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CHERENKOV RADIATION WITH MASSIVE BOSONS
AND QUANTUM FRICTION

MITIA DUERINCKX AND CHRISTOPHER SHIRLEY

ABsTRACT. This work is devoted to several translation-invariant models in non-relativistic
quantum field theory (QFT), describing a non-relativistic quantum particle interacting
with a quantized relativistic field of bosons. In this setting, we aim at the rigorous
study of Cherenkov radiation or friction effects at small disorder, which amounts to
the metastability of the embedded mass shell of the bare non-relativistic particle when
the coupling to the quantized field is turned on. Although this problem is naturally
approached by means of Mourre’s celebrated commutator method, important regular-
ity issues are known to be inherent to QFT models and restrict the application of the
method. In this perspective, we introduce a novel non-standard procedure to construct
Mourre conjugate operators, which differs from second quantization and allows to cir-
cumvent many regularity issues. To show its versatility, we apply this construction to
the Nelson model with massive bosons, to Frohlich’s polaron model, and to a quantum
friction model with massless bosons introduced by Bruneau and De Biévre: for each of
those examples, we improve on previous results.
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1. INTRODUCTION AND MAIN RESULTS

1.1. General overview. This work is devoted to several models in non-relativistic quan-
tum field theory (QFT), describing a non-relativistic quantum particle interacting with a
quantized relativistic field of bosons, and we focus on translation-invariant models where
the total momentum is conserved. In this context, we aim at the rigorous study of
Cherenkov radiation or friction effects: if the initial momentum |P| of the non-relativistic
particle exceeds some threshold |P;| (more precisely, if its initial energy exceeds the mini-
mal energy for one-boson states), then the particle is expected to dissipate energy and to
slow down by emitting so-called Cherenkov radiation. In terms of spectral theory, this dis-
sipative phenomenon is translated into the continuity of the energy-momentum spectrum
and the absence of embedded mass shell in some region with |P| > |Py|.

We focus on the perturbative regime corresponding to a weak particle-field coupling.
In that setting, the starting point is that, for large momentum |P| > |P,|, the mass
shell £ = %PQ of the bare non-relativistic particle is embedded in the continuous spectrum
of the uncoupled model. In link with Fermi’s golden rule, this mass shell is then indeed
expected to be metastable and to disappear as the coupling to the quantized field is turned
on. Such spectral results are naturally complemented with scattering resonance descrip-
tions. As interaction Hamiltonians in QFT models are typically not relatively compact,
even the perturbative analysis at weak coupling is a nontrivial problem for which still only
partial results are available [3, 12, 37, 18, 11]. Note that a different line of research has
aimed to rather describe the reduced dynamics of the non-relativistic particle in the ki-
netic limit: in [49, 19, 13], it is shown to take form of a Boltzmann equation describing the
slowdown of the particle. Although supporting the same thesis, such results are limited to
diagonal time regimes: they provide a kinetic description only on some suitable timescale,
typically for times of order t = O(g~2) in terms of the coupling constant g < 1, and they
do not imply any detailed spectral information.

In recent decades, there has been much interest in spectral and scattering theory for QFT
models, aiming to adapt the various techniques originally developed for the study of IN-
particle Schrédinger operators [31]. In particular, Mourre’s commutator method [39, 2, 31|
has emerged as a fundamental tool to explore the nature of the essential spectrum of such
Hamiltonians. This method is more general than related dilation-analyticity techniques
and further provides direct insight into time-dependent scattering theory [41, 48, 8]. The
starting point is the validity of a so-called Mourre estimate: given a self-adjoint operator H
and a spectral interval J C o(H), we aim to construct a so-called ‘conjugate’ operator A
such that

1,(H)[H,iAll;(H) > col (H) + K,

for some constant ¢y > 0 and some compact operator K. Conjugate operators can be
viewed as quantum analogues of escape functions for Hamiltonian dynamics. Under suit-
able regularity assumptions (such as H-boundedness of [H,iA]), the Mourre estimate can
be used to infer detailed spectral information on H. We also recall the following perturba-
tive version: if a Mourre estimate holds for H and if an H-bounded perturbation V satis-
fies a suitable regularity condition (such as H-boundedness of [V, iA]), then the perturbed
operator H + gV also satisfies a Mourre estimate on any spectral subinterval provided
that g is small enough. Perturbative Mourre theory then allows to study the spectrum
of perturbed Hamiltonians at weak coupling: it can be used to infer the metastability of
embedded bound states under Fermi’s golden rule, and time-dependent scattering results
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are further known to hold under additional regularity assumptions, see [8]. In a nutshell,
these techniques allow to reduce the problem to constructing a conjugate operator for the
uncoupled Hamiltonian such that the required regularity conditions are satisfied. We refer
to Appendix A for a brief overview of Mourre’s theory with precise definitions.

Yet, important difficulties arise when applying this method to QFT models: due to the
infinite-dimensionality of the underlying Fock space, commutators of the Hamiltonian with
natural choices of conjugate operators are typically not relatively bounded. This lack of
regularity has led in particular to the development of so-called “singular” Mourre theory
in some settings, see [47, 38, 27, 28, 20|, but the latter gives no access to time-dependent
scattering theory. In the present contribution, we develop a new strategy to construct
conjugate operators for QFT models at weak coupling, which solves many regularity issues
and thus allows to take advantage of the full power of regular Mourre theory in several
new cases. The construction is based on the following two steps:

Step 1: We start with a generic construction for a tentative conjugate operator for the
uncoupled model of interest: given a Hamiltonian with a convex symbol h(k), we
consider the generator of dilations around the energy minimizer h(ky) = ming h(k),
that is, the operator

Apy = L((k—ko) - Vi + Vi - (k — ko). (1.1)
By convexity, this obviously yields a Mourre inequality in form of
[h(k),1Ak,] = (k — ko) - Vh(k) > 0. (1.2)

In case of QFT models, however, this construction leads to regularity issues: com-
mutators either with the uncoupled Hamiltonian or with the perturbation are gen-
erally uncontrolled. A typical issue is that the constructed conjugate (1.1) may
depend on the number of bosons via the energy minimizer ky and therefore not
lead to a second-quantization operator.

Step 2: Although conjugates that are not second-quantization operators lead to regularity
issues in general, second-quantization operators are not the only type of admissible
operators. As inspired by our previous work [17], we devise a new construction to
replace second quantization, which may a priori seem quite iconoclastic: instead
of summing operators over different boson variables, we consider some ‘signed
maximum’ of operators, see Section 2.1.2. Using this to modify the tentative
construction in Step 1, we manage to solve many regularity issues.

To show the wide applicability of this procedure to construct conjugate operators, we
illustrate it on two paradigmatic models.

— Translation-invariant Nelson model with massive bosons: Previous results on this model
were restricted to the energy-momentum spectrum below the two-boson threshold and
were further limited by the lack of regularity [3, 35, 30, 37, 18]. Our new construc-
tion (1.1) amounts to expressing relative boson momenta in the frame that minimizes
the kinetic energy, which leads us to new conjugates that allow to study the spectrum
for the first time beyond the two-boson threshold. In addition, we manage to avoid
regularity issues and to exploit the full power of Mourre’s theory: it leads us to a better
understanding of Cherenkov radiation, in particular by deriving scattering resonance
descriptions. Our construction is quite general and may be of independent interest
for other massive QFT models: the same analysis can be repeated, for instance, for
Frohlich’s polaron model [36].
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— Quantum friction model with massless bosons introduced in |6, 11]: Previous results
on this model were limited by the lack of regularity [11]. By our new construction
of conjugate operators, we manage to cure all regularity issues and to exploit the full
power of Mourre’s theory. This considerably improves on previous results on the topic,
by establishing in particular the first scattering resonance description.

We expect these results to provide valuable inspiration to further understand Cherenkov
radiation in the massless Nelson model, for which the only known result at the moment is
a weak form of instability for the embedded mass shell [12]. Another perspective concerns
the large-coupling regime, for which very little is known even for the massive Nelson model
beyond the two-boson threshold, cf. [37, 18], and our new constructions can also be expected
to inspire further progress in that case.

In the next two subsections, we introduce in full detail the two models that we focus
on in this work, and we formulate our main results, the proofs of which are postponed to
Sections 2 and 3.

1.2. Translation-invariant massive Nelson model. The Nelson model was introduced
in [40] as a toy model in QFT for a free non-relativistic quantum particle interacting
linearly with a quantized radiation field of relativistic scalar bosons; see e.g. [36] and
references therein. While very complete results are available in the confined setting [15,
4, 29, 16, 28|, both for massive and massless bosons, the understanding remains quite
limited in the translation-invariant setting that we consider here. For massive bosons,
a detailed description of the bottom of the energy-momentum spectrum was obtained
in [50, 35, 36|, but the structure of the essential spectrum is only understood below the
two-boson threshold, both at weak [33, 3] and large coupling [37, 18]. For massless bosons,
the bottom of the spectrum is studied in [24, 25, 42, 26, 43| and the upper spectrum in [9]
in the case |P| < |P,|, but no spectral result seems available for |P| > |P,|: the only
known result related to Cherenkov radiation is a weak form of instability for the embedded
mass shell [12]. In the sequel, we shall focus on the case of massive bosons in the weak-
coupling regime and use Mourre’s theory to investigate the essential spectrum around the
embedded mass shell beyond the two-boson threshold, aiming at a detailed understanding
of Cherenkov radiation in that case.

1.2.1. Description of the model. The state space for the Nelson model is given by the
product Hilbert space

H = HP @ H, (1.3)
where:
— HP := L?(R?) is the state space for the non-relativistic quantum particle, and we denote
respectively by x and p = %Vm the particle position and momentum coordinates;

— H' is the state space for the quantized radiation field and takes form of the bosonic
Fock space

H' = Tu(h) = B2y TL(b),

constructed on the single-boson space b := L?(R%). In other words, we set Fgo)(f)) =CQ
with ) the vacuum state, and for n > 1 the n-boson state space is the n-fold symmetric
tensor product

L () = p=n.

s



MASSIVE CHERENKOV RADIATION AND QUANTUM FRICTION 5

We work in the momentum representation, with k¥ € R? standing for the momentum
coordinate of the field bosons.
On this bosonic Fock space Hf, we use standard notation for creation and annihilation
operators {a*(k)},ere and {a(k)},erae, which obey the canonical commutation relations

[a*(k), a”(K)] = [a(k),a(k)] = 0, [a(k),a"(K)] = 6(k = K),  a(k)Q=0.

We also write dT'(A) for the second quantization of an operator A on b, and in particular
N := dI'(1) is the number operator on H'. In this setting, we consider the following
translation-invariant Hamiltonian,

Hy := HP @ Ty + Top @ H' + g®(p,)  on H, (1.4)
where:

— the Hamiltonian of the free quantum particle is given by the standard non-relativistic
dispersion relation

HP = %pQ on HP;

— the free field Hamiltonian is given by second quantization,
H' = dl(w) = / w(k)a*(k)a(k)dk  on HF,
Rd

where for bosons of mass m > 0 the single-boson dispersion relation reads

w(k) := /m? + |k|?; (1.5)

— the real number g is the coupling constant for the particle with the bosonic field;
— the interaction Hamiltonian is given by a translation-invariant field operator

B(py) = /IR (k) (a*(k)e’ik'x + a(k)eik"”) dk, (1.6)

for some real-valued interaction kernel p € L%(R?) with p # 0.

