let b € L>(R?) be fixed with % < b <1 pointwise and b(xz) — 1 uniformly as |z| 1 co.

Set b, := x» + b(1 — x,) and decompose the equation for v as follows,

—div (b, Vv) = div (g + (b — by) V).
Let 1 < p < 2. Meyers’ perturbative argument [74| gives a value k, > 0 such that, if
b € L>®(R?) satisfies x, < b < 1, then for all k& € L' NL*(R?)? the decaying solution w
of equation —div (bVw) = div k satisfies ||Vwl||rr <p [|k|lr. By definition, for r large
enough, the truncated coefficient b, satisfies x, < b, <1, hence

IVolle Sp llg + (b — br) Vol|Le.

Using the elementary energy estimate || Vv||;2 < ||g/l;2, and noting that b, = b in R?\ By,
Holder’s inequality yields

3=
[NIE

2(1-1 2
IVollir Sp llglie + IV0llie S llallee + 7252 Vol S llgllee + 7252 g]lpa.

Rather decomposing the equation for v as follows,
—Av=div (g + (b—1)Vuv),
we deduce from Riesz potential theory, with 2 < ¢ := ;Tpp < 00,

[ollLe <q llgllLe + [IVol|ee.
Combining this with the above, the conclusion follows.

Step 2. Proof of Assumption 3.1(b).

The assumption [|A|ys.c, [|(VA, F)||14 qprzee < 1yields AN (VIR — FL)||pa qppae S 1
in the considered regime, and also A\Z! \lé\gal = 1 and A\;! < 1. Using the assumptions
on the initial data v2, it follows from [40, Theorems 1 and 3| that there exists a unique
(global) solution v. € L2 (RT; ve + H2N W12 (R2)?) of (3.4) in RT x R? with initial data
ve. Moreover, it is shown in [40] that this solution satisfies in particular, for all ¢ > 0,

IV = vl memwree e 1, Imi | giane Se l, /R2 m! =1, m!>0. (3.39)

(In order to ensure v. € L2 (RT;v2 +H?%(R?)?), the results in [40] would actually require
Vh, F,v° € W5+22(R?)2 for some s > 0 due to the use of the Sobolev embedding for
H*(R?) into W*>(R?) in [40, Proof of Lemma 4.6]. However, this use of the Sobolev
embedding is easily replaced by an a priori estimate for v. in W% (R?)2, for which it is
already enough to assume Vh, F,v® € W2 (R2)2, cf. [40, Lemma 4.7].)

We argue that all the claimed properties of v, follow from (3.39). Combining (3.39)

with the assumption that v¢ is bounded in W4(IR?)? for all ¢ > 2, we obtain

H(Véa v"é)H(L2 +LO)NL*® Staq L.
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Applying div (a-) to both sides of equation (3.4), we find the following equation for the
pressure, in the considered regime (GP),

—div (aVp!) = div (aTtm!) = — div (am!(A\J V1R — B — 2v) L), (3.40)
An energy estimate directly yields
IVpLlpz S lamiAS VR — B4 —2vh)* 12 S 1, (3.41)
and similarly, first differentiating both sides of (3.40),
IV2pellee < IIVDEll2 + ||V (@i (A 'V — B4 — 2v) )| 2 S L. (3.42)

Inserting (3.41) into (3.4) yields
18evEllLe < IVDLllLe + ITemfle <S¢ 1.
Applying to equation (3.40) the Meyers-type result of Step 1, we find for all 2 < ¢ < oo,
IPllLe Sq llamiATT VR — B = 2vD) e Se 1

Combining this with (3.42), we deduce from the Sobolev embedding ||pt|Lenn> St 1
for all ¢ > 2. Differentiating both sides of (3.40) with respect to the time variable, the
Meyers-type result of Step 1 further yields for all 2 < ¢ < oo,

10w l|Le Sq [|ade (mEA VR — B = 2vE) )| o

N HmZHLmoo ”815VZHL2 + ||F23tm2 HL10L2

St 1+ |TE0ml [ e
Using equation (3.37) to estimate the time derivative of the vorticity, and using that
IATAVAh — Fllia qpiee S 1, we find

D0 g1 e S T2 oo IV 2 4 [T o s
rgt HFZH]Q} AW 1,00 5 1+ ||V§”i4 AW 1,00 St 1,

hence [|0;pt||Le St 1. All the claimed properties of v, follow.

Step 3. Proof of (3.38).
For all t > 0, testing equation (3.40) with (1 — x,) pt, and using |Vx,| < 07 (1 — x,)"/?
and the inequality 2zy < x? + 32, we find

[ a0 =xIvelf
= [tV o= [ e - x) Vol T+ [ apl O, Tond
R2 R2 R2

1 . _
2/ a(1 — xo)|VPL* + Co 2/ IpL|* + C/ (1= x)[TE[*m |,
R2 R2

o<|z|<20

IN

Absorbing the first right-hand side term and recalling that Step 2 gives |T% ||, |[mi| 2 <t
1 and ||pt|lLr Spe 1 for all p > 2, we obtain with Holder’s inequality,

/ (1= x )| VDL <, 02 / DL + / (1 — o)t [?
R2 o< |z|<20 R2

< —4 1 o t12
Spt @ Pt ( Xo)|lmg|%,
RQ
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and hence, for all p > 2,

VL= b S [ Vet +e? [ et
R? o<|z[<20

< -4 1— t2
Spe o P [ (1= xg)mel”
R2

It remains to estimate the last right-hand side term. For all ¢ > 0, using again the bounds
of Step 2 and the estimate |Vy,| < 071 (1 — x,)"/?, we deduce from (3.37),

o [ (1=l =2 [ (1 xo)ml curl (Tlan)
R2 R2
=2 [ P v = [ =t vl
= 2/ |m§|21"2 . VLXQ +/ |mf€|2curl ((1 — Xg)l"é)
R2 R2
Siot [ 0o Pt [ 1=l
R2 R2

< 02+ / (1= xo)[mt 2,
RQ

and hence, by the Grénwall inequality,

[P Soo [ - )leutveP,
R2 R2
and the result (3.38) follows. O

We now show how to pass to the limit in equation (3.4) as € | 0, which is easily achieved
by a Gronwall argument on the L2-distance between v, and the solution v of the limiting
equation. Note that, in the limit, pinning effects only remain in the constraint.

Lemma 3.6. Let the same assumptions hold as in Proposition 3.5, and let v, : Rt x R? —
R? be the corresponding (global) solution of (3.4). In the regime (GP) with v° = v°, we
have ve — v in LS (RT; L?(R?)2) as e | 0, where v is the unique global (smooth) solution

of
O%V :A Vp +(—F 4 2vh) curl v, (3.43)
div(av) =0, v]i==V°. 0
Proof. Using the choice of the scalings for A, h, F' in the regime (GP), equation (3.4) takes
on the following guise,

Ove = Vp, +(A;1Vﬁ —F+ QVé)curlvs, div (ave) =0, Velt=o = v°.

As A1 — 0, it is formally clear that v, should converge to the solution v of equation (3.43).
Note that existence, uniqueness, and regularity of v are given by Proposition 3.5 just as
for v, and we have in particular the following bounds for all ¢ > 0,

IV v llwree Se 1, fleurtvi e =1, (%, pE) [l e 1, (3.44)
and for all R,6 > 0,
H(Vt7V2)||L2(BR) Sto R, ”(Pt’PD”L%BR) Sto R’. (3.45)
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We denote by &5 (x) = e~1#=2l/R the exponential cut-off at the scale R > 1 centered at
2z € R7Z?. Using the equations for v,, v, we find

o [ agalv. —vP =2 [ ahlve =) V.~ )
+2 / ats(—F + 2vt) - (ve — v)(curl vo —curl v) + 2171 /&f%Vﬁz - (ve —v)curl v, .

Integrating by parts in the first right-hand side term, using the relation div (aé%(ve —v)) =
aVEy, - (ve —v), and using the weighted Delort-type identity (3.20) in the form

1 N
(ve —v)curl (ve —v) = —§]V5 —v[>’Vth — a7 (div (aSy. )T,

we deduce
o [ agalve v = =2 [ V6 (v =)o~ ) [ agiT R (<F 4 20 P
+2/a5vg_v : V(E(F +2v)) +2)\51/d§§Vﬁ~(VE—V)curlvg,

and hence, using (3.44)(3.45), the assumption ||(Vh, F')||yy1.00 < 1, the property V&R S
R71£% of the exponential cut-off, and the pointwise estimate |S,,| < |wl?,

8t/&§fﬂvg—v\2 i R72079) 4 )72 +/a5g|v5—v|2.

Choosing § = 1, the Grénwall inequality yields sup, [ a:&5[ve —v|* <¢ R71+AZ2, and the
conclusion follows, letting R 1 oo. O

4. COMPUTATIONS ON THE MODULATED ENERGY

In this section, we adapt to the weighted case with pinning and applied current the
computations of [95]: we compute the time derivative of the modulated energy excess (1.17)
and express it with only quadratic terms in the error instead of terms which initially appear
as linear and would thus make a Gronwall argument impossible. These computations are
based on algebraic manipulations using all the equations and various appropriate physical
quantities that are introduced below.

4.1. Modulated energy. We recall the definitions of modulated energy and energy ex-
cess (1.14)—(1.17). In order to prove that the rescaled supercurrent density N 1j. :=
NZYVue, iue) is close to v., we follow the strategy of [95], considering the following mod-
ulated energy, which is modeled on the weighted Ginzburg-Landau energy, plays the role
of an adapted (squared) distance between j. and N.v., and is localized by means of the
cut-off function xr at some scale R > 1 (to be later optimized as a function of ¢),

(1= fuc)?).

As usual, this modulated energy needs to be renormalized by subtracting the expected
self-interaction energy of the vortices (compare with Lemma 5.1 below), which then yields

a .
Er = / ﬁoVUE — zuENgvg|2 +
RQ

a

2 2e2
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the following modulated energy excess,
loge
DE,R = 55—:,R - | 9 | / AXRMe
R2

a/ .
= /2 XR <|Vu5 zuENava\ + 7(1 _ |Ua|2)2 B |10g5\,u5)-
R

2 2e2

As explained in the introduction, the cut-off xgr is not needed in the conservative case,
where we only treat the case when h, F, f decay at infinity. We write & := &, o for the
corresponding quantity without the cut-off xr in the definition (formally R = o0), and
also D, := supgr>1 D¢ r.

On the one hand, rather than the L2-norm restricted to the ball Br centered at the
origin, our methods further allow to consider the uniform Lloc norm at the scale R: setting
X% = Xr(- — 2), we define

ax? ) a
E:ﬂ = sup & g, ‘R / i3 (]Vug ZU5N5V5|2 + 55 (1— \ua\2)2>,
z R2 2¢e

where henceforth the supremum always implicitly runs over all lattice points z € RZ?, and
similarly

|log €]
D; g :=sup D g, Dip:=E&rp— 5 axphe-
z R2

Note that by definition we have for all z € R? and L > 0,

. _ LN2
|IVu: — ZuaN&Va”i%Bﬂ@) +e721 - |u€|2Hiz(BL(x)) < (1 + E) s (4.1)

On the other hand, in order to simplify computations, we need as in [95] to add some
suitable lower-order terms, and rather consider, for some other scale ¢ > 1 (to be also
later optimized as a function of ¢),

o a . a
Eooni= [ 5 (xrlVue — iuNoveP 4 SR e 4+ (1= )N+ i)
R

2e2
and similarly for the modulated energy excess,
~ 4 loge
D‘Eang = gg,g,R - | 2 | / aXRl’LE? (4'2)
R2

where the function 9. , g : R? — R is precisely chosen as follows,

AcB|logel Ilogel
TXR Peo —

|log €|
XR

N R Ve (Vih — FH) +

Ve or = —XR|Ve]? + XR -

(4,3)

in terms of the truncated pressure p, , := X, P.. This choice is motivated by the fact that
it yields some useful cancellations in the proof of Lemma 4.4 below. Again, replacing xr
and p, , by x% and pZ , = X} p., we further define SZ o.r and DZ pforze R?, and we then

set 8 o.R = SUD, 55 o.r and DE o.R = Sup, Da oR (Where suprema implicitly run over all

lattlce points z € RZ2). The additional truncation scale p > 1 is introduced here to cure
the lack of integrability of the pressure p, in the conservative case: indeed, the pressure
p. does in general not belong to L?(R?) (cf. Assumption 3.1(b) and Proposition 3.5, which
are indeed optimal in that respect), while it does always in the case without pinning and
applied current (cf. [95]). In the dissipative case this truncation is not needed, so that we



50 MITIA DUERINCKX AND SYLVIA SERFATY

may set p, o, := p, with g := 00, and we then drop for simplicity the subscript ¢ from the
notation, writing ¥ g := Ve o, R, égyR = 5;70073, etc.

In the dissipative case, as a consequence of (2.1) and of Assumption 3.1(a), ¥ g is
bounded in LP(R?) uniformly with respect to R for all 2 < p < oo (but not in L2(R?)),
and using the bound (2.1) we have in the considered regimes, for all t € [0,T) and 6 > 0,

llog.e|
N,

10 Rlliz Seo 1+ o (AR? + L ANY2 4+ RO, (4.4)

g
[loge|
+ N
In the conservative case, in the considered regime (GP), the bound (2.2) and Assump-
tion 3.1(b) rather yield, for all ¢ € [0,T") and 6 > 0,

¢ 1

log e
ol + 100 g e S0 1+ LB g? < o (45)
Based on these estimates, the following lemma states that the additional terms in éa’g, R

are indeed of lower order, so that (C:‘E,Q, R is equivalent to the modulated energy & g.

Lemma 4.1 (Neglecting lower-order terms). Let h : R?> = R, a := ¢, F : R? — R?
satisfy (2.1) or (2.2), let uc : [0,T) x R? — C, and let v. : [0,T) x R? — R? be as in
Assumption 3.1 for some T > 0. Further assume that 0 < ¢ < 1 and o, R > 1 satisfy for
some 0 > 0, in the dissipative case,

N. \1/2
(N2 4 N.floge|(AR? + 1 A A2 + R7149) 4 RA%|loge|?) < N. (1 A m) . (4.6)
or in the conservative case,
N. \1/2
N2(o° N, (1 : ) 4.

€ 6(9 +R)<< 3 /\‘log&“ ( 7)

Then for all z € R? we have
2, z,t N, 1/2 zZ,t\1/2
|E20 o — ERl = DL 5 = D2%| <1 o(IVe )(1 A ‘logeg‘) (£, 0

Proof. We focus on the dissipative case, as the other is similar. The Cauchy-Schwarz
inequality yields

20— E2al S [ 11— e PIONZ 2l + 1)
z 2\2 1/2 2 z\—1/2, 2
< (0= uel)?) (N2 0G) 22 e + 1 o)
e(€2R) P (N2II(xi) 202 Rlly2 + RIF ().

Arguing just as in (4.4), using (2.1), Assumption 3.1(a), and the fact that ‘XE1/2VXR| <
R '1p,,, the choice (4.3) of Y. g yields, for all 6 > 0,

loge B
0™ e Seo 1+ BT RY £ LAY 4+ R,

)

Combined with (2.1) and with assumption (4.6), this proves the result. O
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4.2. Physical quantities and identities. In addition to the supercurrent density j. :=
(Vue, iu.) and to the vorticity p. := curl j., we define the vortex velocity

Ve := 2(Vug, i0suy).
The following identities are easily checked from these definitions (cf. [89)]),
O1je = Ve + V(0yue, tue), Ope = curl V, (4.8)
and also, using equation (1.7) for u.,
div je = (Aug, iue) = Aca(Opue, iue) — je - Vh

1 1
_ )‘55’2‘)gg|at(1 — |uef?) + |O§‘€|FL V(= Juel?). (4.9)

In the same vein as when introducing the modulated energy and energy excess, we define
the following modulated vorticity and modulated velocity,

fie := curl (Nove +(Vue — iueNove, iue)) = pe + curl (Nove(1 — |ue|?)), (4.10)
IN/E,Q 1= 2(Vue — iue Neve, i(Opue — iue Nep, ) = Ve — NovoOy|ue|* + ngE’QV\us\Q. (4.11)

We also consider the weighted Ginzburg-Landau energy density
a a
er 1= 5 (1Yl + 55 (1= [ue)? + (1 = fue)f )
Another key quantity is the 2 x 2 stress-energy tensor Se,

(S)ur 1= alhue, ) = S 1 (Ve + 555 (1= fue)? + (L= fue)f ), (412)

and its modulated version S,
(gs)kl = a((@kus — iU Neve gy, Opue — iusNeve ) + Nf(l - |u5|2) ngkv&l)
a _ a
— 514 IV — i Neve P 4+ 55 (1= fue)? + (= [ueP) N2 + ). (4.13)
The following pointwise estimates are abundantly used in the sequel.

Lemma 4.2. We have
lje — Nove| < | Ve — iue Nove| + |Vue — iuc Nove| |1 — Juel?| + Ne|ve||1 — Jue|?,
pe] < 2|Vaue|? < 4|Vue — iusNeve? + AN2|vo [ + 4N2|1 — |ue?||ve]%,
Vel < 2(|Vue — due Neve|[Opue| + Nelve||rue| + Ne|t — fuc || ve||Opuel),
Vol < 20001 || Ve — iue Neve| + 2Nelp || Vue — iueNove|
+ 2Nelp, plI1 = Jue || Ve — iueNevel,
|0 ue|| < |Orue — iuNep,|,
|V]us|| < |Vue —iusNeve|. O
Proof. The first estimate is obtained as follows,
lje — Nove| < [(Vue — iueNove,dus)| 4+ Ne|1 — |uc|?||ve|
< Ve — iue Neve| + | Ve — iue Neve||1 — Jue|?| + Nelve| |1 — Juel?],
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and the estimates on V. and VE,Q similarly follow from the definitions. The estimate on
e is a direct consequence of the representation p. = curl (Vue,iu:) = 2(Vaue,iViu.).
Finally noting that

2
|0ue — iuNop, |* = |0¢|ue||* + |ue|? 6t£ — z’kng‘E ,
| | | |
the result on Oy|u.| follows, and the result on V|u.| is obtained similarly. O

4.3. Divergence of the modulated stress-energy tensor. In the following lemma
we explicitly compute the divergence of the modulated stress-energy tensor: as already
mentioned, it plays a crucial role in the sequel in order to replace some linear terms in the
error by quadratic ones (cf. Step 3 of the proof of Lemma 4.4 below).

Lemma 4.3. Let u. : [0,T) x R? — C be a solution of (1.7) as in Proposition 2.2, and let
ve 1 [0,T) x R? — R? be as in Assumption 3.1. Defining by (div Se)g := >, 01(S:)w the
divergence of the 2-tensor Se, we have
div S. = a).a <(9tua — ius NPy 5y Ve — ’iugNgVa> — auE(NEVEl—%]log e|F)
adef
2
N a

+ aNe(Neve —je ) (divve +Vh -ve = A pz—:,g) - 5(1 - |U€|2)vf

+ aNg(Neve —jE)Lcurl Ve + llog 5|‘~/879

a . a
— SV (Ve = iueNovel? + 551 = fuef2)? + (1 = Jue V2|V + 1))

€2
al:f
2

Proof. On the one hand, a direct computation yields, for the stress-energy tensor,

a
+ a/\saNgvepw(l — |uc?) — N¢|loge] pE’QV\ug\Q + §N{_;|log5\(FL V|ue)ve. O

Qg

div S = a <Vu5, Au, + 672(1 — |uel?) + Vh - Vu, + fu5>

a a a
- EWL(WUEF + 50— )+ (1 - |u5|2)f) — S = u)VS. (414)
On the other hand, the modulated stress-energy tensor can be decomposed as
5 . . aN, ,
Se =8 —aN:v: ®j. — alN:je @ v, —|—aN€2VE® Ve~ 1d (]\7€]v€|2 — 2V€.]€)’

which, combined with (4.14), yields

div S. =a <Vu5, Au, + %(1 — |uel?) + Vh - V. + fu€>
a 2, @ 2,2 2 a 2
— SVR(IVee + 50— fue?)? + (1 = [u)f ) = S (1= [u)V £

1
—uN. (jEVh Ve +VeVh - jo = NoveVh Ve +5 Nelve[*Vh - vs-jgwb)
— aN_j. divv. —aN.(ve- V)j. — aNevediv je — aN:(jz - V) ve +aN2v.div v,

+ CLNS (Va' V) VE_CLNE Z Vel vvs,l +alN, Z Vel vje,l + aN; Zje,lvvs,la
l l l

where we denote by v.; and j.; the [-th component of the vector fields v, and j., respec-
tively. Noting that (F-V)G — Y, VG, = Ftcurl G, and using equation (1.7) for u., this
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becomes

div S. = a). ((a + iB|loge|)dsus, Vu) — alloge|(Vue, iF* - Vu,)
a . a
= SVA(IVuel? + N2Jvel? = 2Neve o+ (1 = [uel®)? + (1 = fuc)f)

_a
2
+ aNa( — Vj,ue + (Neve —jg)Lcurl Ve — vediv je + (Nove —jc) divve ) (4.15)

(1 — |u®)Vf — aNE(jEVh Ve +veVh - je — NeveVh -VE)

Using identity (4.9), the first right-hand side term can be rewritten as

Ae <(O‘ + iﬁﬂogﬁ\)@tus, VU€>
= A <8tu5 — e NPy 5y Ve — iu5N5V5> + N Acave (Opue, iue)

. A
+NAeape 4 Je — N&?)\EO[‘UEP DPeoVe —|—%ﬂ|log e|Ve
= Aca (Opue — iucNep, p, Vue — it Neve) + Neve(div je + je - V)

1 A .
+§]\75\10g5](Fl - V|uel?) ve + ;ﬁN£|log5|V58t(1 — |ue|?) + Nodeox Pe,p Je

AeB
—Nf)\ga|u5|2p€79v5 +%|loge|V5.
Inserting this into (4.15), recombining |Vue|? + N2|ve|? — 2Nove- jo = |Vue — iuNeve|? +
N2(1 — |ue|?)|ve|?, noting that (Vu.,iF* - Vu.) = —2Fp., and using (4.11) to transform

the vortex velocity V. into its modulated version f/&g, we obtain

div 5. = a).a <8tu5 — e NeDg 5y Ve — iu5N5V5> + aN:v(div jz + j- - Vh)
a .
+ §Ng|log e|(FL - V]ue|?) ve +XecaN, PepJe — aN?Mcaluc|* P:pVe

ar:f ~ ar:f

+ 25 loge|Vz, — TENEHoge\ pe,Vue|? — ape (Nov —3|loge| F)
a . a

= SVA(IVue — iueNevel? + 51— Jue)? 4+ (1= [ue (N2 |vel + )

a . :
— 5(1 — |[uH)Vf — aN. (]EVh Ve +veVh - je — NeveVh 'VE)
+ alN; ((NEVE —jo)Feurl ve —vodiv g + (Nove —j.) divve ),

and the result follows after straightforward simplifications. O

4.4. Time derivative of the modulated energy excess. We establish the following
decomposition of the time derivative of the modulated energy excess 255, o,k As will be seen
in Sections 6-8, mean-field limit results are then reduced to the estimation of the different
terms in this decomposition. To simplify notation, it is stated here with truncations
centered at z = 0, but the corresponding result of course also holds uniformly for all
translations z € R2.

Lemma 4.4. Let « >0, B€R, andlet h:R> 5 R, a:=¢e", F:R? 5 R2, f:R? 5 R
satisfy (2.1) or (2.2). Let u. : [0,T) x R? — C and v. : [0,T) x R? — R? be solutions
of (1.7) and of (3.1) as in Proposition 2.2 and in Assumption 3.1, respectively. Let 0 <
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e<1,0,R>1, and let T : [0,T) x R? = R? be a given vector field with ||TL |y <S¢ 1.
Then, we have

> E D H d
815,D€7Q,R:I€gR+I QR+IEQR+I€QR+IEQR+IEQR+I QR+IEQR+IEQR?

i terms of

Igg,R = _/ XRVFé_ : gay
R2
Voo axrlloge| - - . 2N,
Honi= [ Iy (—aprd 4+ vin— P = 2 ),
axr|loge| 1 . 2N
E . _ 7F-(Vh—F— ) ’
5’Q7R /]R? 2 € ’log€| V€ /’L€
I£Q7R = —/2 AgaaXR|8tu€—iu5N6p57g|2
R

— / )\EozaXRl“EL : <8tu5 — iU Nepg 4y Ve — iu5N5V5> ,
R2

a
p= | XRri Vh(|Vu€ iueNevel” + 55 20— |u?? —|loge\,u€),
R

and
R
X (diVV5 +V5 N vh - AEapa,g)7

. = a ~ =
Isg,g,R = /2 axrN:(Neve —je) - (Te — I'c)curl ve + , —;(R)\sﬁﬂog e|Vep- (Te =Tt
R R

+ /2 Aeaaxpr(Te — f‘s)L . <8tu€ — iU Nepg py Ve — iu5N€V€>
R

a _
+/ %{ra—n)#w(\vua iweNevel? + 5 0= Jue] ))
RZ

+ /2 axr(T: —T:) - (Nove +3|loge| F) .
R
' / XA BN flog | (T~ To) v B,

s ,0,R / VXR

1
_ / aVXR - <<8tua — iU Nep, , Ve — iusNove) + \ oge\ VJ_)
RQ

and where the error I o 18 estimated as follows: in the dissipative case, in the considered
regimes,

t
/0 |1 g1l St eR(NZ + [logel*) (€2 )%, (4.16)

or in the conservative case, in the considered regime (GP), for all 6§ > 0,

’ QR| <t,9 5N6£*R+N( iy )1/2Hv(p5 Pe Q)HLQ+€N2 9( 5R>1/2' (412
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Proof. We split the proof into three steps, first computing the time derivative 8,:5;797 R,
then deducing an expression for 6t15€7Q7 R, and finally introducing the modulated stress-
energy tensor to replace the linear terms by quadratic ones, which are better suited for the
Gronwall argument.

Step 1. Time derivative of the modulated energy.
In this step, we prove the following identity,

A . alN?
at‘c/‘s,g,R = - /2 aVXR- <atusa Ve 7ZUENEVE> +/2 = 8t((1 - |U5|2>(¢5,9,R - XR|V5‘2))
R R

2

+ N.axr(Owue, tus)(div ve + v VR)
RQ

) loge
+ /2 aXR<N€(N€V6 —Je) - Opve —/\Ea]é?tuEIQ — Nove- Vo — | g |
R

For that purpose, let us first compute the time derivative of the modulated energy density

L. v;) (4.18)

1 ) aXR
50 (X Ve = e Neve? + S50 = fue)? + (1= fuePY (V2o + Fxn))

. ‘ . au,
= xr{(Vus — iucNove, VOyue — iusNeOpve —i0iue Neve) — XR(Opue, E—;(l — |uc )

1
+ 5&5((1 - |u6|2)(N52¢6,9,R + fXR))- (4-19)
Note that the first right-hand side term can be rewritten as
(Vue — iueNeve, Voue — iue NoOyve —i0pus Neve)

= (Vue, Vo) — NoOyve je — Never (Vug, i0iue) — Neve: (iue, VOyue)
NZ o, N2, 2
+7|u€| Or|ve| +7|Ve, O |u|

= div (Vue, Qpue) — (Opue, Aug) — NoOyve: je — Never (Vug, 10pue)

N2
—Nve- (atjz-: - <iatusv VUE>) + 78615(|u€|2‘v€|2)

. . . N2
= div (Vue, Que) — (Qyue, Aug) — Nove Opje — Neje - Opve —1—75(%(\%\2]\/6\2), (4.20)

where

div (Vug, Opue) = div (Opue, Vue — tuNeve) + div (Neve (Opue, iue))

= div (O, Vue — iue Nove) + Ne(Opue, iug) div ve +Neve: (Orje — Ve). (4.21)

Combining (4.19), (4.20) and (4.21), the time derivative of the energy density takes on the
following guise, after straightforward simplifications,

1 ) axXR

50 (X Ve = iueNove 2+ S50 = fue)? + (1= fueP) (N2 + Fxn))

= xrdiv (Opue, Ve — iusNeve) + Nexr(Opue, iue) divve —Nexgve: Ve

. au,
+ NoXR(Neve —je) - Ovexr Dy, Sie + 5 (1= uel?))