Our results on this model will be restricted to the case of massive bosons m > 0 in the
weak-coupling regime |g| < 1. We could also treat the case of a single-boson dispersion
relation of the form w(k) = m + |k| with m > 0. Regarding the interaction kernel p, we
shall need to assume strong enough regularity both in infrared and ultraviolet domains,
typically requiring p to have both some H?® regularity and some polynomial decay.

Before studying this model, we recall its well-posedness properties. For that purpose,
we first define the vector subspace

Ch = dlg, (C(RY) ¢ #,

where for a vector subspace g C h we denote by I'g,(g) the algebraic direct sum of the
algebraic tensor products g©=". In these terms, the uncoupled Nelson Hamiltonian

HO = ’Hp®]le—|-]al®’Hf

is clearly essentially self-adjoint on C°(RY) @ C' (henceforth, tensor products between
spaces that are not complete are implicitly understood in the algebraic sense). Besides,
as p € L2(R%), standard estimates ensure that the field operator ®(p,) is (L @ N/?)-
bounded. In case of massive bosons m > 0, as dI'(w) > mNN, this entails that ®(p,) is an
infinitesimal perturbation of Hy. The Kato—Rellich theorem then ensures that for all g the
coupled Nelson Hamiltonian Hy is self-adjoint on the same domain D(Hj) and essentially
self-adjoint on the same core C°(R?) ® C*.



6 M. DUERINCKX AND C. SHIRLEY

1.2.2. Translation invariance. By definition, cf. (1.4), the Hamiltonian H, is translation-
invariant in the sense that it commutes with the total momentum operator

Piot = p® Ly + Lyyp @ dI'(k) on H.

This allows to decompose H, as a direct integral with respect to the spectrum of the latter.
More precisely, in terms of the following unitary transformation, which goes back to Lee,
Low, and Pines [32],

) )
U:H— [ H'AP, U := (F®Idy)ol(e*?),
Rd
where F' stands for the Fourier transform on HP and where I' is the second quantization
functor, we obtain the decomposition

S5 S5
UH,U* = | H,(P)dP  on | H'dP, (1.7)
R4 R4

where for all P € R? the fiber Hamiltonian Hy(P) takes the form
Hy(P) = Y(P—dT(k))*+ H + g®(p)  on ', (1.8)

in terms of the fiber interaction Hamiltonian
B(p) i= [ k) (o (k) + ai) (1.9)

We recall well-posedness properties of these fiber Hamiltonians. First, for P = 0, the
uncoupled fiber Hamiltonian Hy(0) = 3dI'(k)? + H' is essentially self-adjoint on C!. Next,
for any P € R%, noting that £ (P — dI'(k))? — 3dI'(k)* = |P|*> — P - d['(k) is an infinites-
imal perturbation of Hy(0), the Kato—Rellich theorem ensures that the uncoupled fiber
Hamiltonian

Ho(P) = (P —dr'(k))*+ HF
is also essentially self-adjoint on Cf and that its domain is independent of P,
D := D(Hy(P)) = D(Hy(0)) = D(dI'(k)?) N D(AT(w)). (1.10)

Besides, as p € L2(R%), standard estimates ensure that the field operator ®(p) is N/%-
bounded. In case of massive bosons m > 0, as dI'(w) > mNN, this entails that ®(p) is an
infinitesimal perturbation of Hy(P). The Kato—Rellich theorem then ensures that for all ¢
the coupled fiber Hamiltonian H,(P) is self-adjoint on the same domain D and essentially
self-adjoint on the same core C'.

1.2.3. Energy-momentum spectrum. In this translation-invariant setting, the natural ob-
ject of study is the energy-momentum spectrum {(P, E) : E € o(H4(P))}, where o(Hy(P))
is the spectrum of the fiber Hamiltonian H,(P) at fixed total momentum P. We start by
recalling the explicit structure of this spectrum for the uncoupled Hamiltonian.

Lemma 1.1 (Spectrum of uncoupled Nelson model). Consider the translation-invariant
Nelson model with massive bosons m > 0, cf. (1.3)~(1.9). Given a total momentum P € R?,
the spectrum of the uncoupled fiber Hamiltonian Ho(P) is given by

opp(Ho(P)) = {5P%},  0uc(Ho(P)) = [Eo(P),0), osc(Ho(P)) = 2, (1.11)
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where the eigenvalue %PQ 1s simple and is associated with the vacuum state §2, and where
the bottom of the absolutely continuous spectrum is given by

Eo(P) := 3c(P)* +/m? + (|P| — ¢(P))?, (1.12)
in terms of the unique solution ¢(P) € [0,1) of the implicit equation
P|—c¢(P
. Pl e(P)

V(PP
Moreover, there is a unique critical value |P,| > 1 such that
Eo(Py,) = P72, (1.13)

and the following alternative then holds:

— for |P| < |Py|, the fiber Hamiltonian Ho(P) has an isolated ground state at %PQ;
— for |P| > |Py|, the fiber Hamiltonian Ho(P) has no ground state and its eigenvalue is
embedded in the absolutely continuous spectrum. %

Before turning to our main results on coupled Hamiltonians, we further elaborate on
this statement and emphasize the layered structure of the spectrum. By definition (1.8),
the uncoupled fiber Hamiltonian commutes with the number operator N and thus splits
as a direct sum on many-boson state spaces,

Ho(P) = éﬂé“(m on H' = ér@(h), (1.14)
n=0 =0

in terms of the restrictions

HJ(P) = Ho(P)| -

While the eigenvalue %P2 is associated with the vacuum state {2 and corresponds to a
free non-relativistic particle with momentum P, the absolutely continuous spectrum cor-
responds to states supporting at least one boson,

UaC(HO(P)) = adh U O-ac(H(gn)(P))v (115)
n=1

where adh stands for the closure. For all n > 1, the restriction H(()n)(P) is a multiplication
operator in momentum coordinates, with symbol

HSV(Psky,. . k) = %(P—ij)ngZw(kj). (1.16)
j=1 j=1

Its spectrum is absolutely continuous and coincides with the essential image of the symbol,
ouc (Hy (P)) = [E§"(P),00), oy (HY" (P)) = owe(HS"(P)) = 2,
in terms of the so-called n-boson energy threshold

EM(P) = L HM(Piky, .. k). (1.17)

In the case of massive bosons m > 0, it is easily checked that

E((]n)(P) < EénJrl)(P) for all n, and E((]n) (P)too asntoo,
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cf. Lemma 3.2 below. In view of (1.15), this ensures in particular that the bottom of the
absolutely continuous spectrum is

Eo(P) := Eg(P) = min E{" (P),

and we then recover the expression (1.12) by computing the minimum of (1.16) for n = 1.
Due to the layered structure of the spectrum, cf. (1.15), our results in the sequel are
naturally restricted away from energy thresholds.

1.2.4. Main results. We may now formulate our main results on the massive Nelson model.
Our starting point is the following perturbative Mourre commutator result: for |P| > |P4|,
as the eigenvalue %P2 is embedded in the essential spectrum, a Mourre estimate is proven
around and above the eigenvalue away from energy thresholds, as well as below the two-
boson threshold, and this is complemented with a regularity statement for the interaction
Hamiltonian. We refer to Appendix A for standard definitions and notation related to
Mourre’s theory.

Theorem 1.2 (Mourre estimate for Nelson model). Consider the translation-invariant Nel-
son model with massive bosons m > 0, cf. (1.3)=(1.9). Given a total momentum |P| > | Py|,
define np > 1 such that

n n 1
PR e (BT (P), EYTTV(P)), (1.18)
where we recall definitions (1.13) and (1.17). Then, for n =1 as well as for any n > np,

we can construct an operator Ap,, on HE, essentially self-adjoint on Ct, with the following
properties.

(1) The uncoupled fiber Hamiltonian Hy(P) is of class C*°(Apy). Moreover, the uni-
tary group generated by Ap,, leaves the domain of Ho(P) tnvariant, and the iterated
commutators adj,, (Ho(P)) extend as Ho(P)-bounded operators for all s > 0.

(ii) For all € > 0 and all energy intervals I C [Eén) (P) + 6,E(()n+1)(P)), the following
Mourre estimate holds with respect to Apy, on I,

17(Ho(P)) [Ho(P),iAp,] 11(Ho(P)) > ellg 1(Ho(P)) g,

where Tl is the orthogonal projection on CQ*. In particular, the Mourre estimate is
strict if the interval I does not contain the eigenvalue %P2.

(i1i) The fiber interaction Hamiltonian ®(p) satisfies the following regularity condition: if
the interaction kernel p belongs to HY(RY) with (k)*V"p € L2(RY) for some v > 1,
then the iterated commutators adjy, (®(p)) extend as Hy(P)Y?-bounded operators
foralll <s<w. O

Compared to previous work on the topic [3, 37, 18|, this provides the first Mourre
estimate above the two-boson threshold. In addition, the C*°-regularity stated in item (i)
allows us to exploit for the first time the full power of Mourre’s theory, cf. Appendix A,
while previous constructions were restricted to C?-regularity. As a corollary, we deduce
the following description of the essential spectrum of fiber Hamiltonians at weak coupling,
which proves in particular the instability of the mass shell £ = %Pz of the free non-
relativistic particle when coupled to the bosonic field. This is further complemented with
a dynamical resonance description, which exploits the C*°-regularity and is thus new even
below the two-boson threshold. It constitutes a precise formulation of Cherenkov radiation
for the massive Nelson model.
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Corollary 1.3 (Cherenkov radiation for Nelson model). Consider the translation-invariant
Nelson model with massive bosons m > 0, cf. (1.3)~(1.9), and assume that the interaction
kernel p belongs to H?(R?) with (k)2V?p € L2(R%). Given a total momentum |P| > |Py|,
define np > 1 as in (1.18), and assume that Fermi’s condition holds,

1o \1-d lo(k)[?
v = by (k) >0, (19)
2 (ke (P eo()=1 P} [k—P+Vw (k)]
where Hq_1 stands for the (d — 1)th-dimensional Hausdorff measure. (This condition holds
in particular if p does not vanish.) Then, the following properties hold.
(i) Absence of embedded mass shell:
For all g # 0, the essential spectrum of the fiber Hamiltonian Hy(P) is purely ab-
solutely continuous below E(gQ)(P) and above E[()nP)(P) away from thresholds: more
precisely, there is a sequence (Cpy,)n such that Hy(P) has purely absolutely continuous
spectrum in

1,(P) := (E(P) +\gCpa, ES(P) - gCpy)
U U (B +vaCrn, ESV(P) - gCpy).

n>np

(71) Quasi-exponential decay law:
Further assume that for some v > 0 the interaction kernel p belongs to H®+V(R?)
with (k)>T*Vo+p € L2(RY). Then, there is go > 0 such that, for all smooth cut-off
functions h supported in Iy, (P) and equal to 1 in a neighborhood of the uncoupled
eigenvalue %Pz, there holds for all t > 0 and |g| < go,

2 —v ;
—itHy(P) _—itzg(P) g°[log g|(t)™", if v > 0;
‘<Q, e 9 h(Hg(P))Q> e "Fa ‘ Sqo.p.h { 92<t>7(y71)7 ifv>1:
where the dynamical resonance z4(P) is given by Fermi’s golden rule,
zg(P) = %PQ — ¢*(0p + ivp),
where yp > 0 is defined in (1.19) and where the real part Op € R takes the form

2
Op = (2m)° p.V./ t—1p2 —1</ SRV — TN )dt.
(2m) R( 2 ) {k: 3 (P—k)2+w(k)=t} =PV (k)] 1(k)

(Henceforth, we use the notation Sg, pn for < Cx up to some constant C' > 0 that

~.

depends on go and on controlled norms of p,h.)

In particular, for all u, € L2(Rd) with Fourier transform compactly supported in the set
{P : |P| > |P.|}, provided that p does not vanish and satisfies the requirements of (ii) for
some v > 0, there holds uniformly for all t > 0,

(6, ®Q), e o (u, @ Q)) = / lo(P)e =P~ #2a(P) ap 4+ 0,(1),
Rd
where 04(1) tends to 0 in L°(RY) as g | 0 (depending on p,us). O

We briefly comment on possible extensions and open problems. First note that the above

result gives curiously no access to the spectrum in the energy interval (E(()2) (P), E(()np )(P))
between the two-boson threshold and the last threshold below the embedded eigenvalue:
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although we also expect the same behavior in this interval (away from thresholds), a dif-
ferent type of construction seems to be needed for conjugate operators. Another question
concerns the use of the above Mourre estimate to further investigate asymptotic complete-
ness: the extension of [30, 18] beyond the two-boson threshold in the weak-coupling regime
is postponed to a future work. Finally, a last question concerns the validity of the Mourre
estimate at large coupling: this was solved in [37| below the two-boson threshold and we
may expect our present contribution to give valuable inspiration to get beyond that.

The Nelson model belongs to the class of so-called translation-invariant Pauli-Fierz
models. These also include Frohlich’s polaron model in solid-state physics |23, 21|, as well
as non-relativistic QF'T models with vector bosons. Our findings are easily extended to
those settings:

— The polaron model introduced by Frohlich 23, 21| describes an electron interacting
with lattice vibrations of a polar crystal. These are naturally represented in terms
of a Bose field over a crystalline lattice and we consider the continuum limit of the
latter, thus treating the crystal as a polarizable continuum. The model then takes the
same form as the Nelson model (1.3)—(1.4), where the single-boson dispersion relation
is now taken to be constant, w(k) = 1, so that the free field Hamiltonian is the number
operator Hf = N. We refer to [36] and references therein for a discussion of this model.
Our analysis of the massive Nelson model can be repeated mutatis mutandis in this
setting and we note that several calculations actually reduce dramatically: in particular,
the critical value of the total momentum and the energy thresholds are simply

IP|=v2 and E"(P)=n.

Corollary 1.3 yields the first rigorous justification of Cherenkov radiation for the polaron
model (see formal discussion in [22, p.227-230]).

— Consider the translation-invariant non-relativistic QFT model for a non-relativistic
quantum particle minimally coupled to a quantized radiation field of relativistic vec-
tor bosons [51, 34]. For d = 3, the single-boson space is then b := L#(R? x {4, -}),
where +/— stands for boson polarization, and we consider the Hamiltonian

Hy = (p—a24,) + 10 H,

where o > 0 is the coupling constant, where the vector potential A, is linear in cre-
ation and annihilation operators, and where the free field Hamiltonian is as before
H = dI'(w) with single-boson dispersion relation w(k) = v/m?2 + k2. In case of massive
vector bosons m > 0, our analysis of the massive Nelson model is easily adapted to this
other model under suitable regularity assumptions on the interaction kernel defining
the vector potential; we skip the detail.

While we focus here on massive bosons, the case of massless bosons is different and will be
commented at the end of the next section.

1.3. Quantum friction model. We turn to the quantum version [6, 11| of a translation-
invariant Hamiltonian model for friction introduced by Bruneau and De Biévre [7]. It de-
scribes a non-relativistic quantum particle moving through a translation-invariant medium
consisting of uncoupled quantized vibration fields at each point in space. This model hap-
pens to be substantially simpler to study than the Nelson model, precisely due to the fact
that vibration fields are uncoupled in space, and we shall thus be able to further treat the
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case of massless bosons for this model. In the sequel, we aim at a detailed understanding
of friction effects in the weak coupling regime, improving on previous results in [11].

1.3.1. Description of the model. The state space for the model is given by the product
Hilbert space

H = HP o H, (1.20)
where:

— HP := L2(R?) is the state space for the non-relativistic quantum particle, and we denote
respectively by z and p = %Vx the particle position and momentum coordinates;

— T is the state space for the quantized vibration fields and takes form of the bosonic Fock
space H! := T',(h) constructed on the single-boson space h := L2(R? x R?). We work
in momentum representation, with £ € R? standing for the momentum coordinate for
vibrational degrees of freedom, and with ¢ € R standing for the momentum coordinate
dual to the particle position z.

On this bosonic Fock space H!, we use standard notation for creation and annihilation
operators {a*(k, &)}k ¢)craxre and {a(k, &)}k e)craxra, We use the notation dI'(A4) for the
second quantization of an operator A on b, and in particular N := dI'(1) is the number
operator. In this setting, we consider the following translation-invariant Hamiltonian,

Hy = H° @1y + 1y @ H + g®(p,)  on H, (1.21)
where:

— the Hamiltonian of the free quantum particle is given by the standard non-relativistic
dispersion relation

HP = %pQ on HP;

— the free field Hamiltonian is given by second quantization

HY = dl'(w) = // w(k, &) a*(k,€)a(k, &) dkdé  on H',
RaxRd
where the single-boson dispersion relation reads

w(k,§) = |kl, (1.22)
which corresponds to massless bosons and is naturally independent of £ as vibration
fields at different values of x are not coupled;

— the real number g is the coupling constant for the particle with the vibration fields;

— the interaction Hamiltonian is given by a translation-invariant field operator
B(p.) = // plk,€) (a* (K, €)™ + a(k, )™ ) ahde, (1.23)
R4 x R4

for some real-valued interaction kernel p € L%(R? x R?) with p # 0.

Our results on this model are restricted to the weak-coupling regime |g| < 1. Regarding
the interaction kernel p in (1.23), we shall need strong ultraviolet regularity, but a quite
general infrared behavior is allowed. More precisely, we consider the following assumption,
for some v > 0,

(Regy,) There holds (1 + |k‘\_%)(k‘ - Vi) - Vg)ﬁvgp € L%(R? x RY) for all o, B,y > 0
with a+ 8+~ < v.
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Note that this holds for all v for instance if p takes the particular form p(k, &) = |k|*o(k,§)
for some o € S(R? x R?) and p > —3(g — 1). This restriction on the infrared parameter 1
is essentially optimal in the sense that it precisely ensures that the interaction Hamilton-
ian ®(p,) is relatively bounded with respect to Hp.

1.3.2. Translation invariance. As in (1.7) (see also [11, Section 3.2]), we can decompose
the above Hamiltonian H, as a direct integral
@ @

H, = | Hy(P)dP on [ H'aP,
R4 R4

where for all P € R? the fiber Hamiltonian H,(P) takes the form
Hy(P) == (P —dT'(€))? + H' + g®(p). (1.24)

We recall well-posedness properties of these fiber Hamiltonians. First note that the un-
coupled fiber Hamiltonian Hy(P) is essentially self-adjoint on

Ct = AT, (C°(RY x RY)),
and that its domain is independent of P,
D := D(Ho(P)) = D(Ho(0)) = D(dT'(€)*) N D(AL(|k]))- (1.25)

Besides, standard estimates ensure that ®(p) is (H")!'/2-bounded provided that the inter-
action kernel satisfies Assumption (Regg). The Kato-Rellich theorem then ensures that
for all g the coupled fiber Hamiltonian Hy(P) is self-adjoint on the same domain D and
essentially self-adjoint on the same core Cf.

1.3.3. Energy-momentum spectrum. We start by recalling the structure of the energy-
momentum spectrum of the uncoupled Hamiltonian.

Lemma 1.4 (Spectrum of uncoupled quantum friction model). Consider the quantum fric-
tion model (1.20)~(1.24). For any total momentum P € R%, the spectrum of the uncoupled
fiber Hamiltonian Ho(P) is given by

opp(Ho(P)) = {3P?},  0ac(Ho(P)) =[0,00), 0s(Ho(P)) =2, (1.26)
where the eigenvalue %PQ 1s simple and is associated with the vacuum state €. O

We emphasize the key difference with the Nelson model: as vibration fields at different
positions in space are not coupled, the propagation speed of bosons in space vanishes and
the spectrum of the uncoupled fiber Hamiltonian is therefore [0, 00) for any total momen-
tum P. In particular, the eigenvalue %PQ is strictly embedded in absolutely continuous
spectrum whenever P # 0. Hence, Cherenkov radiation is expected to occur whenever the
non-relativistic particle has a non-vanishing momentum, which then results in a friction
effect that tends to stop the particle.

1.3.4. Main results. We may now formulate our main results on the quantum friction
model. Our starting point is the following perturbative Mourre commutator result. Note
that our construction only yields a Mourre estimate above %PQ, but this is enough for our
purposes as it covers a neighborhood of the embedded eigenvalue %PQ.
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Theorem 1.5 (Mourre estimate for quantum friction model). Consider the quantum fric-
tion model (1.20)—(1.24). Given a total momentum P # 0 and given § > 0, we can con-
struct a self-adjoint operator Ap.s in HE, essentially self-adjoint on Ct, with the following
properties.

(1) The uncoupled fiber Hamiltonian Ho(P) is of class C*°(Ap.s). Moreover, the uni-
tary group generated by Ap.s leaves the domain of Ho(P) invariant, and the iterated
commutators ad; 4, (Ho(P)) extend as Ho(P)-bounded operators for all s > 0.

7:AP;(?

(ii) For all € > 0 and all energy intervals I C [%PQ +d+e, oo), the following Mourre
estimate holds with respect to Ap.s on I,

1;(Ho(P)) [Ho(P),iAp;s| 11(Ho(P)) > el;(Ho(P)) — Py,

where Ilq is the orthogonal projection on CS2. In particular, the Mourre estimate is
strict if the interval I does not contain the eigenvalue %P2.

(iii) The fiber interaction Hamiltonian ®(p) satisfies the following regqularity condition: if
the interaction kernel p satisfies (Regy) for some v > 1, then the iterated commutators

adjy, ,(®(p)) extend as Hy(P)'/2-bounded operators for all 1 < s < v. O

This provides the first Mourre estimate with C'°°-regularity for this model. In contrast,
in [11], the authors used the generator of radial translations R := %df(rllz' Vi + V- %)
as a natural conjugate and were confronted both with the singularity of this operator at
small k£ and with the dramatic lack of associated regularity: the commutator with Hy(P)
is formally

[Ho(P),iR] = N,

which is positive on CQ* but is not controlled by Ho(P) in the case of massless bosons.
To accommodate this difficulty, the authors of [11] had to appeal to the “singular” Mourre
theory developed in [47, 38, 27, 28, 20|, which is precisely meant for this situation but
allows for weaker consequences than the regular theory. In particular, they deduced in [11]
the instability of the embedded mass shell £ = %Pz at weak coupling, but no scattering
resonance description was obtained. In addition, their restriction on the infrared behavior
of the interaction kernel p was much stronger than what we impose here in Assump-
tion (Reg,). Rather combining Theorem 1.5 above with the full power of regular Mourre
theory, we are led to the following improved description.