1
+ iat((l - |ua‘2)(N52¢s,g,R - Ne2XR|Va|2 + fXR))-
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Integrating this identity in space yields

a ) a
at/ §<XR‘VUQ - Zu6N5V5’2 2X2R(1 _ ’ 5’ ) (1 _ |u5|2>(N€2w5’g7R + fXR))
RQ

= /2 axRr <N€<8tu€, iue) divve —Never Vo + No(Neve —je) - 8tV€)
R
Qe .
—/ aXR<8tu€, Aug + (1 — |u5| —/ V(axr) : (Opte, Ve — iuNeve)
R2 g2 R2

+ [ 500 = 1P YN0 o = NExrlvel + ).
Decomposing V(axr) = axgVh + aVxg, and using (1.7) in the form
<8tu5, Bue + = e (1 = uel?) + Vh- Vug>
= <8tua, Ae(a + if5|logel)Orue — illog dFL -Vu, — fu5>

Ilog |

= )\aa|8tua|2 FL Ve — *f8t|ua|2

the result (4.18) follows after straightforward simplifications.

Step 2. Time derivative of the modulated energy excess.
In this step, we prove the following identity,

0Dz or = /2 % - (loge|(V+h — F1) —2N.v.)
R

+ /2 aXrNe(Neve —je) - Tecurl v — /2 Aeaax r|Owus — qu]\pr&g]2
R R

+ /2 axRNe(Opue — 1ueNep, 4, 1) (div ve +ve: VR — Acap, )
R

, . loge
— / aVXR - ((@ua — iU Nep, gy Ve — iue Neve) + [log |VJ‘>
R2

+ /2 aXRNs(NsVs —Je) -V pg@ / 5 61% 1- |us| )(@be,gﬁ - XR|V5’2))
R
- /]R? angs,g(]‘ — [ue| )(Vs' Vxr + xr(diV Ve + Ve Vh))

alN:|log e N,
+/ alellog | |8t(1—\ua\2) v VXR — ABXRPe,, —XRVe" (VLh—FL—2 d Va)
R2 2 llog €|

aNc|loge| 9 i 1 1 N,
—_— 1— : h—2F-—2 . (4.22
+ [ R 0~ ) - (Tt (9 oad"e) ) 422

Noting that identity (4.8) implies

log €| / axrOipe = |loge| / axreurl V;
R2 R2

=—lloger/ avaa-th—uoge\/ aVe - V*'xr,
R2 R2
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it is immediate to deduce from (4.18) the following identity for the time derivative of the
modulated energy excess,

2 a
ODeon= [ KBV, (logel(VHh - ) —2V.v.)
R

+ /2 aNex r(Opue, tug) (divve + ve- Vh) + /2 aXRNe(Neve —je) - Opve
R R

aN?
- /2 )\ECWXR‘&SUH2 + /2 = at((l - |ua‘2)(1/’6,9,R - XR|V£|2))
R R

losel

—/ aVXR <<8tu5,Vu5 —dusNeve) + VL>. (4.23)
RQ

Now using equation (3.1) for the time evolution of v, and an integration by parts, we find
/R2 axRNe(Neve —je) - Opve
= /}R2 aXRrNe(Neve —je) - Tecurl v +/R? aXrNe(Neve —je) - Vp.
= [ xRN (Nev. =) Tl vt [ axeNe(Nov. =12) - V02 =)
- /R | OXRNeDe p(Ne div ve —div je) — /]R L OXBNeD: o VI - (Neve —je)
- /]R aNep, Vxn - (Neve —jo).

Combining this with identity (4.9) yields
/ aXRNE(NEVE _ja) - Opve
R2
= /2 axrNe(Neve —je) - Decurl ve + /2 axrRNe(Neve —je) - V(p, — p&g)
R R
- /2 aXRNspg,g Vh - (Neve —je) — /2 aNspe,g VXR - (Neve —je)
R R

_/ aXRNapg,g (Na div v, +Je Vh — )\504<8tu5, iu5>
R2

 Jloge|
2

= /2 axrNe(Neve —je) - Decurl ve + /2 axrRNe(Neve —je) - V(p. — pg,g)
R R

Blloge
e R v/ [T Mm 6|>

— /R2 aXRNE2 Pe p(divve +ve- VR) — /R aNep, , VXR * (NeVe —Je)

. loge Blloge
+/2 aXRNapg,g <A8a<atue,lua> - | g |FJ_ V| 6’2 8’2g|at|ua|2>‘
R

Inserting this into (4.23), we then find

A a
ODeor= | %VS - (lloge|(V+h — F+) — 2N.v.)
R
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+ / axRNe(Opue, iue)(div ve +ve- VA + Aeap, ,)
]RQ

- / aXRNf Pe o(div ve +ve- VR) + / axrNe(Neve —je) - Tecurl ve
R2 R2
. aNf 2 2
+ , axrNe(Neve —je) - V(P — pa,g) + ) &5((1 — |ue|") (Ye,0,r — XRIVe] ))
R R

2
a
+ /2 %Ng]logzflpg,g()\eﬁalf,’ue’2 —F+. V‘“e‘Q) - /2 )‘aaaXR’atUEP
R R

|log e
2

_ /R aVxn - (e, Ve — iuNove) + VA4 Nop, o (Nove —2))- - (4.24)

Using identity (4.11) to turn V; into TN/E’g, the first right-hand side term is rewritten as

a
DRy (loge|(VEh - FY) - 2Nov.)
R
a ~
- /2 %(VE,Q — Neve0i(1 — ’u6’2) - Nepe,gV‘UE‘Q) ’ (|10g6‘(th o FL) N 2N€V€)’
R

while the last right-hand side term becomes

|log |

/2 aVXR - <<8tu57 Vu, — iuaNsV€> + T‘/EJ_ + Nepa,g(NEVe _je)>
R

= /2 aV xR - (((%ug — iU NeDg oy Ve — i Neve) + N2 Pe pVe(l — |uc|?)
R

|log e

N.|loge|
==y
2

2

Neloge]

* 2

Ve, - L0r(1 = Juel?) P V).
Further decomposing
|0y |? = |Opue — iUstpg,gF + 2N:p. ,(Ortue — iue Nep, ,, iue)
+ N2 o = (1= [ue)NZ|p. o,
(Opue, iue) = (Opue — iueNep, 5, ius) + [uc|*Nep, ,,
the result (4.22) easily follows after straightforward simplifications.

Step 3. Conclusion.

In the right-hand side of (4.22), the term fR2 axrN:(Neve —je) - Tecurlve is linear in
N.v. —je, thus preventing a direct use of a Gronwall argument. As in [95], we replace this
term by others involving the modulated stress-energy tensor S., which is indeed a nicer
quadratic quantity. For that purpose, let us integrate the result of Lemma 4.3 in space
with xgI'%, where T : [0,T) — W1H*°(R?)? is a given vector field (we would like to choose
[. =T., but a suitable perturbation will be needed),

/2 XRfé' div S, = /2 )\EaaXRfé‘ . <8tu5 — iU NeDPg 4y Ve — iu8N5V5>
R R
— /2 axgrle - (Neve —l—%]logs]FJ‘),ug + /2 axprN:(Neve —je) - Tecurl v,
R R

axXR = ~ axRr =
+ / ABR log o[FL - T, — / ALY N, log el p. , T - Ve ?
]R2 2 RZ 2
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2

- GJ);RFL Vh(]Vus iue Nov, |2 —|— (1—|u€|)

R2

_ ) . a
+/2aXRN5Fj (Neve —je)(divve +Vh -ve =Aeap, ,) —/2 XR(I — |uHTL - VS
R R
+ (1= [ue)(V2Ivef2 + )

- a
+ [ Acaaxad2pe (1~ [u)0E v+ [ XENflogel (- ViucP)(TE v,
R R

In the right-hand side, the term [, ax RNz (Neve —j:) -T.curl v, exactly corresponds to the
bad term in the right-hand side of (4.22). Replacing it by this new expression involving the
modulated stress-energy tensor, and treating as errors all the terms involving the difference
I, — T, we find

3
ODegr=3 T p+ I, p+ Iy
j=0
— /2 xrVTL : S. — /2 Aeaaxrl's - <8tu5 — s NeDg 5y Ve — iu5N5V5>
R

+ “XRPL Vh(\VuE iueNove? + 5 O Jue ))

R2
- /2 Aeqax g|Oru: — quN€p5,9|2 + /2 axgrl'e - (Neve +%|10g5|FL)/‘5
R R
AXR 1 L 1 L
+/ TVS’Q “(=AePlloge|l's + [loge|(V—h — F~) — 2N.v,)
R2

+ /2 aXRNE(@tuE — iU NeDy p, Te) + fj‘ < (Je — NEVE))(diVVs +ve: Vh — Acap, ),
R

where I o.R and I o.R AT€ given as in the statement, and where we have set

T£Q7R ::/R axRNe(Neve —je) - V(p. _ps,g)7
axr _
o= [ SR~ a2+ S)TE T

- /]R2 angE’Q(l - ]u5]2)(VE-VXR+XR(divvg—kvg-Vh))
a _ _
[ BRI VF = [ Aaaxed? b1~ fu )T v
R2 R2
Qa —
T2, 5= | N floge| (F1 - V(1 — Jue|) T v
10, R2 2
alN;|loge
+/ 6|2g|p€,9v(1_|“5‘2)
R2

_ N,
- VLXR+XR(VLh—2Fl—>\aﬁFj—2 d va) ,
[log €|
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3 aNf 2
Te,g,R = - at((l - ‘Us‘ )(ws,g,R — XR|Ve| ))
aN:|loge
+/ wat(l — |uel?)

R2 2

N
x | v&-VXR — AeBXRDe.p —XRVe" (VLh —Ft-2 vg) :
’ |log e

It remains to estimate these four error terms T z oR 0 <1 < 3. We start with T 0 o.R" In
the dissipative case we take o = oo, hence TO cor = 0. In the conservative case, using

the pointwise estimate of Lemma 4.2 for j. — N.v., and using Assumption 3.1(b), with in
particular

IV (p2 _pé,g)HLzﬁLw SIVPLllz Ape + Q_1||pz,g||L20L°° Sl
we find
T2 o1l St Nel|Vte — e Nevellp2 ) (IV (02 = D)2 + 11 = [uel?llr2(,0))
+ N2 = e Pllp2 3y ) V(P = Pey) 12
St 5N€(€5*,R+(1+ENE)N€( N )1/2”V(p5 Pe g)||L2

Using (2.1) or (2.2), Assumption 3.1, and the assumption ||T <t 1, we obtain in the

considered regimes, in the dissipative case,
72 0.5 St e(AV2NZ + RAlog ) (€2 )2,
and in the conservative case,
2 2 2 2 2 1/2
‘ QR‘ <t €(N€ + )\E\loge\ )(g:,R)l/ 5 ENE (gg,R) / :
Integrating by parts, T2 coR takes the form

Ne|log €|
R2 2

_ - N,
x div <apE7QVlXR + aXRFL(Fj- ve) + ape oXR (VLh —2F+ — )\gﬁfj‘ -2 |10g58|vg>>,

2
IZor="—

(1~ Juel?)

and hence, again using (2.1) or (2.2), Assumption 3.1, and the bound ||T¢|lyp1. < 1, we
obtain in the considered regimes, for all # > 0, in the dissipative case,

T2, 1| St eNelloge| (1 + RN+ ARY) (€2 )2,
and in the conservative case,
T2, 1l Sto eNfloge|(1+ A-0”) (€2 g)Y/? S eNZ (£ p)Y2.

Finally, we note that the choice (4.3) of 9. o r exactly yields

aN?
T3, = [ 550~ 0P U — xrlve )

aN?
= /2 9 (1 - |u5| )(8t¢8,g,R — 2XR Va'atva)y
R
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and hence, using (4.4) or (4.5), and Assumption 3.1, we obtain in the considered regimes,
in the dissipative case,

1720 mlly SeeN2(1+

and in the conservative case,

. [loge]

FRS) (€ R) M S S(N2 + Neflog el (€2 )%,

T2, k| Seo eNZe"(E2 )%,

The conclusion follow from the above with Ié’@ TOQ R+ Tlg R+ ng r+ Tg’g R O

5. VORTEX ANALYSIS

In this section, we recall and revisit some standard tools for vortex analysis, which are
needed in order to control the various terms appearing in the decomposition of 8ﬂ§6797 R in
Lemma 4.4. These tools will only be used in the dissipative case, and we restrict in this
section to the dilute regime N. < |loge|. (Suitable adaptations to the nondilute regime
N > |loge| are postponed to Section 7.1.)

5.1. Ball construction lower bounds. We need a version of the Jerrard-Sandier ball-
construction lower bounds [87, 57| that is localizable in order to be adapted both to the
weighted case and to the setting of the infinite plane with no finite energy control (hence
no a priori bound on the number of vortices), and which further yields very small errors
(we need an error of order o( N2), which gets very small when N diverges slowly). For that
purpose we use the version developed in [91], which in particular allows to cover the plane
with balls centered at the points of the lattice RZ?, make the standard ball construction
in each ball of the covering, assemble all the constructed balls, and then discard some balls
from the collection so as to make it disjoint again. The error in the lower bounds given
by this ball construction is essentially N¢|logr|, where r is the total radius of the balls, so
that we need to take r large enough (almost as large as O(1) when N, diverges slowly),
but here the pinning weight adds again a difficulty since it may vary significantly over the
size of the balls of this construction, thus perturbing the lower bound itself.

The following preliminary result describes the precise contribution of the vortices to the
energy, and in particular defines the vortex “locations”.

Lemma 5.1 (Localized lower bound). Let h : R? = R, a := ", with 1 < a < 1, let
u: 1 R? = C, ve : R?2 = R?, with |lcurl ve|j2qp0e S 1. Let 0 < e < 1, N, R > 1, and
assume that log & p < lloge|. Then, for some ¥ ~ 1, for all € > 0 small enough and all
r e (61/2,f), there exists a locally finite union of disjoint closed balls B”R, monotone in r
and covering the set {x : |uc(z)| < £}, such that for all z € RZ? the sum of the radii of
the balls of the collection B’"R centered at points in Br(z) is bounded by r, and such that,
letting BL == 4, BI, B := B(yj,r;), dj := deg(us,0B?), and defining the point-vortex
measure v, p i= 27 Zj djéyj, the following properties hold,

(i) Localized lower bound: For all ¢ € W1*°(R?) with ¢ > 0, we have for all j,

1
3 [ (Ve Vv %1 ) = o)l o)

5*
- OlrgEz Vol — 0(r2N2 + ajllog (2 4+ =) el 6.1
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Stmilarly, if ¢ is further supported in a ball of radius R,

1
2/r ¢<|VU€ iue Ne Vs| + 2% 2(1_| z—:| / o] 5R|
&,R
N2 4 *R g*R
- 00& )6l - 022 + ﬁ g (24 125 Yol (52)
(#1) Number of vortices:
N2+ &
sup [ gl s (53)
= JBr(2) |log el
(111) Jacobian estimate: For all v € [0, 1],
) NZ+ &g .
sup |2 g — fiell (2 (Br(2))* S Tvﬁ +2(E2 g + 2NP). O
z

Proof. We split the proof into two steps.

Step 1. Proof of (i)—(ii).
We use the notation E*R = sup, [p 2 (2) eg, with

1
€. 1= f(IVue —iuNove|* + min (1- |u€|2)2>7 Amin := infa(z) 2 1.
2 282 T

Note that by assumption we have in particular é‘: rS &g < e~ 1/5 We may apply [91,
Proposition 2.1| with Q. = R2, A, = N.v., with ¢ replaced by s/m, and with the open
cover (Uy)a = (Br(2)),crze (note that the argument in [91] indeed works identically on
the whole space, and that the energy bound is only needed uniformly on all elements of
the open cover). For some g, Cp, 7 ~ 1, for all € < g9 and r € (¢'/2,F), we obtain a locally
finite collection Bf p of disjoint closed balls covering the set {z : [u.(z)| < 1}, such that
for all B € B”R we have

/B (ég + ]\fcuﬂva]z) > 7r|dB|(log % — C()),

where we have set dp := deg(u., dB), and where C is defined as in [91, (2.4)]. Moreover,
the construction in [91] ensures that BL p is monotone in r and that Br(z) N B x has total

radius bounded by r for all z € RZ2. By [91, Lemma 2.1], we have Cg < 16|log 5]*15:;’}% <
log a]ilgg‘,R, so that the above becomes, for all B € B[ p,

_ . N? 2 &R
> Yy — ’ . .
/B<e€—|— ' ewrl v.[?) > lds|log(2) |dB\O<log (2+ “Ogd) (5.4)

Let r € (¢!/2,7) be fixed, and set Bl , = W, Bi, B := B(y;,rj), with corresponding
degrees d; := dp;. Noting that by assumption we have

| Jewlv? 5 B £ 72,
Bi
the result (5.4) takes the following form, for all j,

5
ée- > mld;llo d;|O|( log (2 +
/Bja_m o(t) - |(g( o

)) O(rN2). (5.5)
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Using the assumption log & p < lloge| and the choice 7 > £!/2, the above right-hand
side is bounded from below by §|d;|[loge|(1 — o(1)) — O(TJZNE), and hence, summing over
Bl e BL p with y; € Bpg(z), we find for all £ > 0 small enough,

U ~ *
shosel > 4l < [ O Y S €N,
Jy;€BR(?) Br1(2)NB; g Jy;€BR(?)

and hence, with the choice r < 1,

S g 56)
J;€Br(2) [log e

that is, item (ii). Let us now prove item (i). Let ¢ € Wh°(R?), ¢ > 0. For all B/ € B ,
we have from (5.5),

oe. = oty [ e —r|Volu~ [ &
> 7 (y;)|d;|log(Z)

& _
- 00110 (1og (2 122 )) = 600N ~ Vol | e

BJ

hence

/B 92 > mo(y)ld; | log(2)

g*
2 2 7R *
-0V sl ton (24 122 ) s = Oz Vel

Further assuming that ¢ is supported in Bg(z) for some z € RZ?, summing the above
with respect to j with y; € Bg, setting v p := 27 Zj d;jdy;, and using (5.6), we find

_ . log(%)
Ppee > £ /RQ ¢|V2,R|

B 2

N2 + &R &R x
-0+ = g (24 5 ol - 002 IV

Item (i) then follows by definition of é. with apin < a.

Step 2. Proof of (iii).
Using item (i) and arguing just as in [95, Proposition 4.4(5)], for v € [0, 1], we obtain
for all r € (¢1/2,7) and all ¢ € C (R?) supported in Bg(z) for some z € RZ?,

/Qb(V;,R_ﬂs)
S Meler > 1dyl

Jyj€BR(2)

_|_€'Y/2H¢HCW/ (‘vuff_quNanP—f—

Br

(1- |u€|2)2

o5+ Nefl — fuef?[eurl v
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2

NZ+&*
S P o+ (7282 2NE [ Jeurlv ) e 6.1
log e ’ Br
where | - |+ denotes the usual Holder seminorm and where || - ||cv := | |cv + || - [|[L<. The
result follows from the assumption |curlvc|[;2 < 1. O

In Section 6, strong estimates are proved on the time derivative of the modulated energy
excess D:} R, but these estimates a priori involve the modulated energy S; r- In order to
buckle the argument, it is thus crucial to independently find an optimal control on E:} R
or equivalently on the number of vortices, in terms of D . Note that in the case without
pinning and applied current no cut-off is needed and this difficulty is absent (the excess
is then indeed simply defined by D. = & — mN:|logel, cf. (1.12)). This control of £ ,
is the main content of the following result, and allows to further refine the conclusions
of Lemma 5.1 above. Particular attention is needed in the strongly dilute regime N <
log [log e| to ensure an error as small as o(N2) in the energy lower bound. Various useful
corollaries are further included. In particular, item (vi) gives an optimal control of the
energy inside the small balls, measured in LP for any p < 2. Since this LP result is already
enough for our purposes, we do not adapt the more precise Lorentz estimates of [97,
Corollary 1.2] to the present weighted context, and we instead use a more direct argument
adapted from [100].

Proposition 5.2 (Refined lower bound). Let h: R? - R, a := €, with 1 < a < 1 and
[VhllLe <1, let ue : R? — C, vo : R?2 — R%, with |lcurl ve|pi e, [Velle S 1. Let
0<e<xl, 1< N; S |loge|, and R > 1 with |loge| < R S |loge|™ for some n > 1, and
assume that Df p S N2. Then & g S Nellogel holds for all e > 0 small enough. Moreover,
for some ¥ ~ 1, for all e > 0 small enough and all r € (61/2, T), there exists a locally finite
union of disjoint closed balls B p, monotone in r and covering the set {x : |uc(z)| < 4
and for all ro € (61/2,F) and r > rq there exists a locally finite union of disjoint closed
balls B;?’T, monotone in v and covering the set {x : ||us(x)| — 1| > |loge|~1}, such that

g C B;%O, such that for all z € RZ? the sum of the radii of the balls of the collection
BL p centered at points of Bpr(z) is bounded by r and the sum of the radii of the balls of
the collection B;ORT centered at points of Br(z) is bounded by Cr, and such that, letting

Tr=U; BI, BI := B(yj,rj), d;j := deg(u.,0B’), and defining the point-vortex measure
Vigi=2m Zj d;jdy;, the following properties hold,

(i) Lower bound: In the regime N. > log|loge|, we have for all e °NVe) < r < Ne

[log ]
and z € R?,

_ a
ax%(\Vua — zu5N5V5]2 + 2752(1 — |u5|2)2)

lo
>

ge| .
25 [ axivinl - o). (58)
RQ
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< log|loge| we have for all e °WNe) < r < 1 and rg < r
with €'/? < ryg < miVTae‘, for all z € R?,

while in the regime 1 <€ N, <

1 . a
2/ ax%(\Vua —iuNove|* + S5 (1 — |ua|2)2)
By 2e
loge
> P8 [ aum = oln?). (59
R2
(i) Number of vortices: For e'/? < r <1,
swp [ gl S N (5.10)
z Br Z) ’
and moreover in the regime 1 < N, < |log 5]1/2 the measure v. p is nonnegative for
|log €|
all e MR <r <7,

(iii) Jacobian estimate: For '/? < r < 1, for all v € [0,1],
sup V2 g = fiell o By S T Ne + /2N |logel, (5.11)
sup e = fiell (o2 (Bp(ey)+ S €7 Nelloge|™*, (5.12)
hence in particular, for all v € (0,1],

sup fell(ca Brz)))s =y Nes sup [kell(cx Brz))) =y Ne (5.13)
(iv) Excess energy estimate: For all ¢ € W1 (R?) supported in a ball of radius R,
, a
/ d’(‘vua - ZuaNaVSP + ﬁ(l - |u5|2)2 - ‘logdﬂa)
R2 19
S (DL g+ o(N2)|gllwre. (5.14)

(v) Energy outside small balls: In the regime N. > log|loge|, we have for all e=°Ne) <
r <7 and z € R?,

/ X (Ve — iueNeve? + o0 (1= [uel)?) < D2+ o(N), (5.15)
R2\B €

< log [loge| we have for all v > e=°Ne) and roy < r with
2 < ry < uf)VTEE‘, for all z € R?,

while in the regime 1 <€ N, <

. a
/2\ L ax%(!VUE — i Novel? + 555 (1 - \UEP)?) < DZ p + o(N?). (5.16)
R Be’é

(vi) LP-estimate inside small balls: In the regime N. > log [loge|, we have for all €'/? <
r<tvandl <p<2,

sup/ Xa|IVue — iuNeve [P <Sp o(NP), (5.17)
B

z '
,R
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< log|loge| we have for all v > '/? and ro < r with
51/2<r0<<|lévTE€‘,forall1§p<2,

while in the regime 1 <« N, <

s.up/~ XaIVue — iuNeve [P <p o NP). (5.18)
= JBY O

Proof. We split the proof into eight steps. The main work consists in checking that the
assumptions imply the optimal bound on the energy 5:7 r S Nelloge|. The conclusion is
obtained in Step 5 for the regime log|loge| < N: < |logel, but only in Step 7 for the
complementary regime 1 < N, < log |loge|. The various other claims are finally deduced
in Step 8.

Step 1. Rough a priori bound on the energy.
In this step, we prove &7 p < R?|loge|?, and hence by the choice of R we deduce
‘R < |loge|™ for some m > 4. Decomposing p. = N.curlv. +curl (je — Neve), the

< N2 yields for all z € R?

~

assumption D} p

. loge
;,R < Da,R + ‘ 9 ‘ / aXZR,UE
R2

< N52 + Nc|loge| /RQ axglcurlve| + |loge] /R2 |V (ax®)||je — Nevel. (5.19)

Using the pointwise estimate of Lemma 4.2 for jo. — Neve, using [V(axg)| S 1B,a(2)s

lcurl vl 1 S 1, and ||[ve||pe S 1, we obtain
2 5 ogef? + o< [

1/2
(1= Jue)?) (/ V. — i Nove )
Bar(z) Bar(z)
+R|logs|(/
B

1/2
yvus—wgzvgvgﬁ) +RN€|log5|(/ (1—|u€|2)2)
S llogel? +elloge|€X p + Rllog e[ (€2 ).

1/2

1/2

2r(2 Bag(z

Taking the supremum over z, and absorbing £ , into the left-hand side, the result follows.

Step 2. Application of Lemma 5.1.
The result of Step 1 yields in particular log&*, < |loge|, which allows to apply

Lemma 5.1. For fixed r € (e!/2,7), let Bl p =W, BJ denote the union of disjoint closed

balls given by Lemma 5.1, and let v  denote the associated point-vortex measure. Using
Lemma 5.1(ii) in the form

g*
/ Wipl= D ldjl SN+ i =t (5.20)
Br(z) P [log €|
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Lemma 5.1(i) gives, for all ¢ € W1>°(R?) supported in a ball of radius R, with ¢ > 0,

1 : a
5 /;"R gﬁ(|Vu<E —du Nove|* + 2752(1 - ]u5]2)2)
[log €| x
> P8 [ ozl - 062 IVl
& & &
- 0(r2N3 + llog r| (N + =) 4 (N =5 Y log (24 - =F ))||¢|1Loo. (5.21)
[log & |log | [log &

We now prove the following consequence of these bounds, for all z € R?,

. a
/ ax%(\Vua — 2u5N5V5]2 + ﬁ(l — \ua\z)Q)
R2\BL . €

8*
< D+ 012+ (logr] + rfloge) (V. + 120

F (N Yoy (24 122)). (522

llog e

First, the lower bound (5.21) applied to ¢ = ax% is rewritten as follows,

1 . a
2/ ax§(|Vu€ — iucNove|? + ﬁ(l - ’%’2)2)
R2\B €

€ £ €
<TG+ O( 1€+ 72N + flogr| (Ne + =) 4+ (Ve + =Y log (24 =)
— "R + <r &R +r £ + ’ Ogr‘ € + Mng’ + € + ’10g€’ og + ’10g€| )

where we have set
rz o 1 2 . 2, a . 2\2 r
T p = axr(|Vue —iueNeve|” + 5 (1 = |ue|?)" — [loge|vf g ).
? 2 R2 2e ’

If !  was replaced by p. in this last expression, we would recognize the definition of the
excess D? . and the result (5.22) would follow. Hence, it only remains to check that for
all ¢ € W1°(R?) supported in a ball of radius R,

&g
|log ]

O —vip)| S (Ve + =B gllwrce + 6 lwoe. (5.23)

‘RZ

Using the result of Step 1 in the form 51/65;‘7}2 < 1, Lemma 5.1(iii) with v =1 yields

Eor
llog ¢|

8l — V)| S 7 (Net 28 ) [llwnce + /2 B llwce.

‘RQ

It remains to replace fie by p. in this estimate. By definition (4.10), with ||v¢||L~ < 1 and
Vol < 1) l|@llwree, and using the result of Step 1 in the form 52/3RN8(5:7R)1/2 <1,
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we find

¢(ﬂa - Ma)

<N [ Vel
Br(2)

1/2
S RNfolwnoe ([ (= Juc?)

BRr(2)

S eRN(ELR) P dllwree S V2@l e, (5.24)

/.

and the result (5.23) follows.

Step 3. Energy and number of vortices.
In this step, we show that (5.20) is essentially an equality, in the following sense: for all
2 < r« 1,

*

SN+ Sup/ XRIVE Rl- (5.25)
z R2

The lower bound follows from (5.20). We turn to the upper bound. Since the energy excess
satisfies D2 p < N2, we deduce from (5.23),

loge
DZRJFI \/ axpte

1 &R
]oga] / XRVaR+O<N2+r\log5]( Tog ’>> (5.26)

Taking the supremum in z, and absorbing &£F RN the left-hand side with r < 1, the upper
bound in (5.25) follows.

zZ1r | < N
Sgp/RQ XR|V6,R| ~ ’10g€|

Step 4. Bound on the total variation of the vorticity.
In this step, we prove that for all e~°(logel) < p <« 1,

sup/ X%‘I/;R‘ <(1+ 0(1))sup/ XRVer + O(Ny). (5.27)
z R2 z R2

This result is used in Step 5 below in order to replace fax%ygﬁ (resp. [ ax%pe) by
i XRVe.R (resp. [ X% ite), which is crucial if we want to avoid integrability assumptions on
Vh, as we do here.