Corollary 1.6 (Quantum friction). Consider the quantum friction model (1.20)—(1.24),
and assume that the interaction kernel p satisfies Assumption (Rege). Given a total mo-
mentum P # 0, assume that Fermi’s condition holds,

lp(k.&)1

1 1-d |
vp = 527 / / ECIGE Y]
27 k<ip2 Je: L(pogp=1p2_ppy VP-7H1

where Hq_1 stands for the (d— 1)th-dimensional Hausdorff measure. (This condition holds
in particular if p does not vanish.) Then, the following properties hold.

(i) Absence of embedded mass shell:
For all g # 0, the coupled fiber Hamiltonian Hy(P) has purely absolutely continuous
spectrum in

dHg_1(6)dk > 0,  (1.27)

I,(P) := (£ P*+/9Cp, ).
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(#i) Quasi-exponential decay law:
Further assume that for some v > 0 the interaction kernel p satisfies Assump-
tion (Regs+y). Then, there is go > 0 such that, for all smooth cut-off functions h
supported in 14, (P) and equal to 1 in a neighborhood of the uncoupled eigenvalue %PQ,
there holds for all t > 0 and |g| < go,

2 —v .
i itz g-[logg|{t)™", if v > 0;
‘<Q, e tHg(P)h(Hg(P))Q> —e ¥ g(P) Sgo,p,h { 92‘<t>(1”<1>), ifv> 1

where the dynamical resonance z4(P) is given by Fermi’s golden rule,
2g(P) = 3P* = g*(0p +ivp),
where yp > 0 is defined in (1.27) and where the real part 0p € R takes the form

0p = (2m)~¢ p.V./R(t— ip?)!

(kI
- e AHa-1(§ dk)dt.
(/l’ﬂét /{f L (P—g)2=t—k| V(P=E)?+1 1)

In particular, for all us € LQ(Rd) with compactly supported Fourier transform, provided
that p does not vanish and satisfies the requirements of (ii) for some v > 0, there holds
uniformly for all t > 0,

(6, ® Q), "o (u, @ Q) = / o (P)eP=2a(P) aP 4 0,(1),
R4

where 04(1) tends to 0 in L°(RY) as g | 0 (depending on p,us). O

As this result concerns massless bosons, we may wonder whether our constructions could
be adapted to some extent to the massless Nelson model. At the moment, however, we
leave this as an open question. Compared to the quantum friction model, the difficulty
is that for the Nelson model (1.3)—(1.4) the momentum coordinates k and £ coincide: in
view of our construction (2.15) of the conjugate operator below, we are then essentially
reduced to controlling the commutator [2?21 V., |, max; z;| uniformly with respect to n,
which we do not know how to do. Controlling this commutator may actually require to
further adapt our construction of the conjugate operator. For massive bosons, the problem
simplifies drastically as a bound O(n) on this commutator is sufficient, cf. Lemma 3.8.

1.4. Link to random Schrédinger operators. As is well known, e.g. [13, Section 1.3|,
[5], or [17, Lemma 5.6], random Schrédinger operators can be viewed as particular instances
of Pauli—Fierz models. This comparison was actually our original motivation for the present
contribution, in link with our previous work [17]. More precisely, given a stochastically
translation-invariant Gaussian field V on R, constructed on a probability space €, a
Gaussian chaos decomposition of L?(2) ensures that the random Schrédinger operator
—%A + gV in L2(R? x Q) is unitarily equivalent to the translation-invariant Hamiltonian

Hy = 3p° @1y +9®(ps)  on H=HP @M,

where HP := L*(R?) and H' := I'y(h) with b := L?(R?), and where the interaction kernel p
is such that p % p is the covariance function of V. In other words, the action of the
Gaussian field is viewed as the interaction with a bosonic field. Via this isomorphism, the
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fiber decomposition (1.7) for Hy is precisely equivalent to the Floquet-Bloch type fibration
that we introduced in [17] (see also [5]),

®
H, = / H,(P)dr, where Hy(P) := (P — k)% + g®(p) on H!.
R4

Compared to QFT models studied in the present work, the key difficulty is that degrees of
freedom associated with the random potential V' do not evolve in time, hence the dispersion
relation for the corresponding bosons is trivial, w = 0, and the free field Hamiltonian
vanishes. This makes the study of random Schrédinger operators particularly intricate from
this perspecive: the perturbation ®(p) is not relatively bounded with respect to Hy(P), and
its commutators with any Mourre conjugate operator for Hy(P) would not be relatively
bounded either. In other words, ®(p) is not a regular perturbation in the sense of Mourre’s
theory. In [17], we proceeded by truncating ®(p) to state spaces with a bounded number of
bosons, depending on the size of the coupling constant g, and this allowed us to deduce a
scattering resonance description at least up to the kinetic timescale t < g72. As explained
in [17], if one had ideal estimates on the number operator along the dynamics, this could
be extended to t < g~*. Such improvements would be of tremendous interest in link with
the quantum diffusion conjecture.

2. QUANTUM FRICTION MODEL

This section is devoted to the proof of our main results on the quantum friction model
at weak coupling, cf. (1.20)—(1.24). We start with the construction of a suitable conjugate
operator and with the proof of the Mourre estimate, thus establishing Theorem 1.5, before
turning to consequences on the metastability of the embedded mass shell.

2.1. Construction of conjugate operator. The uncoupled fiber Hamiltonian splits as
a sum of two multiplication operators,

Hy(P) = 5(P = dI'(€))* + d(|k]),

where 1(P — dI'(¢))? only involves the momentum coordinate & € R? dual to the spatial
position and where dI'(|k|) only involves the momentum coordinate k € R? for vibrational

degrees of freedom. We shall similarly construct a conjugate operator as a sum
Ap = Bp + Dy, (2.1)

where Bp acts only on the variable &, and D7 on the variable k. The commutator then
splits formally as

[Ho(P),iAp] = 3[(P — dT(€))* iBp] + [dT(|k]),iD1],
so we are reduced to proving a Mourre estimate for both contributions separately. For the

second contribution, dI'(|k|), recalling (1.1), a natural choice for the conjugate D; is the
second quantization of the generator of dilations in the k-direction,

Dy := dI'(dy), di = 2 (k-Vi+ Vg k), (2.2)
which satisfies the following commutator identity,
[T (|k[),iD1] = dT'([k]). (2.3)

It remains to construct a suitable conjugate Bp for (P — dI'(¢))2. We start by briefly
underlining the difficulty and motivating our unusual construction.
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2.1.1. Motivation for construction of Bp. Recalling (1.1), a natural choice is to con-
sider the generator of dilations in the £-direction around the minimizer of the symbol
of (P —dI'(¢))2. On the n-boson state space, the symbol takes the form

(fla---afn ( Zgj) )

which attains a minimum at
L=..=&=1ip (2.4)

and we are then led to defining the following tentative conjugate operator on the n-boson
state space,

Y 3(E =3P Ve + Ve (6 -1P) = 246 Ve + Ve &) 1 D1 Ve,
= j=1 J=1
On the Fock space, this means
1 1
Bp := Dy — N"2dl(iP - V¢)N 2, (2.5)

in terms of the standard generator of dilations in the &-direction,
Dy = d[(dy),  dy = £(£-Ve+Ve-), (2.6)

where we have implicitly defined the pseudo-inverse N~ 3= MoN~ 2HQ with some abuse
of notation, recalling that Il = 1 — Il is the orthogonal projection on CQL. For this
choice, as expected from (1.2), we obtain

3l(P = dT(€)%iBp] = Tla(P —dr(¢)*lg
= (P —dI(€))? — Py, (2.7)

which has exactly the desired behavior: indeed, combined with (2.3), it yields a Mourre
estimate for Hy(P) above the bottom of the spectrum.

Although this might look like the end of the story, this choice Bp does actually not suit
our purposes as it behaves badly with respect to the fiber interaction Hamiltonian ®(p): a
direct computation shows that the commutator [®(p),iBp] is not even relatively bounded
when restricted to any fixed n-boson state space. The core of the problem is that Bp is not
a second-quantization operator due to its dependence on the number operator, cf. (2.5),
which is a direct consequence of the fact that the minimizer of the energy symbol de-
pends the number n of bosons, cf. (2.4). While this issue seems unavoidable, we note
that Bp is actually not the only possible choice. On the n-boson state space, the operator
N~Y2dT(iP - V¢)N~'/2 in the definition (2.5) of Bp amounts to the arithmetic average
% Z’jl:l iP - V¢, of coordinates {iP - V¢, }1<j<n, which we shall replace by the signed max-
imum of coordinates. This highly non-standard choice is directly inspired by our previous
work [17] and we show that it does essentially not change the commutator relation (2.7),
while behaving much better with the field operator ®(p). The reason for this is intuitively
clear: as expressed in Lemma 2.2 below, the maximum of a set coordinates satisfies better
‘locality’ properties with respect to creation and annihilation of coordinates than their
arithmetic average.
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2.1.2. Signed mazimum and regularization. We turn to the construction of the suitable

notion of signed maximum of coordinates {iP - ng}lgjgn on the m-boson state space,

which will be used to replace the arithmetic mean * > j=14P - Vg, in (2.5). First, instead

n
of momentum representation on b, we use position representation: we denote by y := iV,
the position coordinate dual to £, and we set z := P -y for the coordinate in the direction

of the total momentum P. For all n > 1, we define the function m, : R® — R as the

signed maximum of coordinates: for all z1,..., 2, € R, we set
mn(21,...,2n) = Zj,
where the index jo is chosen such that |zj,| = max;|z;|. This is obviously well-defined

on R™ up to a null set. Equivalently, we can write

mn(21,...,20) = (max;|zj]) sgnrn(z1,. .., 2), (2.8)

rn(21,...,%,) = max;z; + minj z;,

where we take e.g. the convention sgn(0) = 0. This function is clearly symmetric with
respect to the variables z1, ..., z, and has the following property.

Lemma 2.1. For all n > 1, the function m,, is continuous on R™\ S,,, where S,, stands
for the hypersurface

Sp = 1, Ho} = {z € R™ : Jjo # j1 such that zj, = —z;, and |zj,| = max; \zjl} (2.9)

In addition, there holds in the distributional sense

n
Zajmn = 1+ |max; z; — min; z;| Hs, > 1, (2.10)
j=1
where Hs, stands for the (n — 1)th-dimensional Hausdorff measure on S,,. O

Proof. The continuity of m,, is clear outside the zero locus S,, of r;,, and we turn to the sec-
ond part of the statement. On R™\S,,, we have my,(21,...,2,) = zj, with |zj,| = max; |z;],
and thus Zj 0jm, = 1. It remains to examine the jump of m, on S,. Given a point
z = (21,...,2p) € R", we may assume z; = min; z; and zp = max; z; up to permuting
coordinates, and we consider the line {z(¢) := z 4+ ¢(1,...,1) : t € R}. In view of (2.9), we
note that this line intersects S, at a single point: z(t) € S, if and only if t = —5(21 + 22).
The jump of m,, at this point along this line is easily checked to be |z1 — 29|, and the
conclusion follows. O

Next, we regularize m,, to smoothen the singular part of the derivative (2.10). We start
with the following reformulation of m,,,

My (21, ..., 20) = 3(max; zj + min; z;) + 1 (max; z; — min; z;) sgn(max z; + min; z;),

where only the sign function needs to be regularized. Given 6 > 0, we choose a smooth
odd function xs : R — [—1, 1] such that

X6l(—o0,—1] = —1, Xsl[1,00) = 1, 0 < x5 <1+ pointwise,
xs(s) <s for =1 <s<0, and Xs(s) >s for 0 <s <1, (2.11)
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and we then define the following regularization of m,,,

Tﬂhn;(;(zl') cee 7Zp) = %(man Z] + mlnﬂ ZJ)

+ 3(max; z; — min; z;) x5(lf§f;(j];2$;j;] ), (2.12)
which is obviously globally well-defined and continuous.’ The denominator in the argument
of x5 is easily understood: in order to make the derivative (2.10) uniformly bounded, it is
not enough to regularize the sign function in a fixed neighborhood of §,, as the derivative
would still produce an unbounded term due to the multiplication by max; z; — min; z;. In
view of properties of x4, a direct computation yields, instead of (2.10),

n
1<) Ojiitns < 2456, (2.13)
j=1

and in addition, for all r > 1,

n r ~ n r ~ _

(Zaj) Mpss| Sysr 1 ‘(szaj) M5 — Mas| Sysor - (2.14)
j=1 j=1
In particular, note that m,,s is smooth in the direction (1,...,1). We also establish the
following locality property: it constitutes the main difference with respect to arithmetic av-
erages of coordinates (z1,...,2,) — % 2?21 zj, and it will be key to estimate commutators
with field operators.

Lemma 2.2. For all n > 0, there holds for all z,z1,...,2, € R,

‘ﬁln+1;§(2, Rlyeves ZN) - mn;a(zlv B 7271)‘ < 2|Z| + 1. <>

Proof. As |xs| <1, the definition of m,, s ensures
‘ﬁlnﬁ(zla v 7271)’ < max; ‘Zj’7

which trivially yields the conclusion in case max; |z;| < |z|V 3. It thus remains to consider
the case max; |zj| > [z] V % Up to permuting coordinates, we can assume z; = min; z;
and zp = max; z;. In the case z1 < z < 29, we simply find

ﬁln+1;5(z) 21y ,Zn) - ﬁ/ln;(S(Zlu ce. 7271)7

and the conclusion follows. It remains to treat the case z1 < z9 < z, while the symmetric
case z < z1 < zp is similar. Given 23 < 29 < z, the assumption max;|z;| > |2] \/%

. . 1 . . oy
implies 21 < —[z| V 5, and thus in particular 1?521 <3 j;rflzl < 0. In addition, there

holds X5(1iZf 121) = —1 whenever 21 <y < —3. Using this together with properties of s,

LA similar construction was first used in our previous work [17]. Note however the following slight
mistake in [17, Section 5.6]: we forgot to add 1 in the denominator of the argument of x5, which then
actually poses regularity issues at the origin in R™.
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we may then estimate

|fhn+1;5(z, 21y 2n) — Mps(21, .., zn)|
= 3 —2) (10 (E2E) ) + 36— =) (u(FEy) — o ()
< -z (1) + 3 - a) (T w(E2))
< %(z — 22)1Z22_% +5(z — zl)(l + 1iﬁf1zl)]lz2—%
< 321+ 3),
as claimed. m

2.1.3. Back to conjugate operator. With the above at hand, we can turn to the suitable
replacement for the second term, N~/2dT'(iP - V¢)N~!/2, in the tentative choice (2.5) of
the conjugate operator. For all n > 0, we define the operator Mp,.; on the n-boson state
space as the multiplication with the function

(k17y17 .. ‘7kn7yn) — mn;(S(P Y1, 7P : yn)a

using position representation y = iV¢ on b, and we define

Mpys = EBMP,n;(S on H' = @an)(h)-
n=1 n=0

Coming back to (2.1) and (2.5), we then define the following modified conjugate operator,

Aps = 2Dy + Dy — SL—HSMPKS on Hf, (2.15)

where we recall that Dy and Do stand for the generators of dilations in the k-direction and
the &-direction, respectively,

D, = dI'(dy), di = L(k-Vi+Vy-k),

Dy, = dI'(dy), dy = %({-V&—i—Vg-f).

The reason for the factor 3% in front of Mp.; in (2.15) is the following: the computation
of the relevant commutators involves the derivative 2?21 0jMy,s, which in view of the
regularization my,s of m,, is not equal to 1 almost everywhere but takes values in the
whole interval [1,2 + 0] close to the hypersurface S, (compare (2.10) to (2.13)). Symbols
are thus deformed in the computation of commutators, and the choice 2D+ Dy — M p would
actually fail to provide a Mourre estimate close to the eigenvalue %PQ. Definition (2.15) is
precisely meant to best overcome this issue.

By definition, the operator Ap.; commutes with the number operator. Given its action
on n-boson state space, it is clearly essentially self-adjoint on Cf, and we show that it

generates an explicit unitary group that preserves the domain of fiber Hamiltonians.

Lemma 2.3. The operator Ap.s is essentially self-adjoint on Ct and its closure generates
a unitary group {e“AP;é Her on HE, which commutes with the number operator and has the

following explicit action: for alln > 1 and u, € an)(f)),

t
(e’tAP?5un) (1,91, kn,Yn) = exp <— 3%:5/ Mps(P - e*y1, ..., P-e’yy) ds)
0

tn(4— —2t t —2t t
x etnl(3 q)un(e ki, €y1,...,e “kn,e'yp),
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where on h = L2(RIXRY) we use momentum representation in the first variable and position
representation in the second. In particular, the domain D of fiber Hamiltonians (1.25) is
mvariant under this group action. %

Proof. For all n > 1, consider the family {U;D,n;é}tGR of operators on an)(f)), defined by
the above formula,

t
(Ultgvm(;un)(kl, Yly- ooy kn,Yn) = €xp < 32436/ Mp:s(P - e*y1, ..., P-e’yn) ds)
0
x e™M5=D (e 2y, ey, .y e Py, elyn).

This defines a unitary group on I’ gn)(h). In addition, for all u, € C*(RY x R?)®s" we
note that the following convergence holds in an)(f)),

ltlﬁ)l %(U;D,n;tsun — Up)

n

n
= = Z(kj ) vk]' + vkj : kj)un + % Z(yj ) vyj + Vyj 'yj)un - %Mp,n;(;unv
j=1 j=1

where the right-hand side coincides with ¢Ap.su, since we have in position representation
dy = %({-Vg-i-Vg-f) = %(y'vy"i"vy'y)-

This proves that {Uk, shier is a unitary Co-group on an)(h) and that its self-adjoint
generator coincides with Ap.s on its core C°(R? x R%)®s". The conclusion follows. O

Next, we show the relative boundedness of commutators of the uncoupled fiber Hamilton-
ian Ho(P) with the above-constructed conjugate operator Ap.;. Combined with Lemma 2.3,
this actually proves Theorem 1.5(i), further noting that the C°°(Ap.s)-regularity property
follows by applying the sufficient criterion in Lemma A.3.

Lemma 2.4. For all s > 1, the s-th iterated commutator adj,, (Ho(P)) extends as an

Hy(P)-bounded self-adjoint operator with domain D = D(Hy(P)). O

Proof. For all n > 1, we define the operators M}, s and M}, s on an)(h) as the multipli-
cations with the functions

(klaylv"'aknvyn) = (E?:lajmn;é)(P'yla'-'ap'yn)a
(kl,yl,...,k'n,yn) — (Z;"l:l@j,lﬁzn;(g)(P.yl,...,P.yn)’
respectively, and we set
o0 ) )
MED;(s = @Mlp,n;(;? Mg;é = @M}/’,n;& on Hf = @an)(h)
n=1 n=1 n=0

A direct computation yields in these terms

(AT(Vy), Mpg] = PMpy,  [dT(Vy), Mpg] = P
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By definition (2.15) of Ap.s, recalling that £ = —iV,, we compute in the sense of forms
on Ct,

[Ho(P),iAps] = 2dL(|k]) —dL(g) - (P —dT'(¢))
+ 555 P+ ((P = dT(€)Mpys + Mps(P - dT(8))),
which can be reorganized as
[Ho(P),iAp;s) = 2dT(k[) + (P — dT'(€))?
T 555 P (P = dT(©)(Mpys — 250) + (Mpys — H5)(P — dT(¢))). (2.16)
Alternatively, further using [dI'(V,), M} 5] = PMp,. s, and recognizing Ho(P) in the right-
hand side, we get
[Ho(P),iAp;s] = 2Ho(P) + 525(Mp.s — H2)P - (P — dT'(€)) + g5 P2 Mp,.  (2.17)
As (2.13) yields 1 < Mps <2+ 6 and [Mp 4 <X§ 1, we find for all u € C',
(Mp.s — 32)P - (P — dT(&))ul| + || 35 P°
S PP = dT@©)ull + P?lul
1 2
< |P[l[Ho(P)zull + P7[|ull.

Combined with (2.17), this shows that [Ho(P),iAp] is equal to 2Ho(P) up to an in-
finitesimal perturbation. By the Kato—Rellich theorem, we deduce that the commuta-
tor adiap,; (Ho(P)) = [Ho(P),iAp,s] extends as an Hp(P)-bounded self-adjoint operator
with domain D = D(Hy(P)). Similarly computing iterated commutators and appealing
o0 (2.14), the conclusion easily follows; we skip the detail. O

I5%

2.2. Mourre estimate. We turn to the proof of the Mourre estimate for Hy(P). This
amounts to showing that the commutator identity (2.7) is essentially preserved for the
modified conjugate operator (2.15). Due to the deformation of commutators, however,
we only manage to cover energy intervals above %PQ. Up to renaming €, 9, this proves
Theorem 1.5(ii).

Lemma 2.5. For all € > 0, the commutator [Ho(P),iAp,| satisfies the following Mourre
estimate on J. 1= [(% +¢)?4P?, ),

1y, (Ho(P))[Ho(P),iAps|Ly, (Ho(P)) > e(5 +2)P?Ly, (Ho(P) — PPllg. 0
Proof. We split the proof into two steps.

Step 1. Proof that for all o > 0,

[Ho(P),iApy) > Tig (2(1 — L) Hy(P) — § (4 P2)ﬂg. (2.18)

As the vacuum state Q) is an eigenvector of Hy(P), it belongs to the kernel of the com-
mutator [Ho(P),iAp.], and it suffices to establish this lower bound (2.18) on C! N CO*.

Given u € Cf N CO*, starting from identity (2.16), we can bound
(u, [Ho(P),iAp;slu) > 2(u, dT(|k[)u) + (u, (P — dT'(€))*u)
315 [PIII(P = dT(€)ull[|(Mp.s — *3%)ul,
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and thus, recalling that (2.13) implies 1 < M;;.;(S <246, we get
(u, [Ho(P),iAp;slu) > 2(u, dU(|k)u) + (u, (P — dT(£))*u) — gH5| P|[|(P — dT(€))ul[|ul-
For all a > 0, Young’s inequality then yields
. o 2
(u, [Ho(P),idpglu) > 2w, dT(k])u) + (1 — ) (u, (P — dT())u) — 3 (£2)° P2 u)?

2
2(1 - i)(ua HO(P)U> - %(%) PQH’U,HQ,

A%

that is, (2.18).