The lower bound (5.21) of Step 2 with ¢ = ax?% yields for all y € R?, using the upper
bound in (5.25) to replace the energy £ p in the error terms,

1
ggR > 2/3r ax%(\wa 1ue N Vg, + (1— |Ua‘ ) )
£,R
loge
5 | § ’/ axgugﬂl—0<<logrl+rllogel>(Na+Sup/ X%’VQRD
R2 2 IR

—i—(N +Sup/ Xr|VL |) lo (2+ 8:’R)
€ . R? RIYe,R g ‘IOgE‘ .

For e°(log<l) < « 1, using the result of Step 1 in the form log & p < |loge|, we obtain
for all y € R?,

Ilog |

&2y > FES [ axhlvral —ologesup | ilvlal —o(Velloge). (529
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On the other hand, the upper bound (5.26) yields
log e
1< B [ o+ OW.llogel) + 1€ (5:29)
9 RZ b b
and thus, taking the supremum over y and absorbing 5’;" r in the left-hand side,

&R <

loge

P8t o) [ ol gl + O(N.oge),
z

so that (5.29) takes the form, for all y € R?,

|log e
SgR < 5 - ax%ug,R—i-O(NE]loga])+0(\log€\)sup - X&IVE Rl
z

Combining this with (5.28), dividing both sides by %|10g e|, and taking the supremum
over y, we find

sup [ ()" Ssup [ oxivLal = i) < OV + oDsup [ il
? z

z

hence
sup / &IV gl = sup / g+ 207 1))
z R2 z R2

<sup [ i+ O +o(Uysup | axilvZal
z

z R

and the result (5.27) follows after absorbing the last right-hand side term.

Step 5. Refined bound on the energy.
In this step, we prove & p < (Ne +1log [loge|)[loge|. By (5.20) this implies in particular
the optimal ones. The strongly dilute regime 1 < N, < log |loge]| is treated in Steps 6-7.
Let e—0(logel) <« » <« 1 to be suitably chosen later. Using (5.23), the bound on the
energy excess DF , < N2 yields for all z € RZ?,

e,R ~

sup, [gpe XzIVL gl £ Ne+log [logel. In the regime N, 2 log[log e[, these bounds are already

loge
£n < Dip+ B [ i N2 +flogel [ xilvEal +r(Veflogel + £2)
R R

and hence, using the result (5.27) of Step 4,

“r S Nelloge| + [log e[ sup /}R2 XrVer +7E R
4

Using (5.23) again, and absorbing £, in the left-hand side with r < 1, this takes the
form

2 S Nellogel + logelsup [ e (5.30)
z

It remains to estimate fRQ XFHte. Decomposing . = N.curl v, +-curl (jo — N.ve), using the
pointwise estimate of Lemma 4.2 for j. — Ncve, using [Vx3| S R_lllBQR(Z), IVxzlliz S1,
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lcurlve |1 S 1, [[veljne S 1, and using the result of Step 1 in the form £ 5 < 1, we find
/ Xale = Ng/ Xreurl ve —/ Vixg - (je — Nove)
R2 R2 R2

<N+ /2 IVxZ||Vue — tusNeve|.
R

Regarding the last integral, we distinguish between the contributions inside and outside the
balls B. p, with [Vx%| S R g, ) < B3R, VX2 S 1, and |Bar(z) N BL gl S 72,

/R2 Xnte S Ne + /R2\B VxRl Vus — iueNove| + R—l/B |Vue — tusNeve|
e,R

2r(2)NBL
' o\ 1/2
SN: + (/ Xor|Vue — iuc Neve| )
R2\B;R
1 2\ /2
R (/ Ve — dusNove| ) . (5.31)
Bar(z)

Estimating the last right-hand side term by rR™!(E* R)1/2’ using (5.22) to estimate the first,

using the bound on the energy excess D_ p < N2, and noting that k12 log1/2(2 +k) <k
holds for k£ > 1, we obtain

[ e SN (D) 4 R E ) (N o]+ 2

+(N5 N &g )1/2<|1Ogr| ©log (2+ &R >>1/2

llog e| |log e
< 1/2 12 | 1/2/e% \1/2 &R 1/2 EXR \1/?
~ N€+r (NE‘logED +r (gE,R) +0(1)@+‘10g7" N€+ ‘IOgE‘
Combining this with (5.30) yields
S*
|l 87R| S_, N. +T1/2(N€|log€\)1/2
oge
Er Er 1/2
1/2/ 0% \1/2 &R 1/2( e,R )
+r /2 (ER) T+ o(1) Togc] + |log r| N, + oz el ,
and hence,
S*
=R < N+ |log 7| + r'/%[loge|.
log el

The result follows from the choice r = |loge| 2.

Step 6. Refined lower bound in the strongly dilute regime.

In this step, we study the regime 1 < N, < log |loge|, for which the result of Step 5 is
not optimal. More precisely, we consider the whole regime 1 < N; < |loge| and we show
the following: for all rg € (El/ 2 7) and r > 7o, there exists a locally finite union of disjoint
closed balls BN’;?]{, monotone in 7, covering the set {z : ||uc(z)| — 1| > |loge| 1}, such that
for all z the sum of the radii of the balls intersecting Br(z) is bounded by C'r, and such
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that for all € > 0 small enough, and all rg < r satisfying

N N
llog e| N: + log |log e’

2 <y < e W) < <1, (5.32)

we have for all z € R2,

1
2/ ax%<|Vu5 tue N, V5] + (1 — |u5| ) )
BTO,T

&, R
|loge|/ £ \? 2
Xl — 0(1)(|10g€|) o(NZ). (5.33)

We split the proof into three further substeps.

Substep 6.1. Enlarged balls: in this step, given some fixed rg € (51/ 2 F), we construct the
enlarged collections of balls BTO’
According to [90, Propomtlon 4.8], and using the energy estimate of Step 5, we have

Tforr>7‘0

H' (o € Br(2), |lu-(z)| — 1] > log | '}) < Celloge]%E: 5 < Cellogel,

where H! denotes the 1-dimensional Haussdorff measure. From [90, Section 4.4.1] and [91,
Section 2.2], it follows that we may cover the set {z : ||u.(x)| — 1| > |loge|~'} by a locally
finite union of disjoint closed balls such that for all z the sum of the radii of the balls
intersecting Br(z) is bounded by Celloge|*. We then combine this collection of balls with
the collection BZ?R. Inductively merging as in [90, Lemma 4.1| any two such balls that
intersect into a ball with the same total radius, we obtain a new collection B;?R of disjoint
closed balls that cover the set {x : ||uc(z)| — 1| > |loge|~!}, and such that for all z the
sum of the radii of the balls intersecting Br(z) is bounded by ro + Celloge|® < Cry.

Let us now grow the balls of this new collection B;?R following Sandier’s ball construction,
as described e.g. in [90, Theorem 4.2|. This consists in growing simultaneously all the balls
keeping their centers fixed and multiplying their radius by the same factor t. If some
balls touch at some point during the growth, the corresponding balls are merged into one
larger ball containing the previous ones and with the same total radius. This construction
ensures that the balls always remain disjoint. Stopping the growth process at some value
of the factor ¢, and setting r = trg, we denote by Bm’ the corresponding locally finite
collection of disjoint closed balls. By construction, for all z, the sum of the radii of the balls
that intersect Br(z) is bounded by Ct(rg + Cs|log g|%) < Cr. Note that by construction
Bl% C Bl = BUR".

Substep 6.2. Preliminary estimate.
According to [97, Lemma 3.2] (applied with ¢ = d and A = 1), we have, for any S!-valued
map v with degree d on a generic ball B of radius r, and for any vector field A : B — R?,

1 ?  wd® 1 2
/ Vo — ivA|* + / |curl A? > W—W—#—/ ’Vv—ivA—ivdz ,
2 Jon 2 JoB r

Ue

where 7 denotes the unit tangent to the circle 0B. Applying it to v = ] and A = N.vg,
and noting that |Vue — iu. F|? = |u|?|V e ]~ ‘F\Q + |V|uel|? holds for any real-valued
vector field F', we obtain the following improved lower bound on annuli: if the condition
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||uc| — 1| < [loge|~! holds on OB, then we have

1 1
(1+O(|log6|_1))2/ |Vu5—iu5N5v5\2+2Nf/ curl v, 2
0B B

? md® 1 2
> UL + 51— O(“Og5|l))/ ‘VUE — tue Neve _iuadz . (5.34)
r 2 2 9B r

Substep 6.3. Proof of (5.33).
Let 9 > 0 be chosen as in (5.32). We start from Lemma 5.1(i) with ¢ = ax}, combined
with the refined energy estimate of Step 5 and the choice of rg, which yields

1
/ GX%<|VUE 1Ue N, Vs‘ + 55 (1 _| 5| ) )
B""O 2

>
e, R
log (% £
> Ogéé)/a RVl — o(N2) — C(N. +

g

)1og< ben ) (5.35)

[log el

We next need to show that this lower bound for the energy is essentially maintained
during the ball growth and merging process, hence holds as well for the collections 5’201’;
with r > rg. 7
Assume that some ball B = B(y, s) gets grown into B’ = B(y, ts) without merging, for
some ¢ > 1, and assume that B’ \ B does not intersect Bgo , 5o that |Juc| — 1| < [loge| ™t
holds on B’\ B. Let d denote the degree of B (hence of B’). Since by assumption we have

la(z)xk(z) — a(y)xeW)] < x&(W)la(z) — a(y)] + a(z)[xk(*) — xR (Y]
< C(R+x:W) |z —yl, (5.36)

we may write

1
/ axi (1Vue = iueNove? + 25 (1= fuc)?)
B\B

@H<w/’|w@4wmwﬁ4m*/ [+ =9IV — iueNeve
B\B B\B

MX

- CXZR(y)/ |- —y||Vue — iu5N5v€|2.
B\B

Using that |us| < 1+ [loge|~! holds on B’ \ B, the last right-hand side term above is
estimated as follows,

/ -yl Ve — iuNov. ?
B\B

) . 7d |2
<2 |- —y] ue]? ‘ ‘ + 2 |+ —y ‘VUE — U NV —iUe ———
B'\B |- =yl B'\B |- —yl

< Cd?(t—1)s + 2ts/
B'\B

‘ (5.37)

‘Vu6 — U Nove —iug

_Td
|- =yl
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oL
where 7(z) = (Tw—yzl is the unit tangent to the circle centered at y, and we may then

deduce

1
[ o1V = NP+ 50— )
2 /s 2

> a(y)XR(y)/ |[Vu. — iugj\fgvg|2 — CtsR~! / |Vu, — qu]ngg\2
2 B/\B /\B
2 z z . - Td |2
— Cd*(t — 1)sxn(y) — Ctsxzr(y) ’Vu6 — tueNeve —zugm (5.38)
BAB _

Again using that |juc| — 1| < [loge|™* holds on B’ \ B, the estimate (5.34) on the ball
B(y, p) for p integrated between s and ts takes the form

1
(1+C]10g6]_1)2/ Ve — iuNove|?

B\B
1
> md*logt — ng(t —1)s— §N€2(t - l)s/ |curl v, |2
B/

d 12
’Vue — tueNeve —iu€7| T |
Y

+(1- C’|log£|71)% /

B/\B

Combining this with (5.38), we are led to

1
(1+ C|10g5|_1)§ /

B/\B

axi (Ve = iueNove 2 + 55 (1 = |uc[2)?)

> a(y)xi(y)nd* logt — C(t — 1)S(d2 + N2 [ Jeurl v5|2>

B/

— CtsR™! \ |V, — iue Nov, |
B\B

a _ _ 2
+ ( ) (1—Clloge|™!) — Cts)XZR(y) /B'\B ’Vu5 — U Nove —itue ———

; ‘ '_y|‘ (5.39)

For ¢ small enough and ts < min{1, 4 infa} =: 7 (note that by assumption 7 ~ 1), the
last right-hand side term is nonnegative, so that we conclude

1
1+ Cllogel )5 [ axi(IVue = iucVove P+ 2501 = Juc )
2 B/\B
> a(y)xG(y)md® logt — C(t — 1)5(d2 +N2)
— CtsR™! / |Vue — du-Neve|?. (5.40)
B\B
If the ball B = B(y,s) belongs to the collection Bgo}g for some r > rg, only a finite

number of balls of the collection B.% are included in the ball B. Denote them by B/ =
B(y;,s;), j = 1,...,k. By definition, the degree d of B is then equal to d = Zj d;,
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where d; denotes the degree of BJ. We may then write

a(y)xg(y)d® > Zd > Z a(y)Xw(i)d; — C Y 1dilly = yilLp,qc) (4))

J

> Za UXEWi)d; — Cs > 1d;[1p, 0 (y5),
J J
and hence, in terms of the point-vortex measure 1/6 o
1
a(y)xiky)d® > — axf%V;OR - C’s/ |V %] (5.41)
7 Bap(z)
Therefore, if the ball B = B(y,s) belongs to the collection BI% for some r > ry and

gets grown without merging into a ball B’ = B(y,ts) for some t > 1 with ts < 7, then
combining (5.40) and (5.41) yields

1
(1+C|log5|_1)2/ GX%<|VUE iue Ne V€| +53 9e2 (1_| s| ) )

B'\B
logt " 7‘ 2
> —— | axgv.’r — Cslogt [V = C(t — 1)3<NE + v % )
2 Js Bogr(z) Ber(z)
— CtsR! |Vue — iucNove|?,
B'\B
hence, using Lemma 5.1(ii) and the inequality |logt| < ¢ —1 for ¢ > 1,
1 4
B CL><R<|Vu6 i Neve|? —|— (1 — |ucl?) )
B'\B
logt EXR \2
> 208t axpV% — C(t—1)s (N + ) — CtsR™! |Vu, — iu5N5V5]2.
2 JB ’ |lo 5\ B\B

By construction of the ball growth and merging process, this easily implies the following:
if a ball B = B(yg, sp) belongs to the collection B.°; for some ro < r < 7, then we have

1
2/ i a)(fQ(|VuE it Neve |2 + (1— |ug |?) )
B\B%,
log(L & 2
> (TO)/ axgv.’s — Csp (N€ + —=f ) — CsgR™! |Vue — iuNove|?,
2 Jp = |log e B\,

hence, using the choice R 2 [loge],
1
[ axi(1Vie = iueNove P+ 550 ucP)?)
B\B',

2
log(X) EXp \2
> 70 z .70 —C (N g, > )
> 25 [ oty — Csp (Ve 2

Summing this estimate over all the balls B of the collection BTO’ that intersect Bap(z),
and recalling that the sum of the radii of these balls is by constructlon bounded by Cr, we
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deduce for all ryp <r <7,
. a
/ ax§(|Vug — iuNove|? + S5l — |u5|2)2)
7‘0 T\BTO 26

log(+) EXp \2
> 70 z . ro C (N g, ) .
-2 /11@2 IXRVe,R Tt llog €|

N

Combining this with (5.35), and recalling that by definition B n C BTO , we deduce

1 i log (%) 2oy
2/#0; aXROVug ius N, V5| + — 522 (1—| €| ) ) 25 /R2 (LXRI/E?R
EXp \2 )
—C’r( : ) —o(NE)—C'<

and hence, using Lemma 5.1(ii) and the choice (5.32) of r,

*

&
|logP;|> log (2+ |10glz:| ), (42

1
Q/TOTaxﬁ(]Vua iue Nove)? —l— (1 — |uel?) )

loge| [ &R
> z T0 1 (N )
> > o axpV.p — Cllogr]| + |log5|

o £ 2
~Or (Gt ) = o) = (N4 = tog (24 21

loge : EoRr \2
> P [ o) () - o)

log e

that is, (5.33).

Step 7. Optimal bound on the energy.

In this step, we prove & < Nc|log g, thus completing the result of Step 5 in all regimes
1 < N. < [loge|. Note that by Step 3 this also implies sup, [go XZR|Z/§R|

By Step 5, it only remains to consider the strongly dilute regime 1 < NE g log |log |-
Let rg < r < 1 be fixed as in (5.32). On the one hand, using the estimate (5.23), we
deduce from the result (5.33) of Step 6,

1
2/ ) ax%(\Vua iue N, Vgl + 2(1— \us\ ) )
R2\BLY 2¢e

& EXp \2
<D:p+ O(rollogé‘](]\f + ]10g6\>> —|—0(1)<“Og’};) + o(N2)

and hence, using the assumption D; < N2, the suboptimal energy bound of Step 5, and
the choice (5.32) of 7o,

1

& 2
2 &R
2/]1@\3201{ aXf%(Wue iuNove|? + 52 2(1 — |ucl?) ) < N +0(1)<\log€\) . (5.43)
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On the other hand, combining the estimates (5.30) and (5.31) (with B p, replaced by By
of Step 5, we find

Sr S Nelloge| + |10g8|(sup/
z

R2\l§20}ﬂ;

1/2
Nl Ve — iweNeve2) 4 rllog | R (€2,5)"/2.

Now inserting (5.43) yields
S r S Nelloge| + o(1)E7 g + [log 5|R_1(5:,R)1/27

and thus, recalling the choice R 2 |loge|, and absorbing & in the left-hand side, the
result &7 p < Nellog g| follows.

Step 8. Conclusion.

The optimal energy bound &7 p < Ne|log | is now proved. In the present step, we check
that the remaining statements follow from this bound. We split the proof into seven further
substeps.

Substep 8.1. Proof of (i).

The result (5.8) follows from (5.21) in Step 2 with ¢ = ax%, combined with the optimal
energy bound. Repeating the argument of Step 6 with the optimal energy bound rather
than with the suboptimal bound of Step 5, the choice (5.32) can be replaced by el/2 <
ro K %. For such a choice of r¢, and for r > 7y as in (5.32), the result (5.33) together
with the optimal energy bound directly implies the result (5.9) in the strongly dilute regime
1 < N; <log|logel.

~

Substep 8.2. Proof of (ii).
The bound (5.10) on the number of vortices follows from the result (5.25) of Step 3
together with the optimal energy bound. It remains to prove that in the regime 1 < N, <

|log ¢|
llog e|*/? for e MR < r < T each ball of the collection Bf  has a nonnegative degree.

This is a refinement of the result of Step 4. The lower bound (5.21) of Step 2 with ¢ = ax%
can be rewritten as follows, using the optimal energy bound, for all z € R2,

_ |loge|
foze| | axivim) = 5 [ axillviel—vin)

|lo

z p—
= “c,R

€
§ | /2 axrVer + O(rN€|log5\ + TQNS + N:|log r\) + o(Nf),
R

and hence, using (5.23) to replace v! , by . in the right-hand side, and using the assump-
tion D? , < N2, we find

e,R ~

lloge] / (V7)™ < N2+ rN.[loge| + N.[logr]. (5.44)
RQ

|log €]
Dividing both sides by [loge|, we deduce for N, < [loge|'/? with PRl = <r< NY

swp [ () < L
z R2
which means that for ¢ small enough there exists no single ball BY € Bg’ r With negative

degree d;j < 0. This proves the result for r < N71. Now for N1 < r < 7 the same
property must hold, since, by monotonicity of the collection Bf; r With respect to r, for
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any r > r’ the degree of a ball B € B; r equals the sum of the degrees of all the balls
B’ € B.(r") with B’ C B.

Substep 8.3. Proof of (v).

In the regime N. > log|loge|, for e °V) < 1 « “éVTEE', the result (5.15) follows
from (5.22) together with the optimal energy bound. Monotonicity of B! R with respect
to r then implies (5.15) for all 7 > e~°(N<) in the regime N, > log|loge|. In the regime
1 <« N < loglloge|, it suffices to argue as for (5.22) in Step 2, but with the lower

~

bound (5.21) replaced by its refined version (5.33): for ro < r with £'/2 < ry < % and
e Vo) <1 <« 1, the estimate (5.33) together with (5.23) indeed yields

1
5 [ (190 N 4 a—m4>)
R2\B.%
1 loge
§2/2ax’f_—i(|Vu5 e Nov, |2 —|—2 2(1—| ue|?)? ‘ 5 ‘/ Rl/ +0(N2)
R

<Digp+ roN llogz-:! +0(N2) = DZ g + o(N2),
and the result (5.16) follows by monotonicity of Bgo},{ with respect to 7.

Substep 8.4. Proof of (iii).

The Jacobian estimate (5.11) follows from Lemma 5.1(iii) together with the optimal
energy bound, and the estimate (5.12) with v = 1 similarly follows from (5.24). The
result (5.12) for all v € [0, 1] is then obtained by interpolation (as e.g. in [59]) provided we
also manage to prove, for all ¢ € L°°(R?) supported in a ball Br(z),

Qs(ﬂz-: - ME) N RN€|IOg5|H¢HL°°- (5'45)

e

Let ¢ € L*®(R?) be supported in Bg(z), for some z € R%. By definition (4.10), we find
/2 &(fte — pe) = N /2 ) ((1 — |ue|?)eurl ve +2(Vu, — iusNove, ue) VSL)
R R
< Ne||o||Les / (|1 — |u€|2||curlvg| + 2|ve||1 — |u5|2||VuE — dusNeve |
Br(2)

+ 2ve|[Ve — dusNove \),

hence we deduce from the optimal energy bound, with ||v.||re<, [[curlv.|2 < 1,

P(fie — puc)

s < (eN2lloge] + RN.flog ) |1~
R

that is, (5.45).

Substep 8.5. Proof of (iv) in the regime N, > log |loge|.

We focus on the regime N, > log|loge|. Let el/2 < 1 < 1 to be later optimized as a
function of €. We write as before B, = tl-Jj B, BI = B(y;,r;j), we denote by d; the degree
of BY, and we set vl p =2m);d;dy,. Given ¢ € W1oo(R?) supported in the ball Bg(z),
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we decompose

/[R2¢<]Vug it Neve 2 + 555 (1 — uel)? = [log el )

< / (]Vue — iucNove|? o2 (1 — [ue ) )
R2\B! .

_ a
+ Z ‘ / _ ¢)<|Vu5 — iueNeve|” + ﬁ(l - |Ua|2)2> — 27¢(y;)d;|log el
g ©

< lools [ a1V - N (1 - )
R2\B§‘R

‘I’HCL_IQZ)HLOOZXZR(yJ) /BACI,(VUE ZUEN V5| + (1*| €| ) )
j J

—2ma(y;)d;|log |

rlla e /

BQR(Z)QB;R

, a
(\Vua — iueNove|? + @(1 - |ua\2)2). (5.46)

Combined with the optimal energy bound, the localized lower bound (5.1) in Lemma 5.1(i)
with ¢ = a yields for all j,

1
2/Bja(|Vu‘E iue Nove | + 52 2(1— |ue |?) )
> ma(y;)|dj|[loge| — O(rjN:[loge| + |d;||log r| + |d;|log N¢),

hence

[ a1 = i Nevef? + 551 e >)—2m<yj>rdjmoge\
J

< [ a(1Vue = iucNove P+ 550 uc)R) - 27a(ys) ds o
BJ
+ O(r;jN:|loge| + |d;||log r| + |d;|log N.).
Noting that x%(y;) < x%(y) + O(R™1r;)x35x(y;) holds for y € B;, we obtain

)| [ af[Vue = ineNove P+ 5251 = fuel)2) = 2mas) 1 log ¢
J

< [ (|9 = N+ 5550 = ) = 2700l o ¢
J

+X5r(y;)O (7 Nelloge| + |djl[log 7| + |d;| log N).

Inserting this into (5.46), and using the bound of item (ii) on the number of vortices, we
find

[ 617 = i Neve + 251 = e ozl )

SHa—1¢HLoo/ aXR<\Vu5—2u5N Vel 4 o0 (1~ ) — flog el )
R2

2e
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rla e /

(IVue = iweNeve? + 525 (1 Juc)?)
. 2e2
BQR(Z)QBE’R

+ O(rN:|loge| + N:[logr| + N log Ne)||¢]|r.<,

where the second right-hand side term is estimated by rN:|loge||la=1®|lyy1., and where
the bound (5.23) can be used to replace v g by pe in both sides up to an error of order

(rN:|loge| + 1)||¢||. In the present regime N. > log|loge|, we may choose e °(Ne) <
r < “(])VTEE', and the conclusion (5.14) follows for that choice.

Substep 8.6. Proof of (iv) in the regime 1 < N, <

< log |loge].
We turn to the regime 1 < N. < log |logel, in which case the proof of (iv) needs to be

adapted in the spirit of the Computations in Step 6. Let ¢ € W1>°(R?) be supported in

loge|
the ball Bg(2), and let e —o(1); NE <7y K |logs\ First arguing as in Substep 8.5 with this
choice of ry, we obtain

. a
/Bro ¢<|VU€ - ZUENEVE‘Q + 2762(1 - |u€|2) log(?o) aR)

&,R

<l ol [ (19 = i Nov P+ 3250 = ) = Tog(22)02%)

,R

+o(N2)||9llwreo.  (5.47)

Now we consider the modified ball collection B’;Oj{ with r > rg, as constructed in Step 6.1.
Assume that some ball B = B(y, s) gets grown into B’ = B(y, ts) without merging, for
some ¢t > 1, and assume that B’ \ B does not intersect BE ', 80 that by construction

||us| — 1] < [loge|~! holds on B"\ B. Let d denote the degree of B (hence of B’). We may
then decompose

';/B/\B(bOVug tus N Va\ —|— (1 — ]u€| ) ) —qﬁ(y)ﬂdlogt'

< Jla ¢l

1
I (TR AR (1—|us|>)—a<y>xa<y>wdlogt\
B\B

B} 1 .
+la e [ r-—y\xR(Wua e Nevel? + o0 (1= Juc2)?),
B\B

and hence, decomposing x%(z) < x%(y) + O(R™?!) for all z € B’ \ B,

';/B’\B (|Vug—w5N ve|? T o2 (1_| we|?) ) ¢(y)7rdlogt'

< [la™"gllr~

1 a

— z e — y ENE e 2 _ 1 . - 2\2 _ z dl t
) /B’\B aXR(|Vu iue Neve|” + 252( lue|”) ) a(y)xz(y)mdlog ‘
+ XR(y) Ha_lngWl’Oo / ’ ’ _y’<‘vu€ iue N, Ve’ + (1 — ‘Ua‘ ) )

2 B'\B

+CtsR_1H¢HW1,oo/ (1Ve = e NavelP o 25 (1= ucPP?).
B\B
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Arguing as in (5.37) yields

1

'2/3'\3 (|Vu5fw5N ve|? REY) (1*| ue|?) ) qs(y)wdlogt'

< la™ gl

1
5[ oV — NP+ <1—|g|>)—a<y>xg<y>wdlogt\
B\B

z —1 2 ) . Td |2
+xmW)|la™ bl | Cd*(t — 1)s + ts ‘VUE — U Nove — e ———
B

\B |- =y
— . _ a
+ CtsR™Y|¢||y1. / Ve — iueNove|? + Cts||a™ ||y / —(1- lue )2
B'\B B\B ¢
(5.48)

Recalling the improved lower bound (5.39), and combining it with the bound of item (ii)
on the number of vortices, and with the assumption ||curl v.|| =~ < 1, we find

1
(1+ Offogel ™3 [ ax (19 - duNove P+ 251 uef?)?)

> a(y)xi(y)nd?logt — C(t — 1)sN2 — CtsR™* / | Ve — iusNove|?
B\B

Td |2
‘Vus — tueNeve —iusm

and hence, injecting this estimate into (5.48), we deduce for £ small enough and ts < 1,

+ (“(29)(1 — Clloge|™") — Cts)x?z(y)/

B\B

1
'2/3/\B¢<|Vug U Neve? + = 522 (1 — |uel?) > —qﬁ(y)wdlogt'

1 z z
< Clolwroe (5 [ a1V = N 4 5750~ ) = alw)iymdlogt
B\B
+ Ot — 1)sN2||B| 100 +Ct5R1||q5||W1,oo/ | Ve — iueNeve|?
B\B

a
+Cts\|¢||W1,oo/ (1= [uel*)*.
B/\B 9

Using the bound of item (ii) on the number of vortices, we find

logt

slmdioge <5 [ o,

so that the above becomes

1 logt ,
'2/ ¢<|Vu5 1ue N, Vs‘ + (1 _| 5| ) ) - Qg/ ¢V5?R
B\B B

< Clolwres ([ ax%,(\Vus NP+ 5550~ ) = log [ axiuty
B'\B B’

slogt

IVl /B V0] < Ot — 1)sN.|[ V1=,

Lo - 1>3N3+CtsR—1/ yvug—z'ugz\rgvgyucw/ L1 uef?) )
B/\B B\B g
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By construction of the ball growth and merging process, this easily implies the following:
if a ball B = B(yB, sp) belongs to the collection BTO’T for some g < r < 1, then we have

1
'2/ (Ve = i Neve P 4 55 (1 Juef?)? /¢
B\B%,

< Clolbwroe ([ a1V indove 4+ 5500~ [0?) ~tou(5) [ axio
B\B;?R B

a

(1 ).

+ CSBNE + CsgR™! / |Vue — ’L'uENgva\2 + CSB/ -
B\BTOR B\BTO £

Summing this estimate over all balls B of the collection BZOI’{ that intersect Bg(z), and
recalling that the sum of the radii of these balls is by construction bounded by C'r,

1 , a log(;=)
(T N R N e
2 BIOT\BO, 2e 2 R2 '

< Cldlwre( [ axi (Ve —iueNove? 4+ 55 (1—|u5|))—1og(;)/ A,
T\ B0, 07 Jr2 ’

e, R

+ CrN? + CTR_l/ |Vue — iuNove|® + Cr/ %(1 - \u5\2)2>. (5.49)
Bar(z)

BQR(Z)

Let us estimate the last right-hand side term of (5.49). Applying the lower bound (5.33)
with e replaced by 2¢ (with e < 1/2), together with the optimal energy bound, we obtain,
for r > rg with emoWNs) < p < 1,

logg 10g2 log(2e
REEL [ axilvznl — 52 [ axalortel - ov2) = PEZL [ oy - o)
2 R2 ’ 2 R2 )

1 ' a
=3 / (Ve = ueNevel? + 5555 (1= fuel)?)

* ng 3
< D R+ | ‘ / R,Us - 1662 /TOTGQX%(l - |Us‘2)2.
e, R

Using (5.23), the bound of item (ii) on the number of vortices, and the choice of 7y, we
then find

3
162 5o 2XZR(1 - |u€|2)2
&R
. [log e| log 2
< Dipt iy | axklue = viR) + =5~ [ kil + o(N?)

< Dip+o(N2) S N2

Combining this with the result (5.16) of item (v), we deduce the (suboptimal) estimate

z
Sup/ XR (1~ Ju?)? < N2, (5.50)
z R2 €
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Injecting this result into (5.49), together with the optimal energy bound and the choice
R 2 |loge|, we find

r

1 log(7) o
5 Lo S(1V0e = iueNove 2+ 55 (1= u?)?) = =2 | ol
Bk \Bg 2 Jr 7

<Clolwroe( [ (V0 - N+ 50 )
BTQ,T‘ BT‘O

e, R ,R

—log(;) /11@2 axXpViR + CTNEQ). (5.51)

Combining this with (5.47), and recalling that by definition Br C BE '»> We deduce

1 log(%) ro
'Q/BM(\W& iueNeve|? +to3 (1—| ue[?) ) - 2/]Rz ov.'p

. a
< Cllgllw ( [ X1V Nove P 7 (1)) <o) | ax%u;?wwf)).
B_"; R

&R

Using (5.23) to replace v % by e up to an error of order (roN:|loge| + 1)[[¢|lpre <
N2||¢|lyy1.00, the result (5.14) follows.

Substep 8.7. Proof of (vi).
We adapt an argument by Struwe [100] (see also [92, Proof of Lemma 4.7]). Recalling
that |Bap(2) N BL gl S 72, a direct application of the Hélder inequality yields

z o P < .2—D z . 2p/2< 2—p p/2
X&|Vu: — iucNevelP Sr X7l Ve — iuc Nov| < r*7P(Ne|loge])P/2,
SR Bl r
which only implies the result if we are allowed to choose the total radius r small enough.
Otherwise, it is useful to rather work on dyadic ‘annuli”. For each integer 0 < k < K, :=

[logy (7)), define the “annulus” Ej, := BT \Bg%%k We set for simplicity s, := r27F.
Applying the Holder inequality beparately on each annulus yields

. . p/2 /21—
/ X&|Vue — iuNove|P < (/ e Xr|Vue — zu5N5v5|2> |Bar(2) N BZ g |L-P/2
,R

p/2
+Z(/ Nl Vite = i Nevel2) " | Ban(2) 0 By 1712,
k=0 7Bk

Using that |Bagr(z) N Bgl/2| < ¢, that |Bagr(2) N Eg| < 57, and that the integral over B;lg
in the right-hand side is bounded by &Z p < Ne[log e[, we deduce

/ X%‘vus - iueNeVe’p
-
&,R

K.
< 1PN [log £])P/2 + Zsf;P(/

z . 9 p/2
ooy Xal Ve — iuNeve| ) . (5.52)
k=0 R2\B_5F
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It remains to estimate the last integrals. Using Lemma 5.1(i)—(ii) in the forms (5.2)
and (5.3), together with the optimal energy bound, we obtain

1
3 o (190 = 0o+ 1= e ?)

e,R

llog el

axrY, jkﬁl - O(N6|10g 5k+1’ + 3k+1NsUOg€]) — o(Nf),

and hence, using (5.23) to replace uakﬁl by e,

1 .
3 /RQ\B%H axr|Vue — zu5N5V5]2 <D g + O(Ne|log sgy1| + sgy1Ne[logel) + o(Nf).
Ifr< |10g E then s, <r < “ = for all k, so that we find
/}RQ\B%+1 X7|Vue — iuNeve|* S N2+ N.(|logr| + k). (5.53)

Inserting this into (5.52) yields for all p < 2, with r < “Og5|,

/ X&|Vu: — iusNevelP
‘R

Ke

S PN flogel)? + 30 (r2 )2 (NE 4 NP flog r[? + N/2k2)
k=0

<p eP2(N|loge|)P/? 4+ 12 PNP 4 r2 P NP/2|log r|P/2.

In the regime N, > log |loge|, we may choose e °(Ne) < < “(])VTEE', and the above yields
for that choice

/ Vil Ve — i Nove P < N2, (5.54)
.

that is, (5.17).

We now consider the regime 1 < N; < log |loge|. In that case, we need to prove (5.54)

for larger values of the radius r > e=°V=)  and the above argument no longer holds. Given
2 < ry < “JVde, we replace the initial total radius /2 by ro and for rg < r < 1 we
consider the modified dyadic “annuli’ Ej, := ZS’TO’T2 \BTO’T2 TO, with 0 < k < K :=

[logy(7-)]. We set for simplicity 8 := (r2” ) V rg. The decomposition (5.52) is then
replaced by

/~T TXR‘VUE iue Neve|P

&R
—p p/2 o 2—p P ) 9\ P/2
Sy C(Ne|loge|)P/ + Zsk ( o Xr|Vue — iusNove| ) , (5.55)
k=0 R2\B T !

where it remains to adapt the estimate (5.53) for the last integrals. The lower bound (5.42)
of Step 6 together with the optimal energy bound and with the bound of item (ii) on the
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number of vortices yields

1 az(|Vu zuNV]+ (1—|u|))>bg(§kgl) axHy'° —0(N2)
9 B;?}fk"'l XR € € € € = 9 2 XRY: R €

_ loge]

[ @izt = O(Nfog s = o),
and hence, using (5.23) to replace v.% by fi,

1 .
2/ . axg|Vue — iueNove|? < D7 p + O(Nellog sgy1| + roNe|loge|) + O(NEQ).
RQ\BEO}’% k+1

The choice rg < % then yields

N | —

ax%|Vue — iucNove |2 < N2 4 No(Jlogr| + k).
RQ\BT075k+1

Inserting this into (5.55), the result (5.18) follows. O

Given the above ball construction, we state the following approximation result, which
is obtained as in [90, Proposition 9.6].

Lemma 5.3. Let /2 < ro < r < 7, and let BTR and BTOI’% denote the collections of the

balls constructed in Proposition 5.2. Then, given T, € W? °°(R2)2 there exist approximate
vector fields T, . € W2°°(R?)? such that T'¢ is constant in each ball of the collection B;R

and Tz is constant in each ball of the collection B’;OI{, such that ||CellLe < ||TellLe and
Tz |lLee < ||Te|lnee, such that for all 0 <y <1,

”fe - FEHC‘Y + ||f€ - FEHC”/ S TI_WHVFEHLO‘U

~

and such that for all R > 1,

Sup IV(Te = T)llir(maey + Sup IV(Ce = Tl gy S RNV lwroe 0

5.2. Additional results. In order to control the velocity of the vortices, the following
quantitative version of the “product estimate” of [89] is needed; the proof is omitted, as it
is a direct adaptation of [95, Appendix A| (further deforming the metric in a non-constant
way in the time direction; see also [89, Section III] and [84, Theorem 1.3]).

Lemma 5.4 (Product estimate). Denote by M. any quantity such that for all ¢ > 0,

h%l&qM —hm|logs|M q:hm\log5| Yog M, = 0.
E

Let uz : [0,T] x R? = C, v. : [0,T] x R? — R?, and p,. : [0,T] x R? — R. Assume that
g:’zti' < llogel|? for all t and that E_:’g < M., where we have set

T
o= [ (&2 [ ot — gt o
z Jo R2
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Then, for all X € WH>°([0,T] x R?)? and Y € WH*([0,T] x R?), we have for all z € R?,
T ~
| v XY'
0 R2
log M.
L Cliogef. >
< XR| atua LU EPE)Y|

|log £|
i / [V~ e -XF)
0 R2

O Y ) fyrom oiryese)) (M2 V5 + V) (€5 + sup €L+ N2). 0

We now turn to some useful a priori estimates on the solution u. of equation (1.7).
We start with the following (suboptimal) a priori bound on the velocity of the vortices,
adapted from [95, Lemma 4.1].

Lemma 5.5 (A priori bound on velocity). Let a >0, 8 € R, and let h : R? = R, a := e”,
F:R? = R?, f:R? = R satisfy (2.1). Let u. : Rt x R? = C and v : [0,T) x R? — R?
be the solutions of (1.7) and (3.2) as in Proposition 2.2(i) and in Assumption 3.1(a),
respectively, for some T > 0. Let 0 <e < 1,1 < N, <e™!, and R > 1 with eR’ < 1 for
some 0 > 0, and assume that 5:”;% <t N:|loge| for all t. Then, in each of the considered
regimes (GL1), (GL2), (GL3), (GL)), and (GLY,), we have for all @ > 0 and t € [0,T),

t
o? sup/ /2 axi|Oruc|? <t Nellogel® + RONZ[loge|?
z Jo JR
< RON.(N: + [loge|)[log = [*. 0

Proof. Integrating identity (4.18) in time, reorganizing the terms, and setting D> :=
Jo Jaz axi|Ovue ?, we obtain

AeaD2p = E0p — £
t

—/ / aVXf%-<8tu5,Vu€—iu5N5v5>—|—/ / Nex7(Owue, iug) div (ave)

0 JR2 0 JR2

aN? aN? o o
b [ SR YW~ xR - [ SR = P ~ xalvel?)
R2 R2
, loge
/ /2 aXR NVE ]E)'atva —Neve Ve — | g |
R

Notlng that |[Vx%| < R (x%)!/?, using the pointwise estimates of Lemma 4.2 for V. and

— N.v., and using assumptlons (2.1), the properties of ve in Assumption 3.1(a), the
bound (4.4) on ¢ , and Lemma 4.1 in the form EZt <egt 2R +0(N2) <; N.|loge|, we find
for 6 > 0 small enough in the considered regimes,

\.aD?t
€ e,R
Sto Nelloge| + R (Nefloge|) 2 (DZ)"? + No(1 + e(Nefloge|)'/?) (D2 )12

)

FL. VE) (5.56)

2 1/2 |log €|
+eNZ(Ne|logel) (1+ N

R’ +1ANV2 R*H"))
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+N.(N.|loge|)/2(1 + eN.) + eAZY2N2|loge|
+(Ne + Aclloge) (1 +eNe) (Ne[logel) /2 + NoR”) (DZp) /2
<o loge|(N: + [loge|) + (Ne[loge|R? + [log | (Ne[log £])*/2) (DZ) /2 + o(1).
Absorbing (D )1/ 2 in the left-hand side, the result follows. O

The followmg optimal a priori estimate is also crucially needed in our analysis in the
presence of pinning, due to the absence of a factor % in front of the quantity L (1—|uc|?)? as
it appears in the term I gg’ r in Lemma 4.4. A simple computation based on the energy lower
bound in Proposition 5.2 yields a similar bound with N replaced by N2 (cf. indeed (5.50)),
but the optimal result below is much more subtle. It is proved as a combination of the
Pohozaev ball construction of |90, Section 5| together with some careful cut-off techniques
inspired by |90, Proof of Proposition 13.4].

Lemma 5.6. Leta >0, B €R, and let h : R2 - R, a =€, F:R? 5 R?, f:R? - R
satisfy (2.1). Let ue : RT x R? — C and v. : [0,T) x R? — R? be the solutions of (1.7)
and (3.2) as in Proposition 2.2(i) and in Assumption 5.1(a), respectively, for some T > 0.
Let 0 < e < 1,1 < N, < |loge|, and R > 1 with eR|loge|®* < 1, and assume that
EER <t Ne|loge| for all t. Then, in the nondegenerate dissipative case, in each of the
considered regimes (GL1), (GLg), (GL}), and (GLY}), we have for all t € [0,T),

ww [ [ K-y 5 (5.57)
R O

Proof. To simplify notation, we focus on the case z = 0, but the result of course holds
uniformly with respect to the translation z € RZ?. We split the proof into three steps.

Step 1. Pohozaev estimate on balls.
In this step, we prove the following Pohozaev-type estimate, adapted from [90, Theo-
rem 5.1]: for any ball B,(z¢) with < 1, we have

a
<t 1A Ne|logel? —I—r/ / xR <\Vu€ iue Nove|? + (1— |ue|?)?
OB, (z0) 2

+ 11— fucf? \(Nflvﬁﬂf\))- (5.58)

For any smooth vector field X and any bounded open set U C R?, we find by integration
by parts

—/XRVX:S}:/XRdivgg-XJr/X-Sg-VXR—/ xrX - S:-n,
U U U

and hence, for U = B,.(xg), r > 0, and X =z — x,

- / XrTIr Ss
By (z0)

:/ XRdiVS'E-(a:—xo)—i—/ (m—xo)-gg-VXR—r/ XRS::n@n.
By (zo) B (z0) OBr(x0)
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By definition (4.13) of the modulated stress-energy tensor S., this means

R C=T e YOIt

—/ XRdivge-(x—:L'o)—i—/ (x —x0) - Se - Vxr
B'r(xO) BT(Z‘Q)

a . .
+ 7"/ AXR (\nl - (Vue — zuaNsvs)]2 —In- (Vue — zusNeve)]2
8By (zg) 2

oo (L= )+ (1= ) (N2 v = vef?) + 1) ).

so that we may simply estimate

a’xnr
(1 = Juel*)?
~/Br($0) 2¢2 c

Sr/ |div56|+r/ |V><RH§€\+/ al1 — [uc |||
Br(z0) Br(x0) By (o)

a a
+ 7'/ ﬁoV’ua —iu Nove|* + 51— g |?)?
8By (x0) 2e

2
11— JuPUNZ v+ 1£1)) . (5.59)

It remains to estimate the first three right-hand side terms. Using the pointwise estimates
of Lemma 4.2, and using assumption (2.1) and the boundedness properties of v.,p, in
Assumption 3.1(a), Lemma 4.3 directly yields in the considered regimes,

|div S| < Ae|log e||Opue || Ve — due Nove|
+ Ne(L+ A2 flog e} (1 + |1 = Jue*)| Ve — iue Neve|
+ AeNe|log | [0pue | (1 + |1 — |uel?]) + (Nz + Ae|loge|)|Vue — iue Nove|?
+e72(1 = [ue?)? + |1 — |ue|*| (N2(Ne + Ac|loge]) + A2[loge[*) + NZ(N. + Ac|loge]),

which gives for N, < [loge|,

|div §6| < Ae|Opuc|® + Ae|log e)?| Vue — iueNove|?
+AN2logeP(1 4 (1 — [uel?)?) +e72(1 = Jucf*)>.

By Lemma 5.5 with R = 1, we deduce for all » <1,
t
a2/ / div 8. S AN [log]® + A N2[log 2[2(1 + £2N.|log £]) < A.N.[log 2 .
0 r(a?o)

Inserting this into (5.59), and noting that (2.1) in the form || f|lL~ < |loge|? yields

/ all — [ucl?||f| Se er(N|loge]) /2| fllLee S erflogel?,
r (L0
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and

/ VallS.]
By (zo)

_ . 1
SR ! <|Vu€ _ZUaN‘eVa‘Q""ﬁ(l_ ‘u€‘2)2+82(N€4‘V5’4+ ’f’2)>
By (z0) €

< R (N:|loge| + (N2 + || fl2=)) < N:|logel,
the result (5.58) follows.

Step 2. Estimate inside small balls.

In this step, we prove the desired estimate (5.57) for the integral restricted to suitable
small balls centered at the vortex locations. More precisely, since we have by assumption
EXr S Nellogel S llog £|?, we may apply [90, Proposition 4.8] with M = %! and § = /4
for any s € (0,1). This yields a finite union B. g of disjoint closed balls with total radius
7(B- ) = £"/2, covering the set {x € Bag : ||uc(x)| — 1| > £"/*}. We then prove that

2 ! a’*XRr 2\2
o A 2 (1 - |us| ) St Na- (5.60)
0 JB:po 2e

For that purpose, we let the initial collection of balls Bz—:,o grow, and we use the Pohozaev
estimate of Step 1 as in [90, Proof of Theorem 5.1|. By [90, Theorem 4.2|, there exists a
monotone family (B2),>0 of unions of disjoint closed balls, such that B = B. g, B has
total radius r(B2) = e*r(B.g) for all s > 0, and BS = ¢*~"B. for all 0 < r < s with
[r,s] € RT \ Tz, for some finite set 7 C R (corresponding to the merging times in the
growth process). For all s > 0 with r(B2) < 1, the result (5.58) of Step 1 gives the following
estimate,

aXR 2,2
// S Ju)

<, r(B%)N.|loge|® + Z / /aB \Vua — iue Nove | + o 2(1— ug|?)?

B (iE)EBS

11— Jue P (NZvel? + £) )

Integrating this estimate over s and applying [90, Proposition 4.1], we find, for all s > 0
with r(B(s)) <1,

a’XR
304//60 522 1—\u€\ <a? / dv/ . 22(2 (1 — |uc|?)?

<y sr( *)N. |log5|3 / / 4XR <|VuE tus N, VE\ —|— (1 — |u€| )
6\850

2

11— PN v + £).
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and hence, using assumption (2.1), the boundedness of v, in Assumption 3.1(a), and the
assumed energy bound,

t a2 .
8@2/ / 2X2R (1 — |ue|?)? <¢ s7(BS)N:|loge|® + N.[loge|.
BE,O €
Recalling that 7(B2) = e®c"/2, this yields for all s > 1 with (%) < 1,
N1
/ / a? XR . |u€|2)2 < GSEK/QNg‘IOgé“P + | ngi"
252 s

/1/4"

and the result (5.60) now follows for the choice s = [loge

Step 3. Estimate outside small balls.
It remains to show that the desired estimate (5.57) also holds for the integral restricted
to the complement of the small balls BE 0. More precisely, we prove that for all § > 0,

Uu
/ /| 1)< /a XR(‘V|U€H2 ( ‘ E‘ ) > <1 I{/4R9‘log€‘2 + ER‘IOgE‘g (561)
us 1|<er

The conclusion (5.57) follows from this together with (5.60), for > 0 small enough.
In order to prove (5.61), we adapt the argument of [90, Proof of Proposition 13.4]. For
0 < e <2°%*% we define a cut-off function (. as follows,

,

: 1
Y, 1f0§y§§
T 4.
2+1 Qen/zw 1f§§y§1—8“/,
C(y) =41, i1 — e/ <y <14 en/4
14 aloed il e <y <
Ys ify > 3.

Writing u. := p-e'< locally, equation (1.7) for u. implies in particular

aXOpe — BAe Hog 5’p68t805

= Ape — pe| Ve |? [;5 (1 —p2)+ Vh-Vp. — p:|loge|F+ - V. + fp.. (5.62)

Testing this equation against xg((:(p:) — pe) and rearranging the terms, we obtain
axXR
[xr= oIVl + [ XEpcp) = p1 - 2)
R2 R2 €
= a; /]R? XR(Cs(pe) - pe)atpe - B)‘E“Og€’ ~/]R? XRP&(C&(/OS) - ps)at(Pe
+ /]R2 (Ce(pe) = p)VXR - Ve + /]RZ XR(Ce(pe) — pg)p5’V¢g‘2
- /RQ XR(Ce(ps) - PE)Vh -Vpe + |10g5‘ /RQ XRPE(CE(ps) - PE)FL -V

- [ xnlelo0) = po) e (563)
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Using that the cut-off function (. satisfies for all y > 0,

G) —yl S e yer, (G —yl < -yl < 1-7),
IC(y) =11 S Ly qj<ena + 55/4]1|y71\§%, (C(y) —y)(1—y) =0,
noting that
axXR 202 aXR 2
L=p S/ —5 el —pe)(1—p
/|/ s [ 00

axRr
< /R2 2 —5Pe(C(pe) — pe)(1 — Pg),
and using (2.1), we deduce from (5.63),

a
/ 1|<en/4 XR(WMQ =i p§)2) & 8R/4/| 11<1/2 XR(IVpel? + pZ|V e |?)
pe—lise” Pe—1|>

+ Ac[log | XrI1 = p2[(10ipe] + pelOrpc))
lpe—1|<1/2

+(1+Ag|logs|>/ Xl = 2211 pe] + pelViel)
lpe—1|<1/2

+/ Xer||1p§|+/ VxRl - 22Vl
lpe—1]<1/2 lpe—1]<1/2

Noting that |Vue|> = |Vp:|? + p2 [V | and [0ruc|* = |0pe|* + p2|0rp-|?, and using (2.1),
we obtain

w1V el 2+ 555 (1 = ue)?)
lpe—1|<en/4

< 6”/4HVueHiz(BQ )+ Acllog el 11— [uel 2 gy | Oruell2 (5, )
+ (1 + Acllog e 11 — Jue [*[lp.2 g, ) IVt 125, )
+ R(1+ MJloge*) |1 — |ucl*[l2(p, -
By the integrability properties of v, in Assumption 3.1(a), we have for all § > 0,
[Vuelliz(pyp) So IVue = iueNeve|lr2(p, ) + N-(R® + 1 - e[l 2By )
hence, by Lemma 5.5 and the energy bound,

o [ [ (Tl 500 ePR) S R e+ 2B
8—1 <gk
and the result (5.61) follows. O

6. MEAN-FIELD LIMIT IN THE DISSIPATIVE CASE

In this section we prove Theorem 1, that is, the mean-field limit result in the dissipative
mixed-flow case (o > 0) in the regimes (GL;), (GL2), (GL}), and (GL}). More precisely,
we establish the following result, which states that the rescaled supercurrent density i Je
remains close to the solution v. of equation (3.2). Combining this with the results of
Section 3.1 (in particular, with Lemma 3.3), the result of Theorem 1 follows. The proof
consists in making use of the various estimates and technical tools for vortex analysis
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developed in Section 5 in order to estimate the terms in the decomposition of &ﬂADE, R in

Lemma 4.4, and then deduce the smallness of the modulated energy excess D, r by a
Gronwall argument. (In this section, as we assume « > 0, all multiplicative constants are
implicitly allowed to additionally depend on an upper bound on a~!.)

Proposition 6.1. Let « > 0, 3 € R, o> + 2 =1, and let h : R? = R, a := e,
F:R? - R?, f:R? — R satisfy (2.1). Let ue : RY x R? = C and v, : [0,T) x R? — R?
be solutions of (1.7) and (3.2) as in Propositions 2.2(i) and 3.2, respectively, for some
T>0 Let0<e<1l, 1< N: <logel, R> 1, \1ng;| < R < |logel|™, for somen > 1,
and assume that the initial modulated energy excess satisfies D::; < N2. Then,

(i) If log [loge| < N: < |logel, in each of the regimes (GL1), (GLg), (GL)), and (GLY),
we have D*’% <t N2 for allt € 0,T).
(i1) If1 < N. < log |logel, in the parabolic case (o =1, B = 0), either in the regime (GL1),
or in the regime (GLS) with A\ < ‘ﬁ €|), the same conclusion D> r <t N2 holds for
allt € [0,7).
In particular, in both cases, we deduce N%ja ve = 0 in L ([0,7); L R?)2) as ¢ | 0.
If we further assume Dr5, < N2, then for any £ > 1 we obtain more precisely for all
t€[0,T) and L > 1,

uloc(

2
s?wik—wmﬂﬁm&@y@¢@+mgﬂ). m%
Remark 6.2. If we further assume |[[ul|p~ <; 1 for all ¢, then the proof shows that
the convergence N%je — ve — 0 actually holds in Lﬁfc([O,T) LP (R*)?) for all p < 2.
In the parabolic case without applied current (F' = 0, f = 0), a maximum principle
type argument gives that |[ul||L < 1 implies |[ull|L < 1 for all t > 0 (cf. e.g. |27,
Proposition 4.4]). However, the same argument fails in the presence of an applied current.
Moreover, such a uniform L®-bound on u, is expected to fail in the conservative case due
to the time reversibility of the equation in that case, and similarly it is expected to fail as
well in the parabolic mixed-flow case. We therefore systematically avoid the use of such
L-estimates. O

Proof of Proposition 6.1. We choose R > |1°g8| with R% < |loge| for some 6y > 0. Given

the assumption DER < Ng on the initial data, for all € > 0 we define T, > 0 as the
maximum time < T such that D:’; < Nf holds for all ¢ < T.. By Lemma 4.1 and
Proposition 5.2, we deduce 25:’10% < Nf and for all ¢t < T,

Ep St Nellogel, €% i Nelloge|, DI < N2, Dl SDIL+oi(N2).  (6.2)

€ g,

The strategy of the proof consists in showing that for all t < T,

DI St o(NV: /D (6.3)

By the Gronwall inequality, this implies Da’R <4 N2, hence DO R < N2 for all t < Tr.

This gives in particular T, =T for all ¢ > 0 small enough and the main conclusion follows.
To simplify notation, we focus on (6.3) with the left-hand side D! ..r centered at z =0,

but the result of course holds uniformly with respect to the translatlon We start with the
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general mixed-flow case in the regime log [loge| < N < |loge|. The proof of (6.3) in that
case is split into three steps, while the additional statements are deduced in Step 4. Finally,
Step 5 describes the modifications needed in the parabolic case for 1 < NE < log |loge|.

~

Let us first introduce some notation. In the regime log |log €| << N: < |logel, for all

t < T., as we are in the framework of Proposition 5.2 with uf, v, we let B := B!
t ot

denote the constructed collection of disjoint closed balls BTE r(ug,vi) with total radius

= [loge|~%e ~VNe hence e °WVe) < . < |1 =k Let then I’t denote the corresponding

approxmlatlon of T't given by Lemma 5.3. We decompose I := al'. 0~ ﬂFE’O with

.= AL (vih i

)

2N, )
V.
loge| ©

Step 1. Time derivative of the modulated energy excess.
Lemma 4.4 yields the following decomposition,
Do =I5 + I g+ 1P + 10 + Iy + IS+ 1%+ 1P + I g, (6.4)
where the eight first terms are as in the statement of Lemma 4.4, and where the error [ é R

is estimated as follows (cf. (4.16)) in the considered regimes,

t
/0 1L gl St eR(Ne[logel)!/?|logef* = o(NZ).