Step 2. Conclusion.
Given E > 0, applying (2.18) to 1|z o) (Ho(P))u, we get

(1.00) (Ho(P))u, [Ho(P), i Apig] L5 ) (Ho(P))u)

a 2
> (280 - ) = § (33)*P?) 1500 (Ho(P) |2 — P2 gul%.

Hence, optimizing with respect to o > 0,
(L11300) (Ho(P))ut, [Ho(P), iA ] L, (o (P))u )
> V2B (V2E — §51P|) |1 p.0c) (Ho(P))ul* — P*|Tgul?
and the stated Mourre estimate follows. 0

2.3. Regularity of the interaction. We turn to the regularity of the fiber interaction
Hamiltonian ®(p) with respect to Ap.s, thus establishing Theorem 1.5(iii). While this
result would fail for the naive choice (2.5) of the conjugate, it crucially requires our special
definition of regularized signed maximum, and the proof builds mainly on Lemma 2.2.

Lemma 2.6. Let the interaction kernel p satisfy Assumption (Regy) for somev > 1. Then,
for all 0 < s < v, the s-th iterated commutator adiy, (®(p)) extends as a dr(|k|)V/2-
bounded self-adjoint operator. %
Proof. We split the proof into two steps.
Step 1. Analysis of the first commutator.
By definition (2.15) of Ap,s, the first commutator can be split as

[©(p),iAps] = 2[®(p), idT (d1)] + [®(p), idT(d2)] — 535 (p), iMp,s), (2.19)
and thus, as the first two terms involve second-quantization operators,

[®(p),iAp,s]) = —2®(id1p) — D(id2p) — 535[®(p),iMp.s].
Standard estimates ensure that the first two terms ®(idip) and ®(idyp) are dI'(|k|)'/2-
bounded provided that (1 + |k|='/2)dp and (14 |k|~/?)d2p belong to L2(RY x R?), hence
in particular provided that p satisfies Assumption (Regy).
It remains to estimate the commutator [®(p),iMp.s]. As ®(p) = a*(p) + a(p), it actually
suffices by symmetry to estimate [a*(p),iMp,5]. We recall the standard definition of the
creation operator: for all n > 0 and u,, € an)(f)),
n+1

(a*(p)un) ((ki, &) 1<1<n41) = \/ﬁZP(kﬁj,ﬁj)Un((k‘l,Sl)ZG{l,...,nH}\{j}),

=1
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or alternatively, using position representation y = iV, in the second variable,
n+1
(a*(p)un) ((kl, yz)1gzgn+1) = \/ﬁ Z p(kj,yj) un((klv yl)16{1,-~7n+1}\{j})7
j=1

where p stands for the partial inverse Fourier transform p(k,y) := fRd e ep(k, &) d¢. In
these terms, the commutator with Mp.s takes the explicit form

<[a*(p), iMP;a}Un> (ki y)1<i<ns1)
n+1

| Z <Zmn,5((P . yl)le{l,.,.,n-‘rl}\{j}) - ianrl;J((P . yl)1§l§n+1))
j=1

x p(kj, y5) un (ko y0)ieq,nringi}) - (2:20)

Appealing to Lemma 2.2 to estimate the difference between m,.s and my, 41,5, we deduce

|[a*(p), iMpglun| < 2|Pla*(Jyp])|un| + a*(|5]) unl,
where we use the short-hand notation a*(¢) := a*(o). Standard estimates then entail that
the commutator [a*(p),iMp.s] is dT'(|k])'/2-bounded provided that (1+|k|~/2)yp belongs
to L2(R7xR?). This is equivalent to requiring that (1+|k|~'/2)V¢p belongs to L*(R? x R?),
which holds in particular provided that p satisfies (Regy). The conclusion follows.

Step 2. Analysis of iterated commutators.

As in (2.19), we start by decomposing the commutator with iAp.s in terms of commutators
with D1, Dj, and iMp.s. Upon iteration, we are then led to estimating products of ad;p,,
ad;p,, and ad;pr, 5, applied to ®(p) = a*(p) +a(p). In line with (2.20), we argue that such
expressions are explicit and thus easily estimated. By symmetry, as in Step 1, it suffices
to consider commutators applied to a*(p). Iterating (2.20), we find for all s > 0,

(ad3ary (@ (0))un ) (Rts )11 11)
n+1

= ﬁ Z (iﬁ%n;d((P Y1, 1N {5}) — Mmg1s (P yl)lglgn—i-l))
j=1

X Pk ys) un (ke y0)ieqr,omspgy) - (2:21)
Further taking the commutator with iD; = idI'(d;) and iDy = idI'(d2), we easily find

adip, (adiyr,,, (@*(p))) = adiar,, (a (k- Vi), (2:22)

adip, (adiyr, , (a*(p)) = adiag,,, (a* (€ Ve = 9)p) ) = sadin,, (adiyh (a*(0)).
where the operator Rp.s in the last term is defined as follows: for all n > 1, we set
T (21, s 2n) o= D004 2j0jMpis — Mg,

we define the operator Rp,.; on I £”>(h) as the multiplication with the function

(k;lvylu"'vknuyn) — ?n;cs(P'ylw"aP'yn)u

and we set Rp.5 := @,2 | Rpy.s on HE. In view of (2.14), the function Ty;s is bounded uni-
formly in n, and the term involving ad;g,, ; in (2.22) can thus be viewed as a better-behaved
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lower-order remainder. Up to such a remainder, identities (2.22) show that products of
ad;p,, ad;p,, and adiMP;a, when applied to a*(p), can be reduced to powers of adiMp;(; up
to transforming p. The conclusion easily follows from this observation and we skip the
detail. 0

2.4. Consequences of Mourre estimate. Given a total momentum P # 0, we turn to
the proof of Corollary 1.6. By items (i) and (iii) in Theorem 1.5, the sufficient criterion
in Lemma A.3 ensures that the coupled fiber Hamiltonian Hy(P) is of class C*°(Ap.s) for
all g. Next, by Theorem 1.5(iii), for all ¢ > 0, Lemma A.6 allows to infer that Hy(P)
satisfies a Mourre estimate with respect to Ap,s on the energy interval

(%BP2+5+5+9§P,00),

for some constant Cp. Taking ¢ arbitrarily small and optimizing in e, we deduce that Hy(P)
satisfies a Mourre estimate on any compact subinterval of

Jpg = (%P2 +v9Cp, oo)

Moreover, the Mourre estimate is strict outside Kp 4 := [%Pz —gCp, %PQ —I—gC’p]. We may
then appeal to Theorem A.5, which states that Hy(P) has no singular spectrum and at
most a finite number of eigenvalues in Jp 4, and has no eigenvalue in Jp 4\ Kpg4. In order to
exclude the existence of eigenvalues in Kp 4, we appeal to Theorem A.7, which states the
instability of the uncoupled eigenvalue lP2 provided that Fermi’s condition (A.8) holds.
Altogether, this proves item (i) of Corollary 1.6, and item (ii) follows by further applying
Theorem A.8. It remains to make Fermi’s condition (A.8) more explicit for the model at
hand, which is the purpose of the following lemma (see also [11, Lemma 6.7]).

Lemma 2.7. For all P # 0, we have

lim <Q ®(p)Tiq (Ho(P) — 1P? — ie)_lﬁg@(p)9>

- 27r“1lp.v./oot—1P2 —1</ / o OF _qgy, Edk)dt
2 o ) k<t J (g 2(P—g)2=t—|k]y V (P=8*+1 )

1 27-( 1- d/ / Cpk©)12 dH k.
2 k‘< P2 %P 52_1}32 &[]} m d— 1(5)

where Hq_1 stands for the (d — 1)th-dimensional Hausdorff measure. In particular, the
immaginary part is positive if p does not vanish. %

Proof. For any € > 0, we compute

<Q, cp( )ilo(Ho(P) — 1P* - ig)*1ﬁ9q><p)9>

= (a*(p)Q, (Ho(P) — %PQ—ia)_la*(p)Q>

_ //quRd ()| ( (Pyk,€) — z’s)ildkdg,
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where Hél)(P; k,€) := (P — €)? + |k| is the symbol of Ho(P) on the single-boson state
space. As this symbol is Lipschitz continuous, the coarea formula yields

<Q, ®(p)Mg (Ho(P) — LP? — ig)*lﬁgcb(p)@

= (2m)~¢ / (t_;zﬂ_ig)l( /{ Wd%q+d1(k,s>>dt,
0

(k.6 H (Pik )=t} |VieHy (Pik£)]
where H 4441 stands for the (¢g+d—1)th-dimensional Hausdorff measure and where we note

that the integrand is summable. As ]VMH(()I)(P; k, &) = /(P —§)? + 1 is non-degenerate,
the conclusion easily follows from the Plemelj formula. 0

3. TRANSLATION-INVARIANT MASSIVE NELSON MODEL

This section is devoted to the proof of our main results on the translation-invariant
Nelson model with massive bosons at small coupling, cf. (1.3)—(1.9). We start by describ-
ing the energy-momentum spectrum for uncoupled Hamiltonians, in particular proving
Lemma 1.1, and we establish some important properties of energy thresholds. Next, we
turn to the construction of a conjugate operator in the weak-coupling regime, thus estab-
lishing Theorem 1.2. As explained in the introduction, a suitable modification of our first
choice of conjugate will be needed to ensure C'*°-regularity. The modification procedure is
presented in Section 3.4 below, further building on our constructions in Section 2.1, and
we believe that it is of independent interest for other massive QFT models.

3.1. Spectrum of uncoupled Hamiltonians. We start with the proof of Lemma 1.1,
that is, the characterization of the spectrum of uncoupled fiber Hamiltonians. More pre-
cisely, we establish the following result.

Lemma 3.1. Consider the translation-invariant Nelson model with massive bosons m > 0,
cf. (1.3)(1.9). Given a total momentum P € R%, the uncoupled fiber Hamiltonian Ho(P)
commutes with the number operator N and thus splits as a direct sum (1.14). There holds

Hy(P)Q = 1P%Q,

and for all n > 1 the restriction H(()n)(P) = Hy(P) satisfies

[ (h)

ruclHP(P)) = [E(Ph), ol (P) = o (HO(P) =2 (3)
where the n-boson energy threshold Eén) (P) is given by
ESV(P) = Se(n, P)? + /m?n? £ (|P| = c(n, P))?, (3.2)
in terms of the unique solution c(n, P) € [0,1) of the implicit equation
¢(n, P) = Pl P) (3.3)
2+ (1P| — e, P)? 5

Proof. In view of (1.14), it suffices to analyze separately the spectrum of restrictions on

each n-boson state space. For n > 1, the restriction H(()n)(P) is a multiplication operator
in momentum coordinates, with symbol

HY (Piky, k) = 3 (P = ij)Q D wiks). (34)
j=1 J=1
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Its spectrum is thus absolutely continuous and coincides with the essential image of this
symbol, which in this case obviously takes the form (3.1) with

EO(P) = min B (Pik.. k)

A straightforward computation shows that this minimum is attained at

ki=...=kn=ke(n,P) = L(|P| - c(n,P))|T€|, (3.5)

where ¢(n, P) € [0,1) is the unique solution of equation (3.3). The minimum of the symbol
is thus indeed given by (3.2). O

Next, we establish some fine properties of energy thresholds. It follows from defini-
tions (3.2)—(3.3) that P — ¢(n, P) and P — E(gn)(P) are radially symmetric for all n > 1.
In addition, we find

c(n,0) =0, and 0 < c¢(n,P) < |P|A1 for P # 0. (3.6)

Further properties are collected in the following statement. Item (iii) provides a simple
criterion to compare the uncoupled eigenvalue %P2 to energy thresholds, which proves in
particular the last part of Lemma 1.1.