Step 2. Bound on the error terms.
In this step, we consider the regime log |loge| < N, < |loge|, we study the three error
terms Ing c R and 1" e R and we prove for all ¢t < T,

t N t
/ (IgR+IgR+IgR) <y O(NEZ)—I—0< = ) / / XR|Ovue —iu5N5p8|2. (6.5)
0 ’ llogel/ Jo Jre

We start with the bound on I7'p. Using (6.2), Lemma 5.5, and the boundedness prop-
erties of p, (cf. Proposition 3.2), the quantity S*R defined in Lemma 5.4 is estimated as
follows in the considered regimes, for all 8 > 0,

t t
exsow [ & prsu [ a0l + N2ip. + NEIL— JucPpoP)
z Jo JR
Ste R(’7N€|logs|3 + )\E_le < R9|log5|4,

hence, for # > 0 small enough, 5* "t <, Jlogel®. Using |[Vxg| < R*1Xg2, Lemma 5.4 then

yields

¢ [loge| ™!

aV VXR

t t
+ R_1|log E|_1 (/ / XR|Otue — tueNe p€|2 + / / |[Vu, — iu€N€V€|2),
0 JR2 0 JBagr

R2
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and hence,

t t
’/ Isn,R‘ St 1+R_1/ / XR|Oue — iusNe p.|?
0 0 JR2
— ! . a
+R 1/ / <‘VU5_ZU€N€V€’2+272(1—‘u6‘2)2+’1_ ’u5’2’<N3‘V5|2+’f’))
0 Bsog 19

Using (6.2), (2.1), and the integrability properties of v, (cf. Proposition 3.2), with the

choice R > ll?\%‘g‘, we conclude
€

t ¢
’ / IQR‘ <t 1+ R_lNE\log&‘] + R / / XR|Orue — tusN: p, ]2
0 0 JR2

N, t .
S o(NZ) + 0(|logea|) /o /]Rz XRlOue — iuNep. . (6.6)

We turn to the bound on I¢ . Using (2.1) and the pointwise estimates of Lemma 4.2,

12 5| S |ITe — Tellnee <N/ (|Vue — iueNove| + Ne|1 = |ug)?])|curl ve|

Bagr

LN / 11— [ [Viie — e Nove|
Bar

. a
3 [ (Ve — ueNevel? + 50— uel)?)
R

T Afloge] /]R xwldue — iveNep, ol [ Ve — iueNeve|
+ (N2 + Acfloge]) /R (Ve — iue Nove |2 + N2[1 — Jue2||ve )
N2 [ xalv PNl + ogel P
#AN-Jogl81 | xalouse — N vl + 11~ ) ).

By (6.2), by Lemma 5.3 in the form Iz — Tfpe < re = [loge|~%e~ VM=, and by the

integrability properties of v. (cf. Proposition 3.2), we deduce in the considered regimes,
for all 6 > 0,
g eV 2 : 2\ /2
Y, 1R Nellog el (1 —i—/ XR|Orue — tusNep,| ) , (6.7)
: 7 |loge| R2

and hence, for § > 0 small enough,

N, :
124l S0 o2 o) [l = ineNew . (63

Regarding the last term [ 6‘{ > the definition of the pressure p, in (3.2) simply yields g r=0,
and the conclusion (6.5) follows.
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Step 3. Bound on the dominant terms.
In this step, we consider the regime logl|loge| < N. < [loge| and we turn to the
estimation of the five first terms in (6.4), showing more precisely that for all t < T,

D! i St o(N, / D, r. (6.9)
As this holds uniformly with respect to translations of the cut-off functions, the conclu-
sion (6.3) follows. B
We start with the bound on the first term I g r- Since for all ¢ the field I'Z is constant in
each ball of the collection Bt and satisfies ||VIL||pee < ||VIE||Le, we find

a5 [ xldd s [ axe(1Vae - ueNov 4 50 ucPR)
R2\B. R2\ B,

+ [l = eIV 17,

Since B. has total radius r. := [loge|~¢~VN=, and since the choice N. > log |log ¢| ensures
r. > e °Ne) we may apply Proposition 5.2(v), which shows that the first integral in the
above right-hand side is bounded by D7  + o(N2). Further using (6.2), (2.1), and the

integrability properties of v, (cf. Proposition 3.2), we obtain in the considered regimes,
[I553| < Do g + o(N2) + e(Nelloge|) /(N2 + RAZ[loge|?) < D. g + o(N2).  (6.10)

We turn to IgR. Since [|(I's, VA)||L>~ <¢ 1, Lemma 5.6 yields

t
/ 1, = Ou(N.)
0
a
/ /2 ﬁFJ‘ Vh(\Vug — iueNove |2 + —(1 — |uc?)? — \loga]ua),
R

and hence, by Proposition 5.2(iv) and by (6.2),

t t t
[ o)+ [ DanSiov) + [ D (0.11)
0 0 0

The term I DR is simply estimated by
. 2 | Ay : 12
P R < —— | axr|Owue —iu-Nep "+ —— [ axr|(Vue —iucNeve) - T |7 (6.12)
2 R2 2 R2
We finally turn to I EV »- Using a2 + 3% = 1, we have by definition

Teo— BT =Te— 5(041%,0 + L. 0) =a’Tep — aﬁrio = al’,

so that [ VR takes on the following guise,

ER—)\lloges]/ IXR (Teo — ATY) )\a\loge\/ —V .. (6.13)

As shown in Step 2, the quantity &* g defined in Lemma 5.4 satisfies 8 <t [logel5. In the

regime log |loge| < N: < |loge|, choosing e.g. M, := exp((N: log|logs|)1/2), Lemma 5.4

~
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yields for any A ~ 1,

t 1/2
Cy(N¢log|logel) /
v ’< 1)+ )\ (1 )
)/0 ar| <or(l) + Aca 1+ Tog 2]

1t . A [t .
X (A/ / axr|Opus — iu-N.p,|* + 4/ / axr|(Vue — iusNeve) - 116‘2>7
0 JR2 0 JR2

and thus, using the optimal energy bound (6.2), we obtain in the considered regimes,

t
v ‘< N2 ()\ / / Opte — 2
)/O e,R| = Ot( a) + € +O |log5| aXR’ iU — TUe apz-:|

A\ )
+ 64 / / axr|(Vue — iusNeve) - T'. 2
0 JRr2

(6.14)

We distinguish between two cases,

t t
Case 1: / / axRr|Oue — iusNEp€|2 < 5/ / axr|(Vue — iuNove) - Te|?,  (6.15)
0 JR2 0 JR2
t t
Case 2: / / axRr|Oue — quNEp€|2 > 5/ / axr|(Vue — iuN.ve) - Te|?. (6.16)
0 JR2 0 JR2
In Case 1, choosing A = 2 in (6.14) yields

)/ ’<0t (N2) + </\a+ |log€| //RanR\atua iu-N.p,|*

At

axr|(Vue — iue Nove) - F5|2.

R2

In Case 2, the condition (6.16) can be rewritten as

1/t . t .
Z / / aXRlatue - 'LusNap5’2 + / / GXR‘(VUE - ZusNava) : Fe‘Q
0 JR2 0 JR2
11y [ , 5 1 [ ) 5
-+ 7) aXRlatua - ZuaNapg’ + 5 aXR‘(Vus - lu6N6V6> : Fs’ )

and choosing A =4 in (6.14) then yields, with < Ac in the considered regimes,

\logEI

)/ 6R‘<ot +)\a<(4++0 // axr|Orue — iue gpsl
+2// aXR|(vu€_iustV6)'Fs|2>'
0 JR2

Further noting that in Case 1 the condition (6.15) together with the energy bound (6.2)
yields

N, N, t
0( . ) / aXR|atus - iUeNepe‘z < 0( : ) / / aXR|Vus - iUeNsVa‘Q <z N2
lloge|/ Jre llogel/ Jo Jr2
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and combining this with (6.5) and (6.12), we observe an exact recombination of the terms,
and obtain in Case 1,

t
d
/0 (L p+ 10+ I2p+ I+ 12+ 1. R)

Ae

<
-2

« t .
| [ axalVue = iueNov PIEP + 0,(82), - (647
0 JR

and in Case 2,

t
d
/0 (I;{R + Ia]?R +Iop+ Ié’,R +Ilg+1I.R)

Aea (11 ¢ ,
< _%<§ T 5 0(1)> /0 /]R? axr|Oue — ZueNeps,gP

A [t .
< / /2aXR|Vu€ — iucNeve |P[Te]® + 0 (NZ),
0 Jr

T

so that (6.17) holds in both cases for & > 0 small enough. Using o? + 5% = 1, we find
[ Teo=allo|? = a|l|% so that the term IfR takes on the following guise,

A As
1Ey =~ logel [ axal Toope = =25 logel [ axall P

Together with (6.17), this leads to
t
/ (4 1P+ I0p + g+ I+ Il + I )
0

<

A [t ,
; / /2 axr(|Vue — iu-Nove|* — |log e|pe ) [Te|?® + 0r(NZ).
0 JR

Combining this with (6.4), (6.10), (6.11), and with f):% < N2, we conclude

Ae
2

t t

. . a .

D;R < ot(Ng) + Ct/ D. r+ / /2 aXR(|VuE — iuNove|* — |log5|u€)|F5|2,
0 o Jr

and the result (6.9) now follows from Proposition 5.2(iv).

Step 4. Consequences.

In the previous steps, the results 7, = 71" and D:’E < N2 forallt € [0,T) are established
in the setting of item (i) of the statement (that is, in the regime log [loge| < N: < |logel).
We now show that it implies the stated convergence N% Je —ve — 0.

For all ¢ € [0,T), since there holds D:’% < N2, Proposition 5.2(v)—(vi) implies

z

sup/ Xz Vus — iu6N€V€\2 <y Nf,
R2\B.

and for all 1 <p < 2,

sup/ X&|Vu: — iusNove|P < NP.

Z e
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Using the pointwise estimates of Lemma 4.2, we deduce

SUP/ |]z—: - NsVs| St SUP/ |Vu€ - quNng| + 5N€|10g5’
z JB(z) z JB(z)

1/2
<t sup/ X&|Vue — iusNove| 4 sup (/ |Vue — iueNgvg\Q) + o(N:) <4 Ne,
Be z B(z)\Be

z

R?)2). More precisely, for all L > 1, we may

uloc(

hence Niajg ve — 0 in L{® ([0,7); L
decompose

S‘ip g — NeVeH(Ll +L2)(BL(2))
< sup ||Vu: — iu5N5v5||L1(BEmBL(Z)) + sup ||[Vue — iU5N8V€||L2(BL(z)\BE)
z z

+ Nesup |1 = Juc[lr2(g, 29 + 5P 11 = e [li2(p, (o) Vue = iteNeve s, )
z z
hence

sup [|Je — Nevell(wr 4 12y(B,, (2))
z
<t o(N:)(1 + }%)2 + 5N5(N5!10g€|)1/2(1 + %) + eNe|loge|(1 + %)27

and the result (6.1) follows. As mentioned in Remark 6.2, under the additional assumption
that ||ul||Le <¢ 1, the convergence N%ja ve — 0 also holds in L? ([0, T); L (R?)?) for all
1 < p < 2; this follows from a similar argument as above, replacing the pointwise estimate

of Lemma 4.2 for j. — N.v. by

lje — Nove| < ||uel|Loe| Ve — iue Neve| + Ne|1 — Jue)?||v2].

Step 5. Refinement in the parabolic case.
In this step, we consider the parabolic case (o« = 1, B = 0) both in the regime (GL;)

and in the regime (GL}) with \; < Tl E|), and we show that the additional assumption

N > log |log | can then be dropped. In Steps 1-4 above, the main limitation comes from
the fact that we need to use balls B; with a particularly small total radius r. in order to
obtain smallness of the error term I? o1 i (6.7), while on the other hand the term I f R

corresponds to the energy outside the small balls B. so that we need to choose r. > e~°(Ne)
in order to apply Proposition 5.2(v). As we now show, the worst terms in I 897 o.R vanish in
the parabolic case, and the total radius r. may then be chosen much larger.

We focus on the strongly dilute regime 1 < N. < log|loge|. Choose £'/2 < 7 <«

~ \10g6|
and let 72 := (Az |log5|) 2 > e oWe) For all t < T., as we are in the framework of
Proposition 5.2 with u, vi, we let Bt = Bt R denote the corresponding collection of disjoint

closed balls B;EI’{E (ul,vt). Let then Fé denote the associated approximation of I't. given
by Lemma 5.3. As in Step 1, Lemma 4.4 yields the following decomposition, with the
approximate vector field I'; replaced by I,

ODen =T+ I g+ I+ I + Iy + I g+ I+ I g + I g,
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where all the terms are estimated just as above, except I° o 1 Rv and I . We start with
the discussion of I p. For o =1, § = 0, this term takes on the followmg s1mpler form,

IgR - /2 aXRNs(NEVE _je) : (Fe — fs)curl Ve
R

+ /2 AEaXR(FE - fz—:)L : <atus - iUstPE» Vue — iusNEV5>
R

a ~
R2

+ /2 axp(lTe —T2) - (Nove —i—%\log&?]FL),u,e. (6.18)
R

We estimate each of the four right-hand side terms separately. We start with the first
term. Using the pointwise estimates of Lemma 4.2 and the integrability properties of v,
(cf. Proposition 3.2), we find

/2 a’XRNE(NEVE *js) : (FE — fg)Cuﬂ Ve
R
T . . 9 1/2
S NEHFa - PSHLOO / XR|VU5 - lUENaVa‘ + (/ ~ XR|VU5 — ZU5N5V5’ )
B¢ R2\Bt

+ NI — f‘g||Loo (/2 Xr|l— |u5|2||Vu5 —dusNeve| + ]\76/2 Xgr|l— \ua\Qchrlva\),
R R

and hence, using (6.2) and Proposition 5.2(v)—(vi) with p = 1 to estimate the first two
integrals in the right-hand side, and using Lemma 5.3 in the form ||[T'% — T'||p~ <p 7 < 1,

~

/ axRNe(Neve —je) - (Te — r seurlve S N2||Fs - f‘EHLOO <4 Ne2
R2

For the second right-hand side term in (6.18), using (6.2) and again Lemma 5.3, with
Tede K “(])VTEE', we obtain

. Aeaxr(De — T2t - (pue — iue Nep,, Ve — iueNove)
R
1/2 ~ ) 2\ 1/2
< Ae(Neflogel) /2|0 = Teffi ([ xldyus — iueNep. )
R

N, .
O(Nf) + o(@) /R2 XR|Owue — 1uaN€pa|2.

For the third right-hand side term in (6.18), using (6.2), (2.1), and Lemma 5.3 in the form
H(FE - Fa)J_ : vh‘HLO" St T K “éVTEE‘, we find

/2 a>2<R(F ~T.)t Vh<|Vug iueNevel? + 5 (1 Juef?) ) < N2.
R

It remains to estimate the fourth term in (6.18). Using (6.2), Proposition 5.2(iii) in the
form (5.13) with v = %, the regularity properties of v, (cf. Proposition 3.2), (2.1) in the

< ., and Lemma 5.3 in the form ||Te — T 1z < . (Ae|loge|) ™, we

~

form || FY] 12
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obtain

/2 axr(Te —T2) - (Neve —i—%]loga]FJ‘),ug
R
< Nellaxr(Te = Te) - (Neve +3[log e[ F)|| o/
S Ne(Ne + Ae\logd)\lfs —Ielenye <4 Ng

Inserting these various estimates into (6.18) leads to
Ne ,
Ig}R rgt O(N ) + O<|10g6‘) / XR|8tu£ - ZuaNEpaP)

proving that (6.8) again holds in the present setting. We turn to the discussion of I f R

Since the total radius satisfies 7. > e~°(Ve) we may apply Proposition 5.2(v), so that the

same argument as in Step 3 leads to the estimate (6.10) for I f g+ It remains to discuss the
bound on the term ISVR. In the regime 1 <« N, <

0<NE E . ]\/'6 o . \4 . ( P
to Ae S ozl < Togl that is, s foga > 1. Writing I as in (6.13), we may thus

ogel’

apply Lemma 5.4 with the choice

N 1/2
M, :=exp <<€) log \logd),

log |log e, the assumption on A; leads

Ae log [log €]
. 1 A A
and hence, for any A ~ 1, noting that A. ﬁ%g]\g = |loga| (N log [loge|)/? = O(Ué\éel),

t ¢
[ 2] = e[ [

o 0o Jrz 2
< Ot(l) + <)\€ + 0(’10g€| ( / / aXR’atué‘ — Qe €p5’

+ 4/ / axr|(Vus — iusNeve) - I‘EP).
0 JR2

Further using the energy bound (6.2), the estimate (6.14) follows. With these ingredients
at hand, we may now repeat the argument in Steps 2-3 and conclude with (6.3). Finally,
the convergence N L j. —v. — 0 follows as in Step 4, with B replaced by B.. (|

7. MEAN-FIELD LIMIT IN THE NONDILUTE PARABOLIC CASE

In this section we prove Theorem 2, that is, the mean-field limit result in the dissi-
pative case (o > 0) in the nondilute regime (GL3). More precisely, we make use of the
modulated energy strategy and show that the rescaled supercurrent density N% Je remains
close to the solution v, of equation (3.3). Combining this with the convergence results of
Section 3.2, the result of Theorem 2 follows. Note that in this nondilute regime the proof
of Proposition 6.1 indicates that we expect to find

t
DL g < 0i(N2) + Ci(1 +a>\€)/0 D . (7.1)

As A. > 1, the Gronwall inequality does of course not allow us to conclude Dt e r <t N2 for
any t > 0. (In contrast, in the conservative case o = 0, the prefactor A, Would disappear
n (7.1), cf. Section 8.) In the sequel, the strategy consists in refining the magnitude of the
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error o(N2) in (7.1) as much as possible, showing that it can be reduced to O(N27?) for
some & > 0. For A “ o > 1, the Grénwall inequality then still leads to Dt cr <t N?

for all ¢ > 0 in the regime |loge| < N. < |loge|log|loge|. Since in [40] the well-posedness
of the degenerate mean-field equation (3.3) could only be established in the parabolic case,
we have to restrict to that case.

7.1. Preliminary: vortex analysis. We adapt the crucial vortex analysis of Section 5
to the present situation with a large number of vortices N. > |loge|. We start with
establishing the following version of Proposition 5.2.

Proposition 7.1 (Refined lower bound). Let h: R? = R, a := €, with 1 < a < 1 and
IVh|Le <1, let ue : R2 — C, ve : R?Z — R?, with \|cur1V5HL1mLoo,HV5\|Loo < 1. Let
0<exk 1 NE 2 |loge|, and R > 1 with log N. < |loge| and |loge| S R < [loge|™ for
some n > 1, and assume that D} p < N2. Then &R S N2 holds for all ¢ > 0 small
enough. Moreover, for some 7 ~ 1, for all € > 0 small enough and r € (e 1/2 ,T), letting
BL p and v_ i denote the locally ﬁmte union of disjoint closed balls and the point-vortex

measure constructed in Lemma 5.1, the following properties hold,

1) Lower bound: In the regime N: > log |loge|, we have for alle?? < r <7 and z € R?,
(1) g g [log

. ).
2 /s

ax‘lzz(|Vu€ tus N VEI + (1 — |u5| ) )

[log €| N2
> . axrIVE gl — O(er + |10g65| (llogr| + log Na)). (7.2)
(i) Number of vortices: For e'/? < r < 1,

N2
swp [ el £ (7.3)
Br(2)

z

(ii) Jacobian estimate: Fore'/? < r < 1, for all v € [0,1],

N2
g <= 4 V/2N2, 7.4
Sgp Hye,R /"’EH(Cg(BR(z))) |log5| + ( )
sup || e — fiell (o2 (B S €7 N2 logel™. (7.5)
z

(iv) Excess energy estimate: For all ¢ € W1°(R?) supported in a ball of radius R,

. a
[ o190~ duNve 4 251 Juf?)? — ogeln)
R

.,
S (P2t o 0N folhwaoe. (70)

(v) Energy outside small balls: For all y > 1, N7 <r <7, and z € R?,

: 1ogN) (7.7)

/ CLXZROVU8 tue Ny v5| + (17|u5| ) ) <DzR+O <
R2\BY |log | 0
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Proof. We split the proof into six steps. The main work consists in checking that the
assumptions imply the optimal bound on the energy £ p < N2. This main conclusion is
obtained in Step 5, while the various other claims are deduced in Step 6.

Step 1. Rough a priori estimate on the energy.
A direct adaptation of Step 1 of the proof of Proposition 5.2 yields E*R < N2+ R?logel?,

and hence by the choice of R we deduce £ 5 < N2 + |loge|™ for some m > 4.

Step 2. Application of Lemma 5.1.

By assumption log N. < [logel, the result of Step 1 yields in particular log £ ; < [log e,
which allows to apply Lemma 5.1. For fixed r € (¢'/2,7), let Bl p =W, B denote the union
of disjoint closed balls given by Lemma 5.1, and let v p denote the associated point-vortex
measure. Using Lemma 5.1(ii) in the form

N2y &*
Uel= Dl Sk, 7.8
LR(z) ’ 7R| | J‘ |10g€‘ ( )

Jy;€BR(?)
Lemma 5.1(i) gives, for all ¢ € W1>°(R?) supported in a ball of radius R, with ¢ > 0,

1
2/ (]Vue 1us N, Vg\ —|— (1 — ]ué-] ) )

&R

|1oge\
2 — olve gl = O(rEZ R)IIV @I Lee
RQ
Ng—i-é’:R N3+€;R
3 b Og<
llog e| [log e|

~0((N2 ¢ g ) L )

Arguing as in Step 2 of the proof of Proposition 5.2, we then find for all z € R?,

/ (IX'ZR<|VU5 iusN; Vgl + (1— |u£| ) )
RZ\B;R

2 * 2 *
+& Nz + & &
<D:Ip+ O<1 + (Jlogr| + r|logel) sﬂoga?R + |log5|6 2 1og (2 + E’R)>, (7.10)

and in addition,

NZ+ &
o < 2 &R 1/3 -
| [ ot = v2m] $ (r=m e 4 29 e, (.11)
[ otie = 0|  emNEz R Pl S ol (7.12)

Step 3. Energy and number of vortices.
In this step, we show that (7.8) is essentially an equality, in the following sense: for all
2 < r«1,

N2 & N2
zrop < 8 L TeR < A 7.13
Sgp/R2 XalVirl S loge| ~ [loge] +SUP/ X&|V Rl (7.13)
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The lower bound follows from (7.8). We turn to the upper bound. Since the energy excess
satisfies D7 p < N2, we deduce from (7.11),

|
DZR + — | 0g5| / og5| / aXZRV;R + O(NE2 + 7’8:73). (7.14)

Taking the supremum in z, and absorbing 5 * RN the left-hand side with r < 1, the upper
bound in (7.13) follows.

Step 4. Bound on the total variation of the vorticity.
In this step, we prove that for all e~°(logel) < <« 1,

sup [ Xl < (o) sup [ xiwlie+ O(po) (715)

The lower bound (7.9) of Step 2 with ¢ = ax¥% yields for all y € R?, using the upper bound
in (7.13) to replace the energy & g in the error terms,

1 log e
SgRZQ/BT ax%(]Vug e Nov, |2 —1—2—(1—\ u:|?)? | & |/

€,

2

|logs|

N?Z N2+ &,
-of wvie) (I 1 log (2 75) .
s [ i <|ogr|+r|ogs|+og P

For e—°(l°gel) <y <« 1, using the result of Step 1 in the form log(N2 + & r) < |logel, we
obtain for all y € R?,

loge . -
202 L [ vt ol — oltomeswp [ xihZal —o(ND). (716)
) 2 R2 2 JRr2
On the other hand, the upper bound (7.14) yields
1
g, < o8| / X%l g + O(N2) + o(1)EX g, (7.17)
K R2 7 )

and thus, taking the supremum over y and absorbing £ 5, in the left-hand side,

llog e|

£ < 0B g / ALl + O(N2),
z R2

so that (7.17) takes the form, for all y € R?,

loga
log e / v+ OWN2) + oflog ) sup / AT

Combining this with (7.16), dividing both sides by §|log e|, and taking the supremum
over y, we find

sup [ i) Ssw [ axi(vial - v <O
R2 z JR2

z

Yy
EER—

N2
llog €|

) +osup [\l
z R2
hence
sup / XalvE gl = sup / (Ve + 207 1))
z R2 z R2

N2
[log <]

<sup [ xiwla+ O(o=) +olsw [ il
z R2 z R2
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and the result (5.28) follows after absorbing the last right-hand side term.

Step 5. Refined bound on the energy.
In this step, we prove the optimal energy bound £*, < N2 By (7.8) this yields in
. N2
particular sup, [po XaIVE Rl S Mloge]
Let e°(logel) < <« 1 be suitably chosen later. Using (7.11), the bound on the energy
excess Df p N2 yields for all z € RZ?,

loge
en<Dip+ DB [ i S N2 re ot fogel [ il
R2 R2

and hence, using the result (7.15) of Step 4 and absorbing & p with r <1,

‘RS Nf + |log e| sup /R2 XrVer S Nf + |log e| sup /}R2 X7 e - (7.18)
z z

It remains to estimate fR2 X5hite. Arguing as in Step 5 of the proof of Proposition 5.2, we
find

. 1/2
/]R2 Xrte S Ne + </]R2\BT Xsr|Vue — WsN&VsP)
&,R

1 9 1/2
R (/ Ve — dueNove| ) . (7.19)
Bar(z)
and then using (7.10) to estimate the second right-hand side term,

/ Xitte S Ne+ (Dip) 2+ rRTNEX )2+ rV2(N2 + E2 )2
RQ

N2+ EF p\1/2 E )2
—= 1 log (2 =
+( llog €| > (' ogr|+ og( + |log5])>

[log e

N2+ &g
§Ns+7“l/2(5§7R)1/2+0(1)W+ ‘1Ogr‘1/2(

Combining this with (7.18) leads to

Er o N ) En NZ 4 € o\ 12
|10é5| s |10g6€| +T1/2(56,R)1/2 +0(1)|10g’€| + |logr|1/2 (#) :

[log ¢|
hence,

%
gz—:,R < Ng

loge| ™ [loge|

+ |log r|.

and the result follows from the choice r = [loge|™1.

Step 6. Conclusion.

The optimal energy bound 5:’ rS N2 is now proved. In the present step, we check that
the remaining statements follow from this bound. The result (7.2) follows from (7.9) in
Step 2 with ¢ = ax}, combined with the optimal energy bound. The bound (7.3) on the
number of vortices follows from the result (7.13) of Step 3 together with the optimal energy
bound. For r = N: 7, v > 1, the result (7.7) follows from (7.10) together with the optimal
energy bound. Monotonicity of BL ; with respect to r then implies (7.7) for all r > N~ k
It remains to establish items (iii) and (iv). We split the proof into two further substeps.
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Substep 6.1. Proof of (iii).

The Jacobian estimate (7.4) follows from Lemma 5.1(iii) together with the optimal
energy bound, and the estimate (7.5) with v = 1 similarly follows from (7.12) and from
the bound R < [loge|™. As in Step 8.4 of the proof of Proposition 5.2, we further find for
all ¢ € L>°(R?) supported in a ball Br(z), z € R?,

(z)(/la - Na)

S Na”(f”L‘”/ <|1 — |ue)?||curl v, |
Br(z)

.
4 2ve||L = [ue|?|| Ve — iueNeve | + 20ve|| Ve — iusNove |), (7.20)

hence | [po #(fic — pie)| S RNZ||¢[|ro, and the result (7.5) follows by interpolation.

Substep 6.2. Proof of (iv).
Let £1/2 < r < 1 to be later optimized as a function of . Arguing as in Step 8.5 of the
proof of Proposition 5.2, we find for all ¢ € W1°°(R?) supported in the ball Bg(2),

[ 610 = i+ 50— 2 —uoge\v;,R)
R

<la ol [ axi(1Vue - iueNoveP + 5550~ [w)? — loglvz )
R

2e2
N? _ _
+0 (g 7 (10871 + 10 No) )™ = + OGND)lla™" 6l

Using (7.11) to replace v” 5 by pe in both sides up to an error of order (1 +7N2)||¢|ly1.0,
and choosing » = N!, the conclusion (7.6) follows. O

We now establish the following version of the (suboptimal) a priori estimate of Lemma 5.5
on the velocity of the vortices in the nondilute regime N, > |loge].

Lemma 7.2 (A priori bound on velocity). Let a >0, 8 € R, and let h : R> = R, a := e”,
F:R? - R?, f:R? = R satisfy (2.1). Letue : RTxR? = C and v, : RT xR? — R? be the
solutions of (1.7) and (3.3) as in Propositions 2.2(i) and 3.4, Tespectz'vely. Let 0 <e <1,
loge| < N: < et and R > 1 with eR < 1, and assume that 8 t <t N2 for allt > 0.