Lemma 3.2. Given a boson mass m > 0, let energy thresholds be defined in (3.2)—(3.3).
(i) For alln > 1, we have
¢(n,P)t1  and  E{"(P)=|P|=L40(1) as|P|1oc.
(ii) For all P, we have
cn,P)L0  and E[P)=mn+o(l) asn?too.

(iii) For all n > 1, there exists a unique value |P™)| such that the following equivalence

holds:
1p2>EMP) = P> |P™) (3.7)

In addition, this value |P™| is increasing in n and we have |PY| = |P| > 1,
where |Py| is the critical value defined in Lemma 1.1.
(iv) Energy increments satisfy the following monotonicity properties,
foralln: 0 < EMY@P)—EM(P) L 0 as |P|1 oo, o
forallP: 0 < EMY@P) -EM®P) +m as ntoo.

Proof. Ttems (i) and (ii) are direct consequences of definitions (3.2)—(3.3), so it remains to
establish (iii) and (iv). We split the proof into two steps.

Step 1. Proof of (iii).
For all n > 1, starting from (3.2) and differentiating in |P|, a direct computation yields
0 p(n)
aipr o (P)
_ [P| — ¢(n, P)
vm2n? + (|P] — c(n,

— |P| — C(n,P) 2 _c(n
P))Q + <C(n, P) \/m2n2 4 (’P’ — C(n,P))2> a|P] ( ,P),
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and thus, by definition of ¢(n, P), cf. (3.3),

n Pl —c n, P
S By (P) = wn?n'? | yp(y—c()n =55 = = ¢(n, P). (3.8)

In view of (3.6), this implies that the map |P| — 3|P|> — (n)( P) is increasing. Moreover,
the asymptotic behavior in (i) ensures that this map is unbounded as |P| T oo, and we see
from (3.2) that it takes the value —mn < 0 at P = 0. This entails that for all n > 1 there
exists a unique value |P™)| such that

PO - B (PM) = 0, (3.9)
and the claimed equivalence (3.7) then follows by monotonicity.
It remains to check that the value |P("™)| is increasing in n. By (3.9), this follows provided
that we show that energy thresholds are increasing in n for any fixed P # 0,

EY Py — ESY(P) > 0. (3.10)
For that purpose, we start by noting that definitions (3.2)—(3.3) yield

ES(P) = Fp(e(n,P)),  Fp(c) = 32+ £l 1.

As (3.6) ensures ¢(n, P) < |P|Al for all n, as the function F'p is decreasing on (—oo, | P|A1),
and as (ii) states that c¢(n, P) is decreasing in n, claim (3.10) follows. Alternatively, this
result follows from identity (3.11) below.

Step 2. Proof of (iv).
We first investigate the behavior in |P| for fixed n. From (3.8) we deduce

5 (B0 (P) = EV(P)) = e(n+1,P) — c(n, P),

which is negative in view of (ii). In addition, the asymptotic behavior in (i) ensures that
energy increments tend to 0 as |P| 1 oo.

We turn to the behavior in n for fixed P. As definitions (3.2)—(3.3) make sense for any
n € (0,00), we may treat n as a continuous variable. Then starting from (3.2) and
differentiating in n, we find

2 Ey"(P)

’I’)’L27’L

_ (et P) = PP o)
~ /mE? £ ([P~ c(n, P))? Vm?n? + (|P| - c(n, P))
and thus, by definition of ¢(n, P), cf. (3.3),

m2n

Vm2nZ? + ([P| = ¢(n, P))?2’

This allows to write energy increments as

2B (P) =

ESY(p) - B (P)

dr, (3.11)

/ mr

=m

w A /mP (1P = c(r, P))
which entails in particular for all n,

0 < EyT(P) ~E(P) <m,  lim (ESTV(P) - BSY(P)) = m.

ntoo
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It remains to check that energy increments are increasing in n. For that purpose, we
further compute
9 mn
on . Jm?n2 + (|P| = c(n, P))?
P|— P .
_ m(Pl=cmP) (\P] —¢(n, P) +n§c(n,P)). (3.12)
(m?n? + (|P| = c(n, P))?)2 "

Differentiating the definition (3.3) of ¢(n, P) with respect to n, we find after straightforward
simplifications,

m?n? m?n(|P| — ¢(n, P))

%c(n, P) = — 3 %c(n, P) -
K (m2n? + (|P| - ¢(n, P))2)2 ° (m2n? + (|P| - ¢(n, P))?)

3
2

and thus,

(mn? + (|P| - e(n, P»Z)?)l.

m2n2

2 e(n, P) = ~L(P —c<n,P>>(1 n (3.13)

This entails
Dc(n, P) > —L(|P| = ¢(n, P)),

so that (3.12) becomes
) mn

o S (PP

Combined with (3.11), this proves that the map n — E(()n+1)(P) - E(()n) (P) is increasing,
and the conclusion follows. O

3.2. A first construction of conjugate operator. We turn to the construction of a
conjugate operator for the uncoupled fiber Hamiltonian Hy(P). A tentative conjugate
is first constructed as a second-quantization operator by following (1.1), which we shall
subsequently modify in Section 3.4 to improve on its regularity properties.

In case of massive bosons, as energy thresholds satisfy Eén)(P) 1 o0, cf. Lemma 3.2(iv),
it suffices to construct a conjugate and prove a Mourre estimate separately on each energy
interval

1,(P) = [B"(P), B (P)),
and on this interval we only need to compute commutators on state spaces with at most n
bosons. In order to construct a conjugate operator in this setting, we follow (1.1) and first
recall that on the n-boson state space the uncoupled fiber Hamiltonian has symbol
n 2 n
H (Piky, .. k) = %(P—ij) +3 w(ky), (3.14)
Jj=1 Jj=1
which attains a unique minimum at

kp=...=ky = ki(n, P), (3.15)

cf. (3.5). By convexity, a natural choice of conjugate on an)(f)) is then given by the
generator of dilations around this minimum,
3 g((kj — k(n, P)) - Vi, + Vi, - (kj — k:*(n,P))) on T (p). (3.16)
j=1
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We could consider the operator that coincides with this choice on an) () for all n, but, due
to the dependence of k,(n, P) on the number n of bosons, it would not lead to a second-
quantization operator and would thus cause several issues such as the lack of regularity of
the fiber interaction Hamiltonian ®(p) — just as (2.5) in the quantum friction model. This
is made particularly delicate as k.(n, P) depends on n not explicitly — unlike (2.4). In-
stead, when focussing on the energy interval I,,(P), we consider the following n-dependent
second-quantization operator,

% = dT(ay,),  a, = %((k—k*(n, P))-Vi+Vi- (k- k*(n,P))). (3.17)

It coincides with (3.16) on the n-boson state space, but for £ < n bosons it corresponds
to the generator of dilations around k1 = ... = ky = k,(n, P). Although this choice is
inadequate for ¢ < n bosons, we shall see that it is compensated by the fact that in that
case the energy interval I,,(P) is further away from the minimum of the symbol. This will
precisely allow to derive a Mourre estimate with respect to A?D,n on I,(P).

We emphasize that the above definition (3.17) of the conjugate operator is quite dif-
ferent from previous choices in the literature [44, 37]. Indeed, we consider here boson
momenta k; — k.(n, P) as measured in the reference frame minimizing the total kinetic
energy (3.14), while in [44, 37| the starting point is instead to consider relative boson
group velocities Vi, Hé”)(P; ki,...,ky). Our new choice appears particularly adapted to
the problem and makes it possible to investigate for the first time the essential spectrum
above the two-boson energy threshold in the weak-coupling regime.

Before turning to the proof of a Mourre estimate, we investigate properties of the above-
defined conjugate operator A}’D’n. In particular, item (ii) states the C2-regularity of the
uncoupled fiber Nelson Hamiltonian Hy(P). We emphasize that this limited regularity is
optimal, cf. [37, Section 2.2]: it comes from the fact that Aopyn is a dilation around a point at
a nonzero fixed distance from the origin, which entails that the commutator [Hy(P), }n]

is only N Hy(P)'/?-bounded, hence Hy(P)3/?-bounded, but not Hy(P)-bounded. In ap-
plications, this would prohibit to use the full power of Mourre’s theory: results like The-
orem A.8, for instance, are not available without stronger regularity. This issue will be
resolved in Section 3.4 below by a suitable modification of Aj’%n.

Lemma 3.3.

(i) The conjugate operator A%, is essentially self-adjoint on Ct and its closure generates
a unitary group that commutes with the number operator and leaves the domain D of
fiber Hamiltonians (1.10) invariant.

(ii) The fiber Hamiltonian Ho(P) is of class C*( Pon)-

(iii) Let the interaction kernel p belong to H” (R?) with (k)*V"p € L2(R?) for some v > 1.
Then, for all 0 < s < v, the s-th iterated commutator ade% (®(p)) extends as

an NY2-bounded self-adjoint operator. %
Proof. We start with item (i). Clearly, a3, is essentially self-adjoint on C>®(R%), and the

essential self-adjointness of A‘j;.,n on C! follows. In addition, as the unitary group generated
by ap,, takes the explicit form

(eita?,,nu)(k) — o4 u(e_t(k — ky(n, P)) + ky(n, P)), u e L2(RY),
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the domain D = D(Hy(P)) is obviously invariant under e*#n = I'(¢"@n). Next, the proof
of (ii) follows from a direct computation and is a particular case of [37, Proposition 2.5].
It remains to check (iii). As A%, = dI'(a%,,) is a second-quantization operator, we find

[@(p).145,] = ~D(iaf,p).
As ®(ia%,, p) is N'/2-bounded provided ap,p € L2(R9), and repeating the same computa-
tion for iterated commutators, the conclusion follows. ]

3.3. Mourre estimate. We turn to the proof of a Mourre estimate for the uncoupled
fiber Hamiltonian Ho(F) with respect to the above-constructed conjugate operator Ap .
It requires a quite delicate computation based on fine properties of the symbol (3.4) around
its minimizer (3.5). Note that, surprisingly, our construction does not allow to treat the
case of energy intervals I's with 1 < n < np in the notation below.

Lemma 3.4. Given a total momentum |P| > |Py|, define np > 1 such that
1
1p2 ¢ [ES™)(P), EST0 (P)). (3.18)

For all e > 0 and all energy intervals I C [E(()n)(P) +e, E[gnJrl)(P)) withn =1 orn > np,
the following Mourre estimate holds with respect to A3, on I,

17(Ho(P))[Ho(P),iAp,,|11(Ho(P)) > ellol;(Ho(P))Ilq. (3.19)
In particular, the Mourre estimate is strict if I does not contain the eigenvalue %PQ. %
Proof. Let |P| > |P,| be fixed, define np via (3.18), and consider an energy interval
I c [ES(P)+¢, BNV (P)) (3.20)
for some n > 1 and € > 0. We split the proof into four steps.
Step 1. Proof that the Mourre estimate (3.19) follows if we show for all 1 < ¢ < n,
T (Ho(P))[Ho(P),iA%, 11 (Ho(P)TL, > T (Ho(P)T,.  (3.21)

where II; is the orthogonal projection on the ¢-boson state space Fg)(h).