~

Then, in the regime (GL3), we have for all 6 >0andt>0,
t
o? sup/ /2 ax|Opue|? <to (1 4+ eRN.)Nelloge| + RON2|loge* < RONZlogel>. ¢
= Jo JR

Proof. Set D;’; = fg Jr2 x| Orus 2. From identity (5.56), using |Vx%| < R (x%)Y?, the
pointwise estimates of Lemma 4.2 for V; and j. — N.v., assumption (2.1), the bound (4.4)
on w; r» and the definition of 562 ’E, we find in the considered regime,
it
)‘saD;R Sto Ng(l + Hve\litoo L4) (1 + HatVEHL;”(L?mLOO(BR)))
+eRNZ(1+ [[vellge ) (14 [Tellnge o) + eNZflogel[|div (ave)llpeo 1.2

+ N2 (14 [IVellf oo 2 Lo () + 1 iV (Ve llLgo (2 ooy ) (D2 w2+ RTINL(DZR)?,

and hence, using the properties of v. in Proposition 3.4, for all § > 0,

AeaDZh Sep N2+ eRNZ 4+ NZRY(DZ3)'2.
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Absorbing (D? D! )1/ 2 in the left-hand side, the result follows. O

We finally turn to the adaptation of the crucial a priori estimate of Lemma 5.6 to the
nondilute regime N, > |loge|.

Lemma 7.3. Let a >0, B €R, and let h : R?2 - R, a:=e€", F:R? 5 R? f:R?> - R
satisfy (2.1). Let u. : RY x R? — C and v. : RT x R? — R? be the solutions of (1.7)
and (3.3) as in Propositions 2.2(i) and 3./, respectively Let 0 < e < 1, |loge| < N: S
e, and R > 1 with eRN2 < 1, and assume that E 'R <¢ N2 for all t > 0. Then, in the
regime (GL3), we have for all t>0,

N2
1_
o | - s 0

Proof. Using the pointwise estimates of Lemma 4.2, assumption (2.1), and the properties
of v¢ in (3.22), Lemma 4.3 directly yields

[div 3] £ (e + AN Vate — e Neve] + N2 + N1 — fuePI) (1 + 1velli ) foruel
+ (e + BN)NeIpo e + Nelleur] vl + N2[vellio) (1 4+ |1 — Jue P)[ Ve — i Nove]
4+ Ne(1+ |[vellLe)?(|Vue — iue Neve|* + (1 — |us|*)? + N2)
+ N1 = Jue 2| (1 4 [vellree ) (Ne (1 + [[Velle)® + Ac[[peflee + [leurl ve|pe).

Using the assumption E R <t N2, Lemma 7.2 with R = 1, and the properties of v,
n (3.22), we find for r < 1,

t
/ / |div S| <; N2|loge|(1 + Blloge|) < Ni|logel?.
T IO)
Further noting that assumption (2.1) yields
| alt= Pl S el S en,
(L0

and also

/ VallS.|
By (zo)

1
SR (0) <|Vu5 iue Nove|* t3 3 (1= [ue)? + 2 (N2 |ve|* + ’f’2)>
Br(xg

SR (Ne2 + (N2 |IVelltw + (I flIE=)) St RTINZ,
and arguing as in Step 1 of the proof of Lemma 5.6, we deduce the following Pohozaev
type estimate, adapted from [90, Theorem 5.1|: for any ball B, (z¢) with r <1,

/ / i (1 = Jucl*)* < rNZ[logel”

(z0) 282

a
—1-7'/ / XR(‘Vua tue Ne Vg| + (1 - ‘Ua‘ ) + 1 - ’“6’2|(N62‘V5|2 T |f’))
637‘ mO) 2

With this estimate at hand, the conclusion follows from a direct adaptation of Steps 2-3
of the proof of Lemma 5.6. O
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7.2. Modulated energy argument. With the above vortex analysis at hand, in the
nondilute regime (GL3) with |loge| < N. < |loge|log|loge|, we adapt the modulated
energy argument of Section 6 and show that the rescaled supercurrent density N% Je remains
close to the solution v, of equation (3.3). Although the well-posedness result of Section 3.2
for equation (3.3) (hence the final statement of Theorem 2) is reduced to the parabolic case,
we show that the modulated energy argument formally works in the mixed-flow case as well.
(As we assume « > 0, all multiplicative constants are implicitly allowed to additionally
depend on an upper bound on a~!.)

Proposition 7.4. Let « > 0, B € R, o> + 32 =1, and let h : R? —» R, a := €",
F:R? - R?, f:R? = R satisfy (2.1). Let u. : RT x R? — C be the solution of (1.7)
as in Proposition 2.2(i). Assume that for some T > 0 for all € > 0 there exists a solution
ve 1 [0,T) x R? — R? of the following mized-flow version of (3.3),

Ove = Vp, +lcurl v, Velt=o = v°, (7.21)
2N,
1 1y L € — ~1 3.
.= (« Jﬁ)(V h Tog <] Vg) P := (Aeca) ™" div (ave),

and assume that v, satisfies the bounds (3.22) on [0,T). Let 0 < e < 1, |loge| S N: <
lloge|log |loge|, and |loge| S R < |loge|™ for some n > 1. Assume that the initial
modulated energy excess satisfies D*’O N2_5 for some § > 0. Then we have D::E < N2
for allt € [0,T), hence NLSJE ve = 0 in L2 ([0, T); L .(R?)2) as e | 0. O

uloc(
Proof. Let [loge| < N < |loge|™ and [loge| < R < |loge|™ for some n > 1. Given the
assumption D*’; < N?2 on the initial data, for all ¢ > 0 we define T. > 0 as the maximum

time < T such that D* t < N2 holds for all + < T.. By the proof of Lemma 4.1 and by
Proposition 7.1, we deduce for all t < T,

SRNtNQ gjgwtzv? D:;NtNQ Dgggp*Mrot( 172y, (7.22)

£

The strategy of the proof consists in showing that for all ¢ < T,
t
DaRNt DER+N)\ log [log e| + Ae Ne log N + Ac / D? g (7.23)

Combined with (7.22) and with the Gronwall inequality, this implies
D::j% <, eCthe (D% + NA2log [loge| + ANz log N.).

Then choosing [loge| < N: < [loge|log [loge| and D2 < N279 for some § > 0, we deduce
D*’; < N2 for all t < T.. This gives in particular 7. = T for ¢ > 0 small enough, and the

conclusion follows. To simplify notation, we focus on (7.23) with the left-hand side Dt
centered at z = 0, but the result of course holds uniformly with respect to the translatlon
Let us first mtroduce some notation. For all ¢ < T,, as we are in the framework of
Proposition 7.1 with ul, vt we let B := Bt “R denote the constructed collection of disjoint
closed balls B{ZER(u vt) with total radius 7. := N 4. Let then I't denote the corresponding

g) €

approximation of I'. given by Lemma 5.3. We decompose I'; := al'z g — rBFe,o with

2N, >
VvV
loge| ©

.= At (vih _FL o

)
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Step 1. Time derivative of the modulated energy excess.
Lemma 4.4 yields the following decomposition,

ODer=I g+ g+ I+ IO+ T + I g + Iy + I + I, (7.24)

where the eight first terms are as in the statement of Lemma 4.4 while the error I’ cR 18
estimated as follows (cf. (4.16)),

/ 1L ) S0 eRONZ + [log o) (E2 ) V2 S0 2112

Step 2. Bound on the error terms.
In this step, we prove for all t < T,

t
/0 (Iad,R + I g+ I2R)

t
§t1+R_1N€2+(R_1+N;2)/ /QXRyatuE—iuaNapa\? (7.25)
0 JR

We start with the bound on IQR. Using Lemma 7.2 and the properties of v, in (3.22), the
quantity 5‘; g defined in Lemma 5.4 is estimated as follows, for # > 0 small enough,

t t
etz [ enrow [ [ (el + N2lp.P? + N2~ ucPlp.P)
z
Ntﬂ Na + (1 +eRN.)Nc|loge| + RHNEQHOng + Nc|log |||div (aVE)Hi?O(L? L)
Sto eRNZ|loge| + RONZ|loge|* < NZ[logel* < [loge|"*?.

Noting that |Vxgr| < R*1Xg2 and using Lemma 5.3 in the form ||T.||pe < ||Tefle <1,
Lemma 5.4 then yields

aV. - Vixg| <

t t
+R1‘10g5’1</ / XR’atUe — tue N pa‘2+/ / |VUE _anNaVa‘2>7
0 JR2 0 JBagr
and hence,

t t
) / IQR‘ St 1+ R_l/ / XR‘atus — tue N p€|2
0 0 JR2

— ! . a
o 1/ / (1Vte — teNevel? 525 (1 = fueP)? + 1 = Jue PINZJvel? +171)).
0 JBap 2e

¢ Nloge| ™!

RQ

Using (7.22), assumption (2.1), and the properties of v, in (3.22), we conclude
t t
) / IQR‘ Sel+ RTINZ +eNZ(1+ ||velfoo ) + Rl/ /2 XrlOue — iucN; p.|?
0 0 JR

t
St 1+ Rilj\fg2 + Rl/ / XR|8tU£ — tueNe pg|2'
0 JR2
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We turn to the bound on I¢ . Using (2.1) and the pointwise estimates of Lemma 4.2, we
find

12 gl S 0 = el (1 4+ [[vellue) (Na / (Ve = iueNeve + Nell = ucl?[) jeurl ve|
R
. a
+ Ns/ XR(‘vua - ZuENEV6’2 + 7(1 - ‘u€‘2)2>
R2 13
+ N§/2 Xr(L+ |1 = Juc)|ve]* + As/g XR|Otue — iug Nep, || Ve — iue Neve|
R R

+ BN. /2 XR|Owue — tue Nop,| (|Vu<E —iueNove| + Ne|1 — |uc?| + N5]V5|)>.
R
By Lemma 5.3 in the form |Te — T¢|p~ < re = NZ* and by the properties of v. in (3.22),
we deduce for 6 > 0 small enough,
g 3 0 0 \12 : 2\ /2
|I£7R] SreNZR” + re(AeNe + R7N; )( . XR|Otue — tueNep,| )
R
. , o\ 1/2
S1+ N, (/2 XR|Orue — tusNep,| )
R
<14 N2 /2 XR|Osue — iu.Nep, 2. (7.26)
R
Regarding the last term Ig’ > the definition of the pressure in (7.21) simply yields I EC{ r=0,
and the conclusion (7.25) follows.

Step 3. Bound on the dominant terms.
In this step, we turn to the estimation of the five first terms in (7.24), showing more
precisely that for all t < T,

t
Dlp <t D2p+ N A2 log |loge| + Ae N log N, + A /0 D. g. (7.27)

As this holds uniformly with respect to translations of the cut-off functions, the conclu-
sion (7.23) follows.

We start with the bound on the first term I f »- Since for all ¢ the field I'? is constant in
each ball of the collection B! and satisfies ||VIL||Le < ||[VIL||L < 1, we find

a

el s [ el s [ axe((Vue - iueNow 4 50 P)R)
R2\ B. R2\B. €

+ [ xnlt = eIV 1),
Since Be has total radius r. = N-*, Proposition 7.1(v) yields
5] S Demt AN Tog Nt [ it = fue P2 v+ ).
R

Further using (7.22), assumption (2.1), and the properties of v, in (3.22), we conclude
1155 < De.r + ANz log N.. (7.28)
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We turn to I - p- Using the assumption (2.1) and the properties of v. in (3.22), Lemma 7.3
yields

t
/ Iy = O4(A:NL)
0

/ / DR (Ve — e Neve P+ 50— ) — flogel).
R2

and hence by Proposition 7.1(iv) and by (7.22),

A~

t ¢
/ ERNt/\ N.log N, —I—/ D, r <t AeNe:log N, —i—/ De . (7.29)
0 0

The term I QR is simply estimated by

Asx
Ig < ; aXR\(?tug—zug N.p.|* +

2 axgr|(Vue —iuNove) -TEH? (7.30)
]RQ

We finally turn to IV o R Using o + % = 1, we find Ieo— BFL = oI, so that IV cR takes

on the following guise,

axXR

a ~ -
XRY (Teo— BTL) = . SRV T

R2 2 R2

I

&,

Vi = N:

As shown in Step 2, the quantity 5:, p defined in Lemma 5.4 satisfies E: ’E <t [loge|™t3.
Choosing M. := exp((\: log|loge|) A |loge|'/?), Lemma 5.4 then yields for any A ~ 1,

Ae log |log e
)/ ’<ot )+ Ae a< —I—Ot<|log5] 1/2 A W))

t
X <A/ / aleﬁtus—iusNep€|2+4/ / aXR|(VUe—Z'u5N€V€)-FE|2>7
0 JR2 0 JR2

and thus, using the optimal energy bound (7.22),

)/ ‘ < O¢(N: A2 log [loge|)

log |1 t
+(1+ Ot(|10g5|_1/2 A )\s Og| Og5|> )\501 / / aXR’atUE . iU5N5p5|2
|log €| A Sy Jre

AcaA

_l’_

t
/ / aXR|(qu - qu;NEVE) : Fg|2. (731)
0 JR2

We distinguish between two cases,
t t
Case 1: / / axr|Ous — qungE|2 < 5/ / axr|(Vue — iusNove) - F5|2, (7.32)
0 JR2 0 JR2

t t
Case 2: / / axr|Ous — qungE|2 > 5/ / axr|(Vue — iusNove) - F5|2. (7.33)
0 JR2 0 JR2



110 MITIA DUERINCKX AND SYLVIA SERFATY

In Case 1, choosing A =2 in (7.31) yields

Ae log |1
1+Ot( og | 0g5| a><1:5|8tu€—zwE 5p€|2
|lo ge\
Ay

)/ ’ < Oy(N: A2 log]log€|)
0

. axr|(Vue — tusNeve) - F5|2.
R

In Case 2, the condition (7.33) can be rewritten as

I : ¢ )
4// aXR|8tu5—wsNEp€|2+// aXR|(Vu5—zuENEVE).FE\2
t
10 // axRr|Owue — iue Ep€|2 // aXR\(Vug—iusNEVE)-FEF,
0 JR2

and choosmg A =4 1in (7.31) then yields

1
’/ IgR‘gOt(Nez\g’logllogal)—i-)\ea( —|——+ot // axr|Owus — tu. Epe\
0
Ay

; axr|(Vue — tusNeve) - I‘EIQ.
R

Further noting that in Case 1 the condition (7.32) together with the energy bound (7.22)
yields

A2 log |loge]

-1 -2
N,
(R LR |log €|

)/ axr|Orue —iu5N5p€|2
R2

A2 log Az log [loge| 5]

S (R_l TN [log €]

// aXR|Vu6—zu€NV5|2 tNE)\g’log\logel,
RQ

and combining this with (7.25) and (7.30), we observe an exact recombination of the terms,
and obtain in Case 1,

t
d
/0 (L p+ 10+ I2p + I+ 12+ I R)

< A

axr|Vue — iuNove 2T + Oy (NA2 log |loge|), (7.34)

R2
and in Case 2,

t
/0 (I;{R + Ia]?R + Igg,R +Ilg+ I R)

A (1
< _%(5 - — = / / aXRlat’Uf — QU €p5|

axr|Vue — tusNev, |2|I‘5|2 + Ot(Ne)\g’ log |logel),

R2
so that (7.34) holds in both cases for & > 0 small enough. Using o? + 3% = 1, we find
[ Teo=allpo|? = a|l|% so that the term IfR takes on the following guise,

A AsQx
IaR - —fﬂogd /RQ a’XRFE : Fs,O He = _%Hogd /]RQ aXR’F‘S‘ZMs-
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Together with (7.34), this yields
t
/ (R + 1P+ 10 + I+ I2p + I )
0

<

A t
;oz / / axr(|Vue — iueNove|? — |log5|ug)|FE|2 + O4(NM2log [log €|).
0 JRr2
Combining this with (7.24), (7.28), and (7.29), we conclude

t
Dip—Dip i / D r+
0

Aea [t )
; / / aXR(‘VUa - ZUstVes’Z - MOnga)Wa‘Q
0 JR2

+ N-A2log|loge| + A N: log N,
and the result (7.27) now follows from Proposition 7.1(iv).

Step 4. Conclusion.

As explained at the beginning of the proof, in the regime [loge| < N < |loge|log [log ¢]
with D2 5 < N27% for some § > 0, the estimate (7.23) implies T. = T and D)}, <; N2
for all t € [0,7). We now show that it implies the convergence N% Je —ve — 0. For all
t €[0,T), Proposition 7.1(v) gives

sup/ Xzl Vus — z'ugNgvg\2 < Nf,
R2\B.

z

and for all 1 <p < 2,

sup/B X5 Vue — iuNove [P < ]Bell_p/z(é':ﬁ)p/? < r?‘pNg’ <, NP.
z €

Using the pointwise estimates of Lemma 4.2, we deduce

sup / e = Nove| i sup / Ve — it Nove| + N2
B(z) B(z)

z z

z

1/2
< sup/ X&r|Vue — iusNove| 4 sup (/ |Vu, — iu5N5v5|2) + 6N52 <4 Ng,
3 z B(2)\B

hence §-je — ve = 0 in Lix, ([0, 7); Lij. (R?)?). O

uloc
8. MEAN-FIELD LIMIT IN THE CONSERVATIVE CASE

In this section, we prove Theorem 3, that is, the mean-field limit result in the conser-
vative case (& = 0, 5 = 1) in the regime (GP). More precisely, the rescaled supercurrent
density N% Je is shown to remain close to the solution v, of equation (3.4). Combining this
with the results of Section 3.3 (in particular, with Lemma 3.6), the result of Theorem 3
follows.

8.1. Preliminary: vortex analysis. In the present situation, it is not needed to adapt
the ball-construction lower bound of Section 5 to the nondilute regime N, > |loge|: we
only need the following elementary estimate on the number of vortices based on a bound
on the modulated energy excess. Since the vector field VA is assumed here to decay at
infinity, the proof is considerably reduced with respect to the corresponding statement in
Section 7.1. Note that in the considered regime N, > |loge| we show that & r and D, g
are interchangeable up to an error of order o(N2).
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Lemma 8.1. Let h: R? 5 R, a =", witha <1 and ||Vh| 21~ S 1, let ue R2 — C,
ve : R?2 = R2, with |Jeurl ve| 1 qpee, [[VellLe S 1. Let 0 < e < 1, [loge| < N. Se7t, and
R >1, and assume that DI p < N2. Then,

Slip HM&H(Hlmwl,oo(BR(z)))* S Ne,

hence in particular
sup |2 p — DéR\ < Neloge| < Nf. O
z

Proof. Let ¢ € H'N WL (R?) be supported in a ball of radius R. We decompose
/2 Ol = / ¢(Necurl v, + curl (je — Nove))
R R2

= N. gi)curlv<E / Vo (je — Neve),

hence, using the pointwise estimates of Lemma 4.2,

‘/2¢ue

In particular, using the assumptions D} p < N2 and [|[Vh|2 41 S 1, we obtain

S Nel[@lieee + (14 eNo)(E2R) V2 IVllLe + €2 Rl VIroe (8.1)

£ =D 5 + Jloge] / aXGape < N2+ (1+eN2)floge|(E )2 + elloge|€? 1
RQ

which implies, taking the supremum in z and absorbing £ p in the left-hand side, for € > 0
small enough,

PR SN2+ (L+eN:)?|loge]* S N2.
Inserting this into (8.1) yields | [go pie| S Nell@| 11,00, and the result follows. O

8.2. Modulated energy argument. By a modulated energy argument, we show that
the rescaled supercurrent density N% Je remains close to the solution v, of equation (3.4).

The proof consists in estimating the different terms in the decomposition of 8,5258797 R in
Lemma 4.4 and then deducing the smallness of the modulated energy éa,g, r by a Gronwall
argument. Note that in the nondilute regime N, > |log €| the situation is greatly simplified
with respect to Section 6, since the modulated energy & r and the excess D, g are now
interchangeable up to an error o(NZ2) (cf. Lemma 8.1). The different terms appearing
in Lemma 4.4 thus only need to be estimated by means of the modulated energy & r
without having to take care to substract the correct vortex self-interaction energy. In
particular, the vector field I'. does no longer need to be truncated on small balls around
the vortex locations, and we simply set I'. = I'.. For this choice, all the terms involving the
vortex velocity f/a,g in Lemma 4.4 vanish. This simplification is crucial since in the present
conservative case no good a priori control on the vortex velocity is available (apart from
rough a priori estimates of the form [|9yue — iucNep, |12 S €72), which indeed prevents
us from extending this modulated energy argument to the case N. < |loge|.

Proposition 8.2. Let o« = 0, 3 =1, and let h : R? - R, a := e, F : R? = R?,
f:R? = R satisfy (2.2). Let ue : [0,T) x R? — C and v. : RT x R? — R? be solutions
of (1.7) and (3.4) as in Propositions 2.2(ii) and 3.5, respectively, for some T > 0. Let
0<e<xl,|logel <« N.< e, R> ||8tu5||L%o (2 + |loge|?, and assume that the initial
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modulated enerqy satzsﬁes 5 R < N2. Then, in the regime (GP), we have 5:7’; < N2 for
allt € [0,T), hence sts V6 — 0 in L2([0,T); LY, .(R?)2) as e | 0. Under the stronger

uloc

assumption E2° < N2, the same convergence holds in L2.([0,T); (L' 4+ L?)(R?%)?). O

Proof. In the sequel, we choose 1 < ¢ < R with % <« (eN.)~! for some 6 > 0. Regarding
the global truncation at the scale R, it is not really needed in the present context (as a
consequence of the decay assumption for Vh, F, f) and can be sent to infinity arbitrarily
fast; here it suffices to choose R > ||0puicl|p g2 + [log g|? (where the right-hand side is

indeed finite by Proposition 2.2(ii)). Given the assumption &£ *’]o% < N2 on the initial data,
for all € > 0 we define T > 0 as the maximum time < T such that 88 n < N2 2 holds for all
t <T.. By Lemmas 4.1 and 8.1, we deduce D* ’QR < N? and for all t < T,

DI S NZ, &N N2, DY NZ,

£,0, R Nt €,0, R r\Jt
ER SED p+ oi(N2), £ R SO g+ o(N2). (8.2)
The strategy of the proof consists in showing that for all t < T,
t *
£t o SuolN / & o (8.3)

This estimate is proved in Step 1 below. To simplify notation, we focus on (8.3) with the
left-hand side 5 oR centered at z = 0, but the result of course holds uniformly with respect
to the translatlon By the Gronwall inequality, it implies 5 ok <Kt N2, hence 557 n <t N2

for all t < T.. This yields in particular T, = T for all € > 0 small enough, and the main
conclusion follows, while the additional statements are deduced in Step 2.

Step 1. Proof of (8.3). B
Using the constraint 0 = a~!div (av.) = divv. +v.- Vh, and choosing T := T, the
result of Lemma 4.4 takes the following simpler form,

ODepr=15, g+ 1Yy g+ IE, g+ I o+ I+ 1Ly R, (8.4)
where we have set
Bun = — [ xaVr:s.
RQ
1% ._ axr|loge| 1 1 1 2N
aw = [0 Ve (- Amd Vi P - ),
axr|loge| 1 N 2N,
2, = - 71“-( h—FL— >
&0.R /R? 9 < (V |10g€|V€ He
axRr
p = | SR Vh(|Vue — iuNove? + 51— fuef)? — [log el )
R
n ._ & L
IE,Q,R = - VXRS5F€
RQ

1
_/ CLVXR . ((875% — 'L"U,SJZ\]:&.pE7 V’U,g _ iu{—;NgV(;) + | OgE‘ VJ‘>7
RQ
and where the error Ié R is estimated as follows (cf. (4.17)),

L g1l St eNEZpp + No(E2R) 2V (D2 = be )z + N2 (E2R)1.
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Choosing 6 > 0 small enough, and using Proposition 3.5 in the form ||V (pl —pL ,)[l;2 < 1
(cf. (3.38)), we obtain

1L, Rl Sto € R + o(Ne)( :,3)1/2- (8.5)
The choice (3.4) of T'. yields Igg,R = Ifg’R =0, hence

at@ﬁ’g R = IES,@,R + Igg,R + Iz—:n,Q,R + Ié,&R' (8.6)

)

It remains to estimate the first three right-hand side terms. By assumption (2.2) in the
form || f|ly2 < N2 and by the integrability properties of v, (cf. Proposition 3.5), the first
right-hand side term I o.r 15 estimated as follows, for all t < T,

. a
Eon IVl || oxn(Vi e Nevel+ 50— e+ 11 = fue PI V2l + 1)
St Eep+eNZ(Er) S Eer+o(N2). (8.7)

~t

We turn to the second right-hand side term in (8.6). Lemma 8.1 yields

. a
IH R = < ”FL vhHLOo /]R? XR(|VU€ - ZUsNeV€|2 + ?(1 - |us|2)2)

+ \10g€!‘ / axrl'z - VA pie
R2
S ErlTz - Vh|ie + Nellogelllaxalz - VAl giapt.ce;
and hence, using assumption (2.2) and the properties of v, (cf. Proposition 3.5),

I p i e+ Nelloge| < & + o(N2). (8.8)

It remains to estimate the third right-hand side term in (8.6). By definition of S. and VE,Q,
we find

“Hloge| |Optte — iue Nep, ol| Ve — iue Neve|
Baog

R [ (V= 0 Noval? o 50 = el + 1= [PV + 1),
2R

E,QR

and hence, using assumption (2.2), the properties of v, (cf. Proposition 3.5), and the bound

& 2R S ER (cf. (4.1)),
I, r St &R+ R Mlog ( :,R)1/2Hatu€ — iU NeDe 12y p) T o(N2).
The properties of p, (cf. Proposition 3.5) yield for all § > 0,
[Osue — iucNepe o ll12(By )
S 10uelliz ) + Nellp ollizyn) + NellPe ol (B 11 = [uellllz s,
Sto o 0uelli2(p,,) + N o’ +eN.(E )1/2’
so that the above takes the form

I, g Stp Ep + R |logel? ||atug||L2 o TR 20-0 N2[log e|? + o(N?).
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Using the choice R 2 ||Osucl|l;2 + [loge|?, and choosing § > 0 small enough, we deduce
I RSt &g+ o(NQ) Combining this with (8.5), (8.6), (8.7), and (8.8), we conclude

€
Ot €,0,R th R+O(N52)

Integrating this in time with DE’QR < N2, using (8.2), and noting that the result holds
uniformly with respect to translations of the cut-off functions, the conclusion (8.3) follows.

)

Step 2. Conclusion.
As explained, the result of Step 1 implies 7. = T and " - r <t N2 for all t € [0,T). We

now show that it implies + ~-Je — Ve = 0. Using the pointwise estimates of Lemma 4.2, we
obtain

17e — NaVa”(Ll +L2)(Bgr(2))
S Ve — iusNeVeHLQ(BR(z))(l +1 = ‘UE‘QHL2(BR(z))) + Ne1 - ‘u8’2HL2(BR(z))
< N.(1+¢eN.:) SN,

and the conclusion follows, letting R 1 oo. O

9. HOMOGENIZATION REGIMES

In this section, we briefly examine homogenization regimes and we prove the few rigorous
results mentioned in Section 1.5. We focus on the dissipative case and for simplicity we
restrict to the periodic setting, that is,

~ . 20 1 Ne
a(z) = a’ (=, n—sx) , (9.1)

with @ : R¥xQ — [%, 1] periodic in its second variable. We set h :=loga and h° := log a°.

9.1. Homogenization diagonal result. In this section, we adapt the modulated energy
approach to the case with wiggly pinning weight (9.1). As the first term in the decompo-
sition of aﬂi% r in Lemma 4.4 involves the gradient of the mean-field driving vector field
I (cf. (3.2)), the wiggly pinning force leads to a divergent prefactor O(n-!) that destroys
the Gronwall relation on 755797 r. For that reason, such an argument can only work in a
suitable diagonal regime, as stated in Corollary 1.5. Note that the choice of the diagonal
regime 7. o < 1. < 1 could be made more explicit, but this is left to the reader.

Proof of Corollary 1.5. Given a fast oscillating pinning potential (9.1), we consider the
regimes (GL;), (GL2), (GL)), and (GLj), and in the regime (GL2) we restrict to the
parabolic case § = 0. We now denote by v, the unique local (smooth) solution of (3.2)
with wiggly pinning force

Vh(z) = n.V1h(z, 1-x) + Voh(x, L), (9.2)

We further denote by v. the unique global (smooth) solution of the corresponding mean-
field equation (1.19)—(1.22) with VA(z) replaced by V2h(z, —m) We split the proof into
three steps.

Step 1. Gronwall relation.

In this step, we show that v is defined on the time interval [0, 7} ), with TE0 :=n1" and
with T as in Proposition 3.2. In addition, we adapt the proof of Proposition 6.1: with the
same restrictions on the regimes, we show that there exist ¢ > 0 and an increasing bijection
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6 : RT — R such that for all ¢ > 0 the conditions D'}, = o(N2) and supg<,<; DI’y < N2
imply

t
DLy < 0GE) (m70lN) + 0" [ Di) 93

We first check how v, depends on the small parameter 7)., thus adapting Proposition 3.2.
A scaling argument shows that the solution v. exists up to time 7.7, where T' is as in
Proposition 3.2. Moreover, an inspection of the proofs in [40] together with a scaling
argument shows that all the estimates in Proposition 3.2 still hold up to multiplicative
constants of the form n_- "9(;—6) for all t € [0,n.T"), for some o > 0 and some increasing

bijection # : Rt — R*. A scaling argument yields more precisely, for all ¢ € [0, T%),
ITellee <OGE),  IVTLfle < nzt0(h).
With such estimates at hand, repeating the proof of Proposition 6.1 leads to the claim (9.3).

Step 2. Gronwall argument.

In this step, we show that there exists 7.9 < 1 (possibly depending on all the data of
the problem) such that for 7. o < 1. < 1 the conclusions of Proposition 6.1 hold in each
of the corresponding regimes.

Since in the regime (GLg) we restrict to the parabolic case, we deduce that there exists
Ne,0 < 1 such that for n. o < 7. < 1 the time T? in Step 1 diverges as ¢ | 0. Given the
assumption D::; < NZ2 on the initial data, for all ¢ > 0 we define 7. > 0 as the maximum

time < T€0 such that D:’; < Ng holds for all ¢ < T.. The result of Step 1 then yields for
all0 <t <T.,

¢
P < 0GE) (70lN2) + " [ D).
and hence, by the Gronwall inequality,

Dl <T0(E) o(N2),  b(t) = O(t)els .

Choosing e.g. 70 == [ ( O(N]\%))] 71/(0\/1), we deduce for 7. o < 1. < 1 that ﬁé,R < N?

holds for all 0 < ¢ < T2, and the claim follows as in Step 4 of the proof of Proposition 6.1.

Step 3. Conclusion.

It remains to show that there exists 7.0 < 1 such that for 7. o < 7. < 1 there holds
Ve —Ve — 0 in LS (RT; LY (R?)?). This convergence result directly follows from the
computations in the proof of Lemma 3.3, now taking into account the 7.-dependence of v,

and V. as in Step 1 and applying a Gronwall argument in a suitable diagonal regime. [

9.2. Mesoscopic initial-boundary layer. In non-diagonal regimes, the Gronwall rela-
tion (9.3) only yields conclusions in the short timescale t = O(n). This allows to rigor-
ously explore the mesoscopic initial-boundary layer that occurs in that timescale: in each
mesoscopic periodicity cell, the vorticity gets projected onto the support of the invariant
measure for the cell dynamics associated with the initial mean-field driving vector field I'7
(cf. (3.2)). This is captured in terms of 2-scale convergence. The proof is particularly easy
as the nonlinearity plays no role yet in that timescale.
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Proposition 9.1. Let the same assumptions hold as in Theorem 1, with wiggly pinning
weight (9.1). In the regime (GLa), we restrict to the parabolic case. For all e > 0 let u. be
the unique global solution of (1.7) as in Proposition 2.2(i), and for all x € R? let mg(z, -)
denote the unique global solution of the following continuity equation in the torus @,

dmg(z, -) = — divy (T°(2, ) m(z, ), mo(z, ) |=0 = curlv°(z), (9.4)

Fo(x)y) = (O[ - Jﬂ)(v%‘ﬁo(l‘?y) - F(m)J— - QKVO(‘T))a
where £ = 1 in the regime (GL1), k := X in the regime (GL2), and x = 0 in the
regimes (GL}) and (GLS). Then there exists a sequence n.o | 0 (depending on all the

data of the problem) such that for n. o < n. < 1 the slowed-down rescaled vorticity Nie,uest
2-scale converges to mb, that is, for all € C°(]0,T) x R?; C2.(Q)),

per

i [ ot ) g @ydede = [ () whoy) dydodt. 0
el0 JJR+xR2 e N Rt xR2xQ

Proof. As in Step 1 of the proof of Corollary 1.5 above, the solution v, is defined on the
time interval [0, 7:T") with T" as in Proposition 3.2, hence T diverges as ¢ |, 0. Applying (9.3)

and choosing 7. := (O(NL;))UU, we deduce for .90 < 7. < 1, for all t € [0, 7)),
t
DUk S0V + [ DL
0

The Gronwall inequality then implies D" = o(N2) for all t € [0,7). As in Step 4 of
the proof of Proposition 6.1, we deduce Nisjsst —vF' 5 0in Lo (R LY (R%)?) as e | 0.

We may then find a sequence 7. o < 7}270 < 1 such that for 77;’0 < ne < 1 we have for all
To, Ro > 0,

To
1imn;1/ / | g2t — v = 0. (9.5)
el0 0 JBg,

It remains to determine the asymptotic behavior of vt We split the proof into two steps.

Step 1. 2-scale convergence of curl vt
Let v := vZ*" and m, := curl v.. Taking the curl of both sides of (3.2), we deduce the
following equation for m,,

Ay, = —n. div (I'tim,), M, |—o = curl vo (9.6)
_ 2N

1 _ 1y pl £ _
= A (o= 39)(VHh— F \1oggyV€>' (9.7)

By [40, Lemma 4.1(iii)] in the dissipative case with ||h||yy1.00, |AZH(VER—F1)||Lee, [|[VE|Loe,
div (av2)||;2 < 1, we have ||vL —VSHiQ Stforall t € [0,n.T). By [40, Lemmas 4.2-4.3]

and a scaling argument, we have |lcurl vi[|p <y, 1. After time rescaling, these estimates
yield for all ¢t € [0,T),

Ve =velfe Semer Mgl Si 1 (9-8)

Nguetseng’s 2-scale compactness theorem [81] (e.g. in the form of [42, Theorem 3.2|) then
implies the existence of some mg € L2, (RT; L>®(R? x Q)) such that up to a subsequence
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m. 2-scale converges to my, that is, for all ¢ € C(R*T x R?; C2.(Q)),

per

lim// o(t, z, L) mk(x) dedt = /// o(t, x,y) m§(x, y) dydxdt.
el0 JJR+xR2 e R+ xR2xQ

Testing equation (9.6) with ¢(t, = ) we find

1 ) dx — 0 Y(x)dxd
[ 60,2, 2) curlvi(e) da //RR O(t, v, 2 )it (z)dadt
-l ) V16,2, 2) + Vaglt, . £)) - TH(e) da,
]R+><]R2

and hence, passing to the limit € | 0 along the subsequence and noting that (9.8) implies
Ve = v° in LIOC(R+ Luloc(RQ))’

- // 6(0, 2, y) curl v°(z) dydz — /// Onp(t, ., y) i (x, ) dydardt
R2xQ RTxR2xQ

= /// my(z,y) Vao(t,z,y) - I°(z,y) " dydzdt.
Rt xR2xQ

This proves that mg satisfies the weak formulation of the linear continuity equation (9.4)
and is therefore its unique solution mg = my.

Step 2. Conclusion.
Let ¢ € CX(RT x R? C22.(Q)), with ¢(t, z,y) = 0 for |z| > Ry or |t| > Tp. Integration
by parts yields

'// )curl(]\lf jget)(:v) dxdt — /// o(t,z,y) m’é(:n,y) dydacdt‘
R+ ><IR2 c R+xR2xQ
To
<oVl [ [ =<l
0 JBg,
‘ // )curlv (x) dzdt — /// o(t, z,y) mh(z,y) dydmdt‘. (9.9)
R+ ><]R2 Rt xR2xQ
Combining this with (9.5) and with the result of Step 1, the conclusion follows. O

9.3. Small applied force implies pinning. In this section, we establish the following
intuitive result: in the presence of a small applied force ||F||p~ < ||Vh||Le, with a wiggly
pinning potential, vortices are pinned. The proof is based on energy methods and is limited
to the non-critical scalings (GL}) and (GLY).

Proposition 9.2. Let a > 0, B € R, a® + B2 = 1, let Assumption 1.1(a) hold with the

ingtial data (u2,vZ,v°) satisfying the well-preparedness condition (1.18), and assume that

1 < N; < |loge],

IS

£
< <1,
Tog2 A-(Nofloge])i2 <

h(z) := Aeneh® (2, ), | E Iy < Ae,
with h° independent of €. Let u. : Rt x R? — C be the solution of (1.7) as in Propo-
sition 2.2(i). We consider the regime (GL}) with v2 = v° and the regime (GLj) with
div (av?) = 0. Then N fe = curl vo in LS (RT; (C2(R?))*) for all vy > 0. O
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Proof. We choose v, := v2 in the definition of the modulated energy (1.14), thus redefining
for all z € R?,

axs . o a
EZ,R = /R? 2R (|VU€ - WENEV5|2 + 2752(1 - |u5|2)2>7

loge
Dig:= 5§,R—| 5 |/ axXfpfbes
RZ

as well as & p = sup, & p and D p := sup, D (where the suprema implicitly run
over z € RZ?). We further consider the following modification of this modulated energy,
including suitable lower-order terms,

4 ax’ . o a
sZ,R = /R? 2R (|Vu5 - ’LUaNanP + 2762(1 - |u5|2)2

(1= ue2)(f = NZve? = Nefloge| ve L)),

and é; R ‘= sup, ég r- The lower bound assumption on the pin separation 7. allows to
choose the cut-off length R > 1 in such a way that

1 (Nelloge[)!/2

logel? R« UEE_I(N5’10g5|)1/2.
€

MN<R<e™

By Proposition 5.2, the well-preparedness condition (1.18) implies 5 < CoN.|loge| for
some Cy >~ 1. Let T > 0 be fixed and define T, > 0 as the maximum time < T such
that the bound Eg’;% < 2CyN¢|loge| holds for all ¢ < T.. Using (1.8) in the form || f||p~ <

Aenz L+ A2|log e]?, the assumptions on v¢, and the choice of 7., R, we deduce for all t < Ty,
5 ’t 7t o o
5%~ €241 < [ It = WEPIF + N2N2P + Nellogel v 1)
SeROens ! + A2loge?)(E25)? + eRPo(AN:[loge|)(£25)? < A-Nelloge|, (9.10)

hence in particular c‘:’: 7;2 < Nc|loge| for all ¢ < T.. We split the proof into three steps.

Step 1. Evolution of the modulated energy.
In this step, for all € > 0 small enough, we show that T, = T and that for all t <T,

et
4

t
/ /2 ax%|0pus]? < 557’; - 5;’1% + ot(AeNe|logel) <¢ Ne|logel. (9.11)
0o JR

The time derivative of the modulated energy éj p is computed as follows, by integration
by parts,

8t<‘j€z’R = /2 ax%((Vug — e Nevy, Voue) — Nevi- (Vue — iue Nove, i0sue)
R

a o (¢]
672(1 = [ue*)(ue, Oue) — (f — N2|VE[* = Nelloge| v -FJ‘)<ug,3tu5>)

AUge
2

= —/ aXZR<AUg + 8—(1 — |uc|?) + Vh - Ve +i|loge| F* - Vu, + fu., 8tu5>
R2

+ NE/ axnr (v -Vh + div ve)(Opue, iugs) — / aVxs - (Vue — tusNovy, Opug)
R2 R2
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B / aXZR(“OngL + QNEVS) : <Vu5 - iuaNaVS; iatu6>7
R2

hence, inserting equation (1.7) in the first right-hand side term,

8té;7R = —)\504/

. ax%\@tu€\2 — /2 ax%(\loge\FL +2Nv2) - (Vue — tuNovy, i0pue)
R R

+ Ne/ X7 div (avy)(Opue, iug) —/ aVxsh - (Vue — iusNove, Opug).
R2 R2

In particular, using the energy bound Es’éR < 5*’1% < Ne|logel|, we find for all ¢t < T,

~ “e,
5z )‘Ea z 2 z 1 o . o -
Btgs,RS*T 2aXR|8tu5| — 2CLXR(|loge|F +2Nv2) - (Vue — iueNevy, idsue)
R R
FCATNE [l div (@41 )
RQ

+CAIR? Ve — du Nove)?
Bar(2)

AeQX ) o .
<= / zaxﬁmtugf—/ ax(llog el F* + 2Nov2) - (Ve — jue Nev2, idyue)
R R

+ CAZ N2 div (av?) |7 AL(Bym) T CAZ'R2N.[logel,

so that the assumptions on div (av?) and the choice of the cut-off length R yield

A A
Oz < 20 / axalOruc?
’ 2 ]R2

— / axz(|log <€|FL + 2Nv2) - (Vue —iusNove, i0pue) + or(AeNellogel). (9.12)
R?

Using the Cauchy-Schwarz inequality to estimate the second right-hand side term, with
|1 F|lLe S Ae and ||[v2]|Le < 1, we find the following rough estimate,

A A
Oéip <~

/2 axf_—i|0tu5|2 + C)|log 5|2 /2 axp|Vue — quN€V§]2 + ot(A=N¢|logel)
R R

e
< — Z /2 ax%]@tuEP + Ot(A5N5]10g6]3),
R

and thus, integrating in time with A. < 1, we find for all ¢t < T,

Ao [T Ao .
[ [ axilon? < £~ &4+ Onlllogelh) 51 logert
0 JR

This rough estimate now allows to apply Lemma 5.4 (with v = v2 and p, = 0), using that
[loge|||F|lL> + Ne < Ac|logel, to the effect of

t
‘ / / axG(logel FL + 2Nv°) - (Ve — iue Nove, idyu.)
0 JR2

log g||| F||1,c + IV, t ! ; o
g MoedlPm N ol [ [ axil ¥ - ) + o)

t
< 0(/\5)/ /zaxfﬂ@tusp—i—ot()\ENa\logs\).
o JrR
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Inserting this into (9.12) and integrating in time, we find for all t < T,

52,t 52,0 )\505 ! z
Ern—Ey ( O(Aa))// ax%|0wuc|® + op(A\-N:|logel),
2 0 R2

E

and the result (9.11) follows for all t < T.. In particular, combined with (9.10), this yields
for all t < T,
EXR < EXp + o(ANeflogel) < E2 4 oy(ANefloge|) < E27 + 0 (A-Ne[logel)
< (Co + 0(1)) Ne[log el

and thus, taking the supremum in z, we conclude T, = T for £ > 0 small enough.

Step 2. Lower bound on the modulated energy.
In this step, we prove for all t < T,

loge
gr, > Lo '/ axiit — or(AeN.[loge]),

and hence, combined with the well-preparedness assumption D>"7 r <N 2 and with (9.10),

o loge °
Elp— Elp S EXp — EXp + o(ANellogel) < | § /QGX%(%M§)+0()\6Ns|log5|)-
R

As we show, this is a simple consequence of Lemma 5.1. (However note that we may
not directly apply Proposition 5.2(i)—(iii) as the assumption R 2 |loge| does not hold.)
Noting that ||V (ax%)|lLe < Ae + R71 < A, we deduce from Lemma 5.1(i) with ¢ = ax%,

with & p <t Ne|logel, and with e? <r <1,

log(%)
‘R <

/2 ax&|VL gl — Oi(AerNelloge]) — Oy (r? N2) — Oy(N: log N.)
R

loge
> Loz / axkIVE Rl = O(llog ) / Xalvz gl — 0r(AeNeflog ),
R? R?

hence by Lemma 5.1(ii), for e ™ <r <« 1,

llog el
£ >

/ Gl 5l — O(N-log r]) — oy(ANelloge])

loge
> |2| /2 CLXZRV;R — Ot()‘aNaﬂOgé‘D.
R

By Lemma 5. 1(iii) in the form (5.7) with v = 1, and by (5.24), using ||V (ax%)|lLe < Ae,
we may replace v p by pe in the right-hand Slde

log e
gEZ,R Z 2 R2 G’X%ﬂ/"ba

— Ac[log €01 (eRN-(N:[log e])/? + rN.) — |log e|O4('/2 Ne[log £]) — 04(A=Ne|logel),

and the result follows from the choice R < e~ !(N.|loge|)~1/2.
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Step 3. Estimate on the total vorticity.
In this step, we show for all t < T,

‘/ axr(pt — pl)
RQ

We first prove (a weaker version of) the result with the weight a replaced by 1. Using
identity (4.8), we may decompose

/ — 1) // XpOie = //WXRCMW__/ VLX%'V;

:—2/ Vg - (Vue — iug Nove, idue ) +N/ Vg - ve oy (1 — |u|?).
0 JR2

<y AaN&

Applying Lemma 5.4 as in Step 1, with |[Vxg| < R™! }%/ , we deduce for all t < T and
loge| 2 <K < ]log5|2

‘/ XR
_2 2

o K2R \% N, )

ol / foitontcaen [ 19w

+or(logel ™) + N [ (1= P+ 11~ 1)V

<

~t

t
log | /0 /R2 Xf%!&sue!? + K?R72N. + eNc|loge| + 0(’10g€|71),

Using (9.11) to estimate the first right-hand side term, and choosing A\;! < K? < A\.R?,
we obtain
" Alloge|

[ it
St o([loge| 1)(5 7= EXR)+ + 0(AN:). (9.13)

It remains to smuggle the weight a into the left-hand side. For all ¢ < T, applying
Lemma 5.1(iii) in the form (5.7) with v = 1, as well as (5.24), and using the choice of
R < e YN, |log5|)_1/2 we find for e1/2 < r <« 1,

-2

( Z n— (C:Z’E)Jr + O(K_2N5) + KZR_2N€ + O(|10g5|_1)

(/ (1 —a)xg(ut — v )‘ <i At N, 4 €'/2N_|loge| + Aee RN.(N:[loge|)"/? < AN,
R2
and hence, by Lemma 5.1(ii) with |1 — aljpe S Aene < A,

[0 —andut| S 1=l [ xiloZ

Combining this with (9.13) and with the result of Step 2, we deduce

| [ axitut - )| <
R2

and the result follows.

(AeN2) < AcN..

Seolfloge| ™) (EXp — EXR)+ + 0(A:Ne)

So(0)] [ axilt = )] + o),
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Step 4. Conclusion.
Combining the results of Steps 1-3, we find

T
/ / ax§|8tu€|2 <1 Nc|logel.
o Jr2

Applying Lemma 5.4 (see also [95, Proposition 4.8]) then yields for X € W1>°([0,T] x R?)?
and |loge|™! < K < |loge],

T
‘/ / XX - Ve
0 R2

1 (1 / / z|9 |2 K/ / z‘ ( u N 0)’2>
— u -+ X - (Vu. —iu \Y%
|1 €| K 0 2XR t We 0 2XR &€ eLVeVe

+0(1) (L + X [Iy1.00 (0,77 xR2))
St (o(K™'No) + KN: +o(1)) (1 + HX‘|]5/‘/1,<>0([07T]XR2)),

hence, for a suitable choice of K,

T
Sup‘/ / XeX - Ve
z 0 R2

This implies V. = 0 in (C}([0,T] x R?))*, so that identity (4.8) yields 9 (spuc) =
Niscurl V. = 0in (C*([0, T]; C2(R?)))*. Arguing as in Step 4 of the proof of Proposition 6.1,

the well-preparedness assumption on the initial data implies N% Jje —v°in Lllﬂoc(RQ)27 hence

N%ug X curl ve in (CH(R?))*. We easily deduce N%ue X curlve in (C([0, T); C2(R?)))*.
Noting that Lemma 5.1(iii) together with (5.12) ensures that the sequence (N%,ug)E is
bounded in L>([0,T7]; (CZ (R?))*) for all 4 > 0, the conclusion follows. O

L7 Na(l + HXH?/VLOO([O,T]XRQ))‘

APPENDIX A. WELL-POSEDNESS OF THE MESOSCOPIC MODEL

In this appendix, we address the global well-posedness of the mesoscopic model (1.7),
establishing Proposition 2.2 as well as additional regularity. We start with the decaying
setting, that is, when Vh, F, f decay at infinity. Note that in this setting no advection is
expected to occur at infinity. As is classical since the work of Bethuel and Smets [11] (see
also [75]), we consider solutions u. in the affine space Lo (R*; U, + H!(R?;C)) for some
“reference map” U, which is typically chosen smooth and equal (in polar coordinates) to
e'Ne¥ outside a ball at the origin, for some given N, € Z, thus imposing for u. a fixed
total degree N, at infinity. More generally, we consider the following spaces of “admissible”
reference maps, for k > 0,

E,(R?) := {U € L®(R?%C) : VU € H*(R?% C), V|U| € L(R?), 1 — |U|? € L}(R?),
VU € LP(R%C) Vp > 2}.
(Note that this definition slightly differs from the usual one in [11], but this form is more
adapted in the presence of pinning and applied current.) The map Uy, := U, above clearly
belongs to the space E(R?). Global well-posedness and regularity in this framework are

provided by the following proposition. Note that the proof requires a stronger decay of
Vh, F, f in the conservative case, but we do not know whether this is necessary.
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Proposition A.1 (Well-posedness of (1.7), decaying setting). Set a := e with h : R? — R.

(i) Dissipative case (a > 0, 5 € R):

Given h € WHe(R?), F € L®(R?)?, f € L2NL>®(R?), with Vh,F € LP(R?)?
for some p < oo, and u? € U + H(R%* C) for some U € Ey(R?), there exists a
unique global solution u. € L2 (RT; U + HY(R%,C)) of (1.7) in RY x R? with initial
data uS. Moreover, if for some k > 0 we have h € WFL(R2), F € Wk (R2)2,
f € HFnWHe(R?), with Vh, F € WFP(R2)? for some p < 0o, and U € Ej(R?), then
u: € L2 ([6,00); U+ HM YR C)) for all§ > 0. If in addition v € U+ H*(R%;C),
then u. € L2 (RT; U + HFL(R%, Q).

(i1) Conservative case (a« =0, 8 = 1):
Given h € W»>(R?), Vh € H'(R?)?, F ¢ H>nW?>>®(R?)?, f € L?NL>®(R?),
with div F = 0, and u® € U + H'(R% C) for some U € Ey(R?), there ewists a
unique global solution u. € L2 (R U + HY(R%,C)) of (1.7) in RY x R? with initial
data u2. Moreover, if for some k > 0 we have h € Wk+2°(R2) Vh € HF1(R?)?,
F e HM2 A Wh2o(R2)2, f e HF A WHLoOR2), with div F = 0, and u €
U + HY(R2; C) with U € Ej,1(R?), then u. € L2 (RY; U + HM1(R?; C)). O

The proof below is based on arguments by [11, 75|, which need to be adapted in the
present setting with both pinning and applied current. The conservative case is however
more delicate, and we then use the structure of the equation to make a crucial change of
variables that transforms the first-order terms into zeroth-order ones. As shown in the
proof, in the dissipative case, the decay assumption Vh, F' € LP(R?)? (for some p < 00)
can be replaced by (|[Vh| + |F|)VU € L*(R%;C)2.

Proof of Proposition A.1. We split the proof into seven steps. We start with the (easiest)
case o > 0, and then turn to the conservative case a = 0 in Steps 4-7.

Step 1. Local existence in U 4+ H*1(R?;C) for a > 0.

In this step, given k& > 0, we assume h € WFtLo(R2), F ¢ Wh>(R?)? f € H* N
Wke(R?), Vh,F € WFP(R?) for some p < oo, and u? € U + HFL(R2,C) for some
U € E(R?), and we prove that there exists some 7' > 0 and a unique solution u. €
L>([0,T); U + H¥Y(R2,C)) of (1.7) in [0,7) x R2. To simplify notation, we replace
equation (1.7) by its rescaled version

(a4 iB)0u = Au + au(l — |u?) + Vh - Vu +iFt - Vu + fu, uli=p = u’.  (A.1)
We start with the case k = 0, and briefly comment afterwards on the adaptations needed for
k > 1. We argue by a fixed-point argument in the set Eyue(Co,T) 1= {u: [[u—Ul|pze g1 <
Co, uli=g = u°}, for some Cy,T > 0 to be suitably chosen. We denote by C' > 1 any
constant that only depends on an upper bound on a, a~t, |8, ||Allwie, [|(F, f,U)||L,
11=1U2 2, AUz, I flli2, and ||(|F|+|VR|)VU|| 2, and we add a subscript to indicate
dependence on further parameters.

For o > 0, the kernel of the semigroup operator elatiB) A g given explicitly by

St(z) == (a + iﬁ)(47r7f)_16_(0‘“@|’3‘2/(4t)7
which decays just like the standard heat kernel,
1S4 (x)| < Cttemele /10, (A.2)
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and we have the following obvious estimates, for all 1 <r < oo, k > 1,
ISt < Ctrt, | VESH|Lr < Cptr 18 (A.3)
Setting @ := u — U, we may rewrite equation (A.1) as follows,
(a+iB)0it = N+ AU + a(a+ U)(1 — |U) — 2a(a + U)U,a) — a(t+ U)|a)?
+Vh-Vi+Vh-VU +iF+ - Va+iFt - VU + fa+ fU, (A.4)
with initial data 4;—¢ = 4° := u® — U. Any solution @ € L°°([0,T); H'(R?;C)) satisfies
the Duhamel formula & = Sy 40 (@), where we have set
Epac (@) := St % + (a+4B) 7" /Ot ST % Zyy 0 (0°)ds,
Zuae(0%) := AU +a(@® + U)(1 — |U?) — 2a(a® + U)(U, %) — a(a® + U)|a®|?
+ Vh- -V +Vh-VU +iFt - Va® +iFLt - VU + fo° + fU.

Let us examine the map Ep 40 more closely. Using (A.3) in the forms [|S*||1 < C and
VSt 1 < Ct~1/2 we obtain by the triangle inequality

1= a0 (@)l < 15" L lla
+C /0 (1 (= 97 (14 18 + (810 + [Vl ) ds.
hence, by Sobolev embedding in the form ||4°||;s < C||4°| g1, for alld € —U+Ey 4o (Co, T),
IZ0,a0 (@)lluge < Cllécl|gs + C(T +TV?)(1+ CF).
Similarly, again using the Sobolev embedding, we easily find for all 4,9 € —U+Ey 0 (Co, T'),

120,30 (@) — Eva0 (9)[|Lge i1

t
< C/O(1+(t—8)_1/2)(1+W!%p+|!@SH§11)II73LS—@SHH1dS

IN

C(T+TY?) (1 + C3)lla — dllpge -

Choosing Cy := 1+ C||a@°|| g1 and T := 1 A (4C(1 + C3))~2, we deduce that Zy g0 maps
the set —U + Ey 40 (Co, T') into itself and is contracting on that set. The conclusion follows
from a fixed-point argument.

We now briefly comment on the case £ > 1 and explain how to adapt the above argu-
ment. We again proceed by a fixed point argument, but this time we estimate Z/ 40 (w) in

HF1(R2; C) as follows,

t
IZ a0 (@) | gesr < 1SN 16°]| e +C/O (ISl + IVS™=2 L)l Zu,ae (@)l sx

where we easily check with the Sobolev embedding that
1Za0 (@)l e < Cr(L+ [18° |G, (A.5)

for some constant Cp > 1 that only depends on an upper bound on «, o', |3|, k,
[Pllwnroe, IFNwres, 1 larawne, 1Tl IV[Ulllz, [V2U]lgx, 11— U2, and on
> i<k [(IVVF| + [VIVR|)VU]| 2. Similarly estimating the H* L norm of the difference

Ev,a0 (@) — Eya0(0), the result follows.
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Step 2. Regularizing effect for a > 0.

In this step, given k > 0, we assume h € WFHL°(R2), F € Wh>(R?)?, f € H"n
Wk (R2), Vh, F € WFP(R?)? for some p < 0o, and U € Ei(R?), and we prove that any
solution u € L*®([0,T); U + H'(R?;C)) of (A.1) satisfies u € L°([5, T); U + H*(R?; C))
for all § > 0. We denote by C) > 1 any constant that only depends on an upper bound
on a, a=' |8l k, [hllwrrre, [|Fllwroes [ fllarawsees [Uluee, 11 = [UP[lrz, VU2,
IV2U || g > i<k IUVIF| + [VIVR|) VU2, and [[u® — Ul|g. We write C for such a
constant in the case k = 1. We denote by Ck,t = 1 any such constant that additionally
depends on an upper bound on ¢, =%, and ||ju — UllLse g1 We add a subscript to indicate
dependence on further parameters.

Let u € L*([0,T); U + H'(R?;C)) be a solution of (A.1), and let @ := u — U. We prove
by induction that ||4'||grs1 < Cpy for all ¢ € (0,7) and k > 0. As it is obvious for k = 0,
we assume that it holds for some k& > 0 and we then deduce that it also holds for k replaced
by k + 1. Using the Duhamel formula 4 = Zp 40 (4) as in Step 1, we find

IVEH |2 < IVESY |1 ([ Va2
t t/2
+C | VST« VEZy a0 (0°) ||y 2ds + C / VA8 5 Ziao (%) 2ds.  (A.6)
t/2 0

A finer estimate than (A.5) is now needed. Arguing as in [11, Lemma 2| by means of
various Sobolev embeddings, we find for all 1 < r < 2,

IV Zu o (@)llp2 1 < Co(L 4 [0 [13p + (18| 2).- (A7)
(Note that we cannot choose r = 2 here due to terms of the form |||4°|>V@* ||, and the
term ||@!|| 2 in the right-hand side comes from the forcing terms (Vh+iF+)-Va! appearing

in the expression for Zy g0 (4').) By a similar argument (cf. e.g. [75, Step 1 of the proof of
Proposition A.8|), we find for all k > 0 and 1 <r < 2,

IV* Zu e (@) 12 4 10 < Cror (14 183 + 18| gris)- (A.8)

We may then deduce from (A.6), together with Young’s convolution inequality and (A.3),
forall 1 <7 < 2,

1AL3r—2

t
95 i < ISVl 4O [ 1987 o 19 e ) 1
2

1
2
+OA|w“w“%Aawmmmw
t
sm*ﬂ+q¢/«vwrm+u—@*Mu+Mw;+wmmmms

1
2

t
%t
c/ (£ — &)~ ®HD2(1 g a0 )ds
0
t 1/3
< Ck,t +C’k7t sup ||ﬂs||§{k +Ck,t</ \|v’f+1a3||5’£2ds> .
li<s<t 0

By induction hypothesis, this yields ||Vk+111t||i2 < Cryt + Cry fg Hvkﬂﬂsﬂizds, and the
result follows from the Gronwall inequality.
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Step 3. Global existence for a > 0.

In this step, we assume h € L>®(R?), f € L2NL®(R?), Vh, F € LPNL*(R?) for some
p < oo, u® € U+ HYR?C), and U € Ey(R?), and we prove that (A.1) admits a unique
global solution u € L (R*; U + H(R?;C)). We denote by C' > 0 any constant that only
depends on an upper bound on o, o™, B, [Allwiee, [[(F,U) Lo, [[1 = [UP 2, AUz,
1Fll2 i, and |([F| + [ VADVU]2.

Given T > 0 and a solution u € L>°([0,T); U + H'(R?;C)) of (A.1), we claim that the
following a priori estimate holds for all ¢ € [0,T),

a [! 2 1 t 2, @ 122 t 2
5 | a5 [ (V6= 0)R G0 R 4 - UP)
< 01+ o ~ Ul3n). (A9)

Combining this with the local existence result of Step 1 in the space U + H*(R?;C), we
deduce that local solutions can be extended globally in that space, and the result follows.
It remains to prove the claim (A.9). For simplicity, we assume in the computations below
that u € L>°([0,T); U+ H?(R?; C)), which in particular implies dyu € L>°([0, T); L?(R?; C))
by (A.1). The general result then follows from an approximation argument based on the
local existence result of Step 1 in the space U + H?(R?; C).

We set for simplicity (a +i8)~! = o’ +if’, o/ > 0. Using equation (A.1), we compute
the following time derivative, suitably organizing the terms and integrating by parts,

1
2(9t/ lu — U|? :/ (u—U, (o +if)(Au+ au(l — [uf?*) + Vh - Vu+iFt - Vu + fu))
R2 R2
= —o// |V(u—U)\2+O// alu —UPP(1 — |u)?)
R2 R2
+/ (w—U, (& +iB)(Vh-V(u—U)+iF - V(u—U)+ f(u—0))
RQ
+/ (u—U, (o' +if) AU +aU(1 — [uf?) + VA - VU 4+ iF+ . VU + fU)),
R2
which is estimated as follows,
1@/ \u—U\QS—o// \V(u—U)!2+C/ \u—U\2+c/ u— UV (u—U)|
2 R2 R2 R2 RrR2
ﬂL/]R2 ju—U|(|AU| + 11 = [u’| + (VR + |F)[VU| + | f])

/
S_OQ‘/ |v(u—U)y2+C+c/ \u—U!Z—i—C'/ (1= ul*)?.
R2 R2 R2

On the other hand, again using the equation and integrating by parts, we compute

! ) = U — u)y = — U — u
30 [ V=P = [ (Vu=-0), V000 == [ (a-0).00)

= —/ ((a+1iB)0u — AU — au(l — |[u|?) — Vh-Vu —iFLt - Vu — fu, du)
RQ

_ —a/ \atu|2—1at/ a(1 = [uf2)?
R2 4 ]R2
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—i—/ (Vh-V(u—U)+iFt -V(u—U)+ f(u—"U),0u)
R2
+/ (AU 4+ Vh-VU +iF*+ - VU + fU, dyu),
R2
and hence
1 1
30 [ IV=U)P+ 30 [ a1 Py
R2 R2
< —a/ |8tu!2+C'/ |0vu|(|u — U| + |V (u — U)|)
R2 R2

JrC’/R2 Ol (|AU] + (IVA] + [FNIVU] + [ f])

< —O‘/ |atu2+c+c/ \u—U\Q—i—C/ V(u—U)2
2 RQ ]RQ RQ

Combining the above yields
o 2 1 2 @2 L 2
5 [ o [ (GI9=0) +§0 - PP+ 5lu—UF)

1 2 ¢ av2 1 2
< l _ 20— Ty —
<c+c [ (Va-V)F+ 50— P+ 5lu—UF),

and the claim (A.9) follows from the Gronwall inequality.

Step 4. A useful change of variables.

We turn to the conservative case e = 0. The first-order forcing terms in the right-hand
side of equation (1.7) can no longer be treated as errors since the lost derivative is not
retrieved by the Schréodinger operator, and the proof of local existence in Step 1 can thus
not be adapted to this case. The global estimates in Step 3 similarly fail, as no dissipation
is available to absorb the first-order terms. To remedy this, we start by performing a useful
change of variables transforming first-order terms into zeroth-order ones, which are much
easier to deal with. Since by assumption div F' = 0 with F € L>°(R?)2, we deduce from
a Hodge decomposition that there exists i € Hﬁ)c(Rz) such that F' = —2V 1. Using the
relation a = e, and setting w, := ﬁuaei‘logew, a straightforward computation shows that
equation (1.7) for u. is equivalent to

{)\E(oz +i|log | B)Oywe = Awe + Z5(a — lwe|?) + (fo +igo)ws, in RT x R? (A.10)

— 20— i|loge o
We|i—g = w2 1= Jae'loBelVy2,

where we have set

f0!=f—Af

Vva

We look for solutions we in the class W + H*(R?;C) for some “weighted reference map”
W, that is, an element of

1 1
+ Z]log e|?|F?, go = illoges]a*lcurl (aF).

E{(R?) := {W € L®(R?%,C) : VW € H*(R?;,C),V|W| € L% (R?),
a—|W|* € L3(R?),VW € LP(R?%,C) Vp > 2}.
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For k > 0, and Vh, Vi € H*(R?)2, we indeed observe that w, is a solution of (A.10) in
L>°([0,T); W + HFTL(R2;C)) for some W € E¢ if and only if u. is a solution of (1.7) in
L°°([0,T); U + H* (R, C)) for some U € Ej.

Step 5. Local existence for a = 0.

In this step, given k > 0, we assume h € W*tLo(R?), Vh € HE(R?)2, fo,90 € H* 1N
WkF1Lo(R2) and w® € W+ H**1(R?; C) for some W € B¢ (R?), and we prove that there
exists some 7 > 0 and a unique solution w. € L>([0,T); W + H**(R?;C)) of (A.10) in
[0,7) x R2. To simplify notation, we replace equation (A.10) (with a = 0) by its rescaled
version

10w = Aw 4+ wla — |w|?) + (fo + igo)w, wli=o = w°. (A.11)

We start with the case k = 0, and comment afterwards on the adaptations needed for
k > 1. We argue by a fixed-point argument in the set Ew 0 (Co,T) = {w : [Jw —
WHL%o < Co,wli—g = w°}, for some Cp, T > 0 to be suitably chosen. We denote by C' >
1 any constant that only depends on an upper bound on [|[Vh|; 21, |(fo, 90) | grawieo,
[|(hy W)]Loe,s lla — W 2|12, IVIW]l12, and [[AW | g1, and we add a subscript to indicate
dependence on further parameters.

Let S* denote the kernel of the semigroup operator e . Setting 1 := w — W, we may
rewrite equation (A.11) as follows,

100 = A+ AW + (0 + W) (a — |W[?) — 20 + W) (W, ) — (b + W)|w|?
+ (fo +1igo)w + (fo +igo)W,

with initial data ;=g = @° := w® — W. Any solution @ € L*([0,T); H'(R?;C)) satisfies
the Duhamel formula w = Sy 40 (W), where we have set

)

t
e () i= S % 0° — i / U5 % Zyyre (1) ds,
0

Zwo (0F) i= AW + (@0° + W) (a — |W|?) — 2(d% + W)W, 0*) — (@° + W)|*|?
+ (fo +igo)w® + (fo +igo)W.

Similarly as in Step 1, we find || Zyge (0%)]|2 < C(1 + ||w®]|3,1). On the other hand,
arguing as in [11, Lemma 2| by means of various Sobolev embeddings, we obtain the
following version of (A.7): we may decompose VZy o (0*) = ZI%V,qu (w®) + Z‘%V@o (w?),
such that for all 1 <r < 2,

IV Zwae (0°) Iz 1 e < 1 Z 0 (0°) 2 + | 2370 (@0°)[|1r
< Cr(1+ [|o®]3). (A.12)

(Recall that we cannot choose 7 = 2 here due to terms of the form |||w*|?V@*||rr.) Let us
now examine the map Zyy 40 more closely. We have

1E w0 (@) g < [1S"# (@°, Vib©)|p2

t
/ e B (Z o (@), Dy 0 (0°), Ziy o (0°))dis
0

)

il
L2
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and hence by the Strichartz estimates for the Schrodinger operator [63], for all 1 < r < 2,

[Ewe (@)l[Lge g1 < Cll0° | g1
+ Cll(Zwae (), Ziy e (0))l|Ls 12 + Coll 2 e (@)

LI
Injecting (A.12) then yields for all 1 < r < 2,
|Ewae (0)llze mrr < Cll° |l + (CT + CT2 ™) (A + @l -
Choosing r = %, this yields in particular, for all w € —W + Eyy 40 (Co, T),
1Ewae (@) |lLge g1 < Cld° || gr + C(T +T*)(1 + CF).

Similarly, again using Sobolev embeddings and Strichartz estimates, we easily for all v, w €
—W + Ew,upe(Co, T),

IE w00 (9) = Ewe (@) llLge it < C(T + T (L + C)[6 — dllge -

Choosing Cp := 1 + C||@°||gr and T := 1 A (4C(1 4+ C3))~4/3, we deduce that Sy, zo
maps the set —W + Eyy 40 (Co, T') into itself and is contracting on that set. The conclusion
follows from a fixed-point argument.

We now briefly comment on the case £ > 1 and explain how to adapt the above argument.
We again proceed by a fixed point argument, estimating this time Zyy, 4o (1) and Zyy g0 ()
in H**1(R?;C). Arguing similarly as in [75, Step 1 of the proof of Proposition A.8] by
means of various Sobolev embeddings, we obtain the following version of (A.8), for all
k>land 1 <r <2,

”vk+1ZW,ﬁJ°(7“D)HLf°(L2+L’“) < Crr(1+ ||ﬁ)H?ﬁgo Hk+1)v (A.13)

for some constant Cj, > 1 that only depends on an upper bound on k, ||VhA| grqwk.c,

1 W)l [1(fos go)llrmimwwisroes la = W22, [VIWllz, [IV2W| g, (r—1)7", and
(2 —r)~L. The result then easily follows as above.

Step 6. Global existence for a = 0.

In this step, we assume h € L®(R?), fo € LZNL®(R?), go € H' n WH>*(R?), and
w® € W + HY(R?;,C) for some W € E§(R?), and we prove that (A.11) admits a unique
global solution w € L2 (RT; W + HY(R?; C)). We denote by C > 0 any constant that only
depends on an upper bound on |14l |foll2 s lgollsiewrocs Wi, 11— W]z,
and ||AW]||2.

Given a solution w € L*®([0,T); W + H'(R?;C)) of (A.11), we claim that the following
a priori estimate holds for all ¢ € [0,7T),

/ (VG =W+ o' P)? + hut = W) < Ce(1 4+ flu — W) (A14)
RQ

Combining this with the local existence result of Step 5 in the space W + H'(R?;C),
we deduce that local solutions can be extended globally in that space, and the result
follows. It remains to prove the claim (A.14). For simplicity, we assume in the compu-
tations below that w € L*®([0,T); W + H?(R?;C)), which in particular implies dyw €
L°°([0,T); L2(R2;C)) by (A.11). The general result then follows from a simple approxima-
tion argument based on the local existence result of Step 5 in the space W + H?(R2; C).
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Using equation (A.11), we compute the following time derivative, suitably organizing
the terms and integrating by parts,

1
@/rw—wﬁ:/qu—wmAw+Ma—mm+ﬁm+mw»
2 RQ ]RQ

= /2<i(w— W), AW + W(a — |w\2) + foW +igoW) 4—/290|w—W|2
R R

IN

c+C |wW|2+C/ (a — |w*)2. (A.15)
R2 R2
Likewise, we compute
at/ IV (w— W2 = 2/ (V(w — W), Voyw)
R2 R2
= —2/ (A(w — W), 0w — gow)
R2
+2/ (V(w = W), go¥ (w — W) + goVW + (w — W)Vgo + WVg0)
R2
< —2/ (A(w — W), 0w — gow)
R2

+C’+C’/ \V(w—W)P%—C’/ lw — W2, (A.16)
R2 R2
where we have

—2/ (A(w — W), 0w — gow)
R2
= =2 [ (0w = gow) — wla = fuf) = fow = AW, 00— go)
= 2 (wla = |wP)+ fow+ AW, - gouw)

RQ

1

- 5 /R (0~ Py~ folul? — 2AW,w))

w2 [ o= foPP =2 [ amla—lol) =2 [ falol =2 [ a(aWw)

0, [ | (la— WP = foho = WP = 2. 5 + o))

IN

+c+c/ (a— \w[2)2+0/ o — W2,

R2 R2

Combining this with (A.15) and (A.16), we obtain

1
o [ (10~ = WP+ [9(w - W) + (0 [wl)? — 20w, AW + foW))
RQ
< c+c/ (o = WP + [V(w— W) + (a - [w)?),
RZ

and the result easily follows from the Gréonwall inequality, choosing a large enough constant

C in the left-hand side.
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Step 7. Propagation of regularity for a = 0.

In this step, given k > 0, we assume h € W*tLo(R?), Vi € HE(R?)2, fo,90 € H* ' N
WhHLoo(R?) and w® € W 4 H*1(R?; C) for some W € E¢. 1 (R?), and we prove that the
global solution w of Step 6 belongs to LS (R*; W+ H**1(R2; C)). We denote by C > 1 any
constant that only depends on an upper bound on k, ||VA|| graps.co, [|(fos 90) || gr+1amrstco,
[|(h, W)Lee, [la — W22, IVIW]|2, and |[V2W || gr+1. We add a subscript to indicate
dependence on further parameters.

Let w € L*®([0,T); W + H'(R?;C)) be a solution of (A.1) and let @ := w — W. We
argue by induction: as the result is obvious for £ = 0, we assume that it holds for some
k > 0 and we deduce that it then also holds for k replaced by £+ 1. By a similar argument
as e.g. in [11, Lemma 4] or in |75, Step 1 of the proof of Proposition A.8|, we obtain the
following version of (A.8) (which generalizes (A.12) to higher derivatives): for all £ > 0 we
may decompose VF 1 Zy po (') = VkZéuwo (UAJt)JrVkZ‘%V’wo (w?') such that forall 1 < r < 2,

k - k i k f
V¥ Zwge (@) [ly.2 4 1 < NIVE Ziy o (0) |12 + (1V* 25570 (@) |1
< G (1 + [0 F540),
or more precisely,
1994 Zwge (@)1 4 1 < (L 10020 1+ [0l grsr). (ALT)

Using Duhamel’s formula @ = Zyy 40 (@) and applying the Strichartz estimates for the
Schrodinger operator [63] as in Step 5, we find for all k > 0 and 1 <r <2,

t
VAL |2 < 188 % VAo |2 + / SU5 % VA Zyy o (10°) ds
0

L2
< CIVE %2 + CIVE Zig o () g 12 + Coll V! Zy o ()| 2rr0r-2) -

and hence, by (A.17), for all £ > 0,
[ s < Crll®llgpiss + Cre (14 )1+ [0l go 1) (14 Dl 20/ 5021 prasa)-
The result then follows from the induction hypothesis and the Gronwall inequality. g

In the dissipative case, we now prove a well-posedness result for equation (1.7) in the
general non-decaying setting, that is, without decay assumption on the data Vh, F, f. In
this case, subtle advection forces may occur at infinity, preventing the solution u. from
staying in the same affine space L2 (R*; U + H'(R?;C)) for any reference map U. The
well-posedness result below is rather obtained in the space L°(RT; HL (R?;C)), which
yields no information at all on the behavior of the constructed solution at infinity. It is in
particular completely unclear whether the total degree of the solution remains well-defined
for positive times. In the proof, the key observation is that the Grénwall argument in
Step 3 of the proof of Proposition A.1 can be localized by means of an exponential cut-off.
Note that the same argument does not seem adaptable to the conservative case.

Proposition A.2 (Well-posedness of (1.7), non-decaying setting). Set a := e" with
h : R? — R. In the dissipative case (o > 0, B € R), given h € WH°(R?), F €
L>®(R?)?%, f € L>®(R?), and u? € HL (R%C), there exists a unique global solution
us € LS, (RT; HY L(R?%,C)) of (1.7) in RY x R? with initial data u2, and this solution sat-

isfies Opue € LS (RY; L2, .(R?%;,C)). Moreover, if for some k > 0 we have h € Wk+1.o(R?),

uloc
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F e Whe(R?)?, f e Whe(R?), and u? € HNL(R?,C), then u. € LS (RT; HETL(R?; C))

uloc uloc

and Oyu. € LS (RT; HE (R?;C)). O

Proof. We split the proof into four steps. We denote by &*(z) := e~1#=2l the exponential
cut-off centered at z € Z2, and &(x) := £%(x) = e~ 1®l. To simplify notation, we replace
equation (1.7) by its rescaled version

(a+iB)0u = Au+ au(l — |[ul?) + Vh-Vu+iFt - Vu+ fu,  ulsmo =u°. (A.18)

Step 1. Global existence in HY, (R?;C).

In this step, we assume h € WL®(R?), F € L>®(R?)?, f € L*®(R?), and u° €
H! (R%C), and we prove that there exists a global solution u € L2 (RT; HL (R% C))
of (A.18) in Rt x R? with initial data u°. We denote by C' > 1 any constant that only
depends on an upper bound on a, a1, |B|, |(h, Vh, F, f)||Le, and HUOHHll

We argue by approximation: for n > 1, we define x,, := x(-/n) for some cut-off function X
with x|p, = 1 and X\Rz\32 = 0, and we set h, = ynh, an = e, F, := x,F, and
fn == xnf. Note that by construction ||(hn, Vhn, Ey, fn)|lLe < C. We also need to
approximate the initial data u° € HIIOC(RQ;(C): for n > 1, we define p, := n?p(n-) for
some p € C°(R?) with f]RZ p =1, and we set ug, := xn(u® * pp) + 1 — xpn. By definition,
we have uj, € Ep, the sequence (u2), is bounded in H. (R%*C), and as n T oo we
obtain u$ — v° in HL_(R*C) and a, — a, Vh, — Vh, and F,, — F in L2 (R?)?. By
Proposition A.1, there exists a unique global solution u,, € L2 (RT;u + H'(R?; C)) of the
following truncated equation in RT x R2,

(o 4 iB)0stty, = Dty + antin (1 — |un)?) + Vhy - Vu, + anl -V, + fnun, (A.19)

with initial data wy|;=¢0 = u;. In order to pass to the limit n 1 oo in (the weak formulation

of) this equation, we prove the boundedness of the sequence (uy,), in Lo, (R*; HL (R% C)),
that is, we claim that the following a priori estimate holds for all ¢ > 0,
Il . 00 e + 00250 sy < O (A.20)
z

Before proving this estimate, we show how to conclude Up to a subsequence, u,, converges
weakly-* to some u in Lf’(fc(R+ HL (R%C)). As dyuy, is bounded in L (R*; L?(B(z); C)),
uniformly in z, and as H'(B(z);C) is compactly embedded into L3(B(z);C), we deduce
from the Aubin-Simon lemma that w, — u strongly in LS, (R*; L3 (R?;C)). This allows
to pass to the limit in the weak formulation of equation (A.19), and deduce that the limit
u is a global solution of (A.18) in RT x R? with initial data u°.

It remains to prove (A.20). We set for simplicity (a + i)' = o/ +if’, o/ > 0. Using
equation (A.19), integrating by parts, and using |VE&?*| < &*, we compute the following
time derivative, for all z € RZ?,

1
30 [ €l
R2

= E* (up, (o' + i) (Aup + antin(1 = |un|?) + Vhy - Vg +iFE -V, + foug))
R2

< / & (tn, (o + 18 D) + / €l (1 = [n?)
R2 R2
+C [ ElunllVual +C [ €l
R2 R2
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< —o// fZ\Vun\2+C/ £ unl [Vt +c/ £ unl2,
R2 R2 R2
and hence
1 !
30 [ el <=5 [ emuprc | e
2 R2 2 R2 ]R2
On the other hand, integration by parts yields
1
300 [ €190 = [ &TunVou) == [ &unaum)~ [ V€ (Tun, o),
2 R2 R2 RQ

R2

hence, inserting equation (A.19) in the first right-hand side term,

1
2@/ €%V, 2
R2
= — E(a+i8)0un — anuy (1l — |un|2) — Vh, - Vu, — z'FnL - Vy — fnn, Oun)
R2
_/ VE* - (Vup, Oruy)
R2
1
< caf €0l -0 [ a0 wPPeC [ €l Tu)om)
R2 R2 R2
and thus
1 z 2 1 zZ(1 212
26t ENVup|" 4+ =0 | an&*(1 — |unl”)
R2 4 R2
a
<=5 [ 0P ac [ €uP s [Tud).
R2 R2
We may then conclude
1 z 2 2y, 1 z(1 272 , & z 2
50 [ E(unl” +[Vunl?) + 200 | an€ (1~ |unl")"+ 5 | & |Orunl
R2 R2 R2
<C [ €(uP+ [Tun).
R2

By the Gronwall inequality, this yields for all ¢ > 0 and z € RZ?,

1 t
[P+ v 45 [ e pibea [ [ elomp
R2 R2 0 JR2
Ct z 0|2 0|2 1 z 012)\2
< [ PV + g [ a0 ).
R2 R2

and hence, using the Sobolev embedding for H'__(R?) into L% .(R?) (cf. (A.23) below),

uloc

1 t
LLe@tP+ vy 45 [ ee-pitea [ [ ¢omp
R2 2 R2 0 R2

2
SCeCt(l—f—/]Rszﬂqu\Q—i-|Vu%|2)> :
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The claim (A.20) then follows from the boundedness of u, in H}

uloc

(R2; C), noting that

€I, = s [ €16l (A21)

2€R2

Step 2. Global existence in Hffgi (R2;C).
In this step, given k > 0, we assume h € WFHLO(R2) F € Wh(R2)?2) f € Who(R?),
and u° € H kH(RQ; C), and we prove that the global solution u constructed in Step 1 then

uloc

belongs to L2 (RT; HXL(R2: C)). We denote by Cj, > 1 any constant that only depends

loc uloc
on an upper bound on k, o, a™t, |B], [|[(k, VR, F, f)|lykee, and [[u°[| yr+1, and we write
uloc

Cl if it additionally depends on an upper bound on t.

We argue again by approximation. We consider the truncations hy, an, Fp, fn, u,, defined
in Step 1, as well as the solution wu, to the corresponding equation (A.19). We claim that
forall k> 0 and ¢t > 0,

HUZ”HICIH + HatUnHLf HY < Cg- (A.22)
The conclusion then follows by passing to the limit n 1 oo. This result is proved by

induction on k. As for £ = 0 the result already follows from Step 1, we assume that
||u§LHHk1 < C¢ holds for some k£ > 1, and we deduce that (A.22) also holds for this k.

Integrating by parts, we find
1
2at/ éz‘vk+1un’2 _/ §Z(Vk+1un,vk“8tun)
R?2 R2
< 0/ &% |V, | VF O | — / & (VF Ny, VEOpuy),
R? R2
hence, inserting equation (A.19) in the first right-hand side term and developing the terms,
1
28t/ €z‘vk+1un|2
R2
< a/ € VF Dyun ? + c/ &V [ VF Dy
R2 R2

+/ &V (anun(l = |unl?) + Vhy - Vg +iFy - Vg, + foun), VFouy, )
R2

< —a/ §zlvk8tun]2+0/ % un)? | VE U, || VF O |
R2 R2
k+1 ‘ k—1 ‘
+ckz/ §Z]Vjun|\vk8tun]+0k2/ £V up|*|VF Dy
=0 "% j=0/R?
<

—O‘/ gzyvkatun|2+c/ £ [V F 2
2 R2 R2

k+1

k—1
+C / Vi, + C / 2|V, [S.
k; RQU | k]z_(:) R2€| |
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Note that the Sobolev embedding in the balls Ba(x) yields

EVuo S fz/ Vi 0
LEnl s Yew [

TEZ2
. . 3
S Y e@([ (VP 9t
€72 B2($)
. 3
< (Tew / (99 ? + 97, )
T€Z2
. . 3
S ([ €0+ 19 ) (A.23)
]R2

and similarly,

/R2 VP |2 < (/R2 ézmn‘g)l/2</R2 é.z’vkun|4> /
S ([ evul) ([ €09 P +195u?),

Inserting these estimates in the above, and using (A.21), we obtain

at/ §Z|vk‘+1un|2+a/ €z|vk’8tun‘2
]R2
< Ck /gzywm) +Ck 1+/ £ |V, |? /gzv’f“ nl?

< Ck(l + HunHGHkl ) + Ck(l -+ Hun”;l{ll )/2 §Z]V’“Hun|2.
uloc uloc R
By the induction hypothesis, we deduce for all ¢ > 0,
Ot/ §Z|V"““u;2|2+a/ VRl |2 < ck,t+ck,t/ 2| VRH L |2,
R2 R2 R2

and the result (A.22) follows from the Gronwall inequality.

Step 3. Uniqueness.

In this step, we assume h € WH®(R?), F € L>°(R?)?, and f € L°(R?), and we prove
that there exists at most one global solution u € LS (RT; HL (R% C)) of (A.18) in RT xR?
with given initial data u°. We denote by C' > 1 any constant that only depends on an
upper bound on «a, ! |[3[ and ||(h, Vh, F, f)|L.

Let uq,us € LIOC(RJr H&IOC(R2; C)) denote two solutions as above. We set for simplicity

(a+iB)~t=a +if, o > 0. Using equation (A.18) and integrating by parts, we find

1
2at/ §Z|U1 —U2|2
R2

< —O//R2 &IV —u2)|2+C/]R2 Elur — ual|V (w1 — uz)| +C/R2 &lur — ug?
+/R2 a&”(uy — ug, (& +iB') (ur(1 — Jur|*) — uz(1 = |uz|*)))
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a/
< _2/ &IV (ur — ug)|? +C/ Elur — uaP(1+ Jur| + [uz])*. (A.24)
R2 R?

It remains to estimate the last integral. For that purpose, we decompose

/R2 & lur — ug*(Jur| + Juz))* < 52(56)/ Jur — ua*(Jur| + Juzl)®

z€Z? Ba(x)

: ) —uf* 2 /ﬁ 1\ 1/2
ngzzg (3«")</32(x) |ur — ug| ) ( Bz(x)(hﬂ‘ + |ual) ) :

hence, using the Sobolev embedding for H3/4(By(x)) (and H'(By(z))) into L*(By(x)),

[ €l = uaP ]+ Jual? S sy, S €@ )un = walFyrany:
R2 ulocmez2

Using interpolation and Young’s inequality then yields for all K > 1,
[ €l = uaP (] + ua)?
R2

z 3/2 1/2
S w2l > €@l —ual}r g, )l = w2l s o)
zeZ?

S K_1/2£Z|V(U1—u2)|2+K3(1+||(u1,u2)||§{11 )/25%1_“2’2
R uloc R

Inserting this into (A.24) with K ~ 1 large enough, we find

1
300 [ €l —wP < nu)ly, ) [ &l -l
R2 uloc R2

and the conclusion u; = ug follows from the Gronwall inequality. O
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