First recall that Ho(P) and Ap, commute with the number operator, hence with each
projection IT,. It is thus enough to prove (3.21) for each £ > 0. Now, for £ = 0, this lower
bound is trivial as 2 is an eigenvector of Hy(P). Next, as the symbol of Hyp(P) is bounded

below by Eéz) (P) on the ¢-boson state space, and as we have E(()é) (P) > E(()"H) (P)forl >n
in view of Lemma 3.2(iv), the choice (3.20) of the energy interval I entails

1;(Ho(P)II; = 0 for all £ > n, (3.22)
and the claim follows.

Step 2. Proof that for all 1 < /£ < n,

IL[Ho(P),iA$, )1y > T Ho(P)IL, — HY (P kY, ... k) 10y, (3.23)
where henceforth we set for notational simplicity
Y = ku(n, P) = L(P| = c(n, P)) &, (3.24)

cf. (3.5), thus omitting the dependence on P in the notation.
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For that purpose, we start by noting that the symbol (3.4) of Hy(P) on the ¢-boson state
space can be decomposed as

¢ ¢
H(Piky, ... k) = %<Z’“ﬂ“”"/‘£"))2+2 (w(kj)—w( i”))—C(n,P)ﬁ-(kj—kin)))

j=1 Jj=1
+ HO (P, M) = Ln— 02k (3.25)

By definition (3.17) of the conjugate operator, writing
i, = —dr((k—K") Vi + §),

a direct computation then yields on Fg)(b),

14
[HO(P)viA%,n”Fg)(h) = |:Z(k] _k&”)) Vk’ ) ()(P ki,... ke ):|

j=1
(o) )t e

This identity can be further reorganized as follows,

‘
[Ho(P),iApallpo ) = ”z%f(zk) +"+£<Zk — k" ) — In(n— oK™
j=1 :
¢
3 () =) =t P - = K) 3 () ),
iz

Recognizing the symbol Héz)(P; ki,...,kg) in the right-hand side in form of (3.25), and
noting that

n k- k(”) 2
w( i )) > ;(k—;—m for all k,

we deduce

[HO(P)J’A(])DWHFE:E)(‘)) =

Finally, noting that
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l
n 2 n
= 3Dk - )+ e — 0P
=1

> Lo —0kP,
we conclude
Ho(P),iAS > HY(Pk ke) — HO(Pyk™ k™
[ 0( )7Z P,n]|rgf)(h)— 0 ( | IO 5) 0 ( s Pk g e e ey ok )a
that is, (3.23).
Step 3. Proof that, given an energy interval I as in (3.20), we have for all 1 </ <mn,
17 (Ho(P))[Ho(P),iAp, |1 (Ho(P))II,
> el + (1— L) (iqp\ — ¢(n, P))? — a(n, P))Hg, (3.26)

where a(n, P) stands for the positive distance between the eigenvalue %PQ and the energy
threshold below I,

a(n,P) = 1P2—E(P) = LP* — BV (P kM. ). (3.27)
Starting from (3.23), and recalling that the choice (3.20) of I yields
infI > e+ E{"(P) = e+ HM(P; k™M, E™),

we are led to
el (Ho(P))[Ho(P),iAp,, 1 (Ho(P))IL,
> <g + =M PR Ky - 1O (PR, ,kﬁ”))) 11,.
To prove (3.26), it thus remains to check for all £ < n,
HY(PE™ Y = O (PR, kM)
> (1-14) (%(|P| — e(n, P))? — a(n, P)). (3.28)

For that purpose, we decompose
2O P ™M, )
= 1Pt + (k)
= P2 122 o kY 4t (k)
= L3P+ IR = P kY 4 nw()) 4+ 31 £)P2 = Je(n — 0P
— La{MPE M)+ 11— 5 P2~ Lin(1— L),
In terms of (3.27), this yields
2Pk k) = O (P k™ k)
- (1-4HH, g P k™) = L1 = £y P2 g Lo (1 - LR
= (1-4) (%e 1k())2 a(n,P)).
Now recalling \kin)| = L(|P| = ¢(n, P)), cf. (3.24), the claim (3.28) follows.
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Step 4. Conclusion.

As np is defined via (3.18), the definition (3.27) of « yields a(n, P) < 0 for n > np. The
right-hand side in (3.26) is thus bounded below by ell; if £ = n, or if £ < n and n > np.
It remains to prove the corresponding result in the case £ < n = np. In other words, it
remains to prove the following implication, for all n, P,

n n+1
LPPRe [EMP),ESTV(P) =  L(P|-c¢(n,P)?—an P) > 0.  (3.29)
For that purpose, we start by noting that the definition (3.3) of ¢(n, P) yields
c(n, P)

|P| — ¢(n, P) = mn——————, (3.30)
V1 —c(n, P)?
which allows to rewrite (3.2) in particular as
E(n) P) = 1¢ n, P 2—1-#,
0 (P) = ge(n. P) 1 —c¢(n, P)?
and thus mn
a(n,P) = 1P? —Lle(n, P)? — ——. 3.31
(1, P) = 17 = e P~ (3:31)
Further inserting (3.30) in this last identity to eliminate |P|, we get
2
an,P) = ¢ n,P2<1+mn) —lcn,P2—L
(. P) ze(m: P) 1 —¢(n, P)? ze(m: P) 1 —¢(n, P)?
oo c(n,P)? \/7

Combining this with (3.30) again to reformulate the quantity of interest in (3.29), we find
P 2
(P = 0, P)) = aln,P) = ~hmn(n — ) s /T, PP
which entails that the implication (3.29) is actually equivalent to
(1= c(n. P)*)?
c(n, P)?
As the map |P| — ¢(n, P) is increasing, cf. Lemma 3.2(i), it suffices to prove this implication

for P such that 2 P? = E(()n+1)(P), that is, for |P| = [P+, cf. Lemma 3.2(iii). We are
thus reduced to proving for all n,

(1 _ C(n, P(n+1))2)% .
(0, PODY2 > sm(n—1). (3.33)

As by definition a(n+1, P(*1) = %|]D(”““‘1)|2 —EénJrl)(P(”H)) = 0, identity (3.32) entails

1p2 e [ESY(P), E(P) = > Lm(n—1).

3
2

(1—c(n +1, PO+D)2)

l e
sm(n+1) o+ 1, PeD) (3.34)
The claim (3.33) can thus be reformulated as
3 3
1— + 1’P(n+1) 2\ 2 1— ’P(nJrl) 2\ 3
(1= cn )t (el ") (3.35)

c(n+ 1, P(n+1)2 B ¢(n, P(n+1))2 =

and it directly follows in this form from Lemma 3.5 below. U
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The conclusion of the above proof of the Mourre estimate relies on the following key
computation, which we state as a separate lemma for convenience.

Lemma 3.5. For all n > 1, the function defined by

1 —¢(r, P(”+1))2
fn—i—l(r) = ( c(r’ P(n+1))2 )

satisfies f;, 1 (r) <m for all0 <r <n+1. O

3
2

Proof. We split the proof into two steps.
Step 1. Proof that it suffices to show
fas1(r) < 2rm forall 0 <r <n+1. (3.36)

For notational simplicity, we set ¢(r) := ¢(r, P"*1Y)). The derivative of f, 1 takes the form

S () = =y (3e(r)*¢ (VT = e(r)? + 2¢(r) (1) (1 = e(r)?)} )
_ c(r)?2 +2 — 5
= —d(r) O 1 —c(r)2. (3.37)
Recall that the derivative of ¢ was computed in (3.13),
m?r? + ([P = ()2 )
m2r2 ’

() = =3P = e 1+

and thus, using (3.30) in form of

we find

1—c(r 1—c(r)2)2
_ o me(r)(1 = ¢(r)?)
mr+(1—c r)z)%
Inserting this into (3.37), we get
: m(l—e(r)?)? _c(r)?+2
fn+1(7‘) = 3 2
mr+ (1 —c(r)2)z  c(r)
and we deduce the following equivalence: for all r,
(1—c(r)?):  c(r)2+2

frgi(r) <m =

as claimed.

Step 2. Conclusion.
Let 0 < 7 < n+1 be fixed. As the map |P| + c(r, P) is increasing and as [P 1| > | P(")|
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in view of Lemma 3.2(iii) (where we can extend the definition of |P(")| to all real r > 0),
we find

(1—c(r, PUED)2)s (1 —c(r, P7))2)3

- = 3.38
Frta(r) c(r, P(nt1))2 = c(r, P(r)2 ( )
Noting that the same argument as for (3.34) yields
1— c(r, P)2)3
(et POy
c(r, P(r))?
we deduce fn41(r) < gmr, and the conclusion follows from Step 1. O

3.4. Modification procedure and improved regularity. This section is devoted to
the modification of the tentative conjugate operator A}’D’n to improve on the associated
regularity properties in Lemma 3.3(ii), in view of the proof of Theorem 1.2. More precisely,
we shall only modify A‘]’g,n on ¢-boson state spaces for all £ > n, while keeping it unchanged
elsewhere. Indeed, by (3.22), we recall that a Mourre estimate on the energy interval I,,(P)
only needs to be checked on ¢-boson state spaces for all 1 < /¢ < n, hence our modification
will not impact the validity of the Mourre estimate proven for A pn i Lemma 3.4. We
emphasize that our modification procedure is quite general and may be of independent
interest for other massive QFT models.

3.4.1. Motivation for modification procedure. We start by further examining the above-
defined tentative conjugate operator A9 n» decomposing it as

n = Do — dI(ik«(n, P) - Vi), (3.39)
where D, stands for the generator of dilations,
D, := dI'(d,), do = L(k-Vi+ V- k).

The lack of regularity of Ho(P) with respect to A%, precisely originates from the second
term dT(ik«(n, P) - Vi) in (3.39), as indeed its commutator with (P — dT'(k))? is not
Hy(P)-bounded. To cure this issue, we might naively want to rather consider the truncated
operator

P = Do — l<ndl (iky(n, P) - Vi) ll<y, (3.40)

in terms of the orthogonal projection Il<, onto @y, Fg)(h). By definition, Hy(P) is
now of class C*°(Ap,,). In addition, as this operator coincides with A%, on the range
of Il<,,, we deduce that Hy(P) satisfies the same Mourre estimate with respect to A P 88
in Lemma 3.4.

This is however not the end of the story: the brutal truncation in (3.40) happens to
behave badly with respect to the fiber Hamiltonian ®(p), in link with the fact that A’
is no longer a second-quantization operator. The truncation thus needs to be sultably
complemented on ¢-boson state spaces for ¢ > n, although not by means of second quan-
tization. In the spirit of our constructions in Section 2.1 for the quantum friction model,
instead of considering the second quantization dI' (il-c*(n, P). Vk) in (3.39), which amounts
to taking sums of coordinates {ik.(n, P)-Vy,};, and instead of taking a brutal truncation
as in (3.40) on ¢-boson state spaces with ¢ > n, we shall consider partial sums of the n
largest signed values of the coordinates.
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3.4.2. Partial sums of largest signed values and regularization. Instead of momentum rep-
resentation on f, we shall use position representation: we denote by y := iV, the position
coordinate, and we set z := % -y for the coordinate in the P-direction. For all 1 < 5 < ¢,
we define the function m;, : RY — R as the jth largest signed value of the entries: for all
21,...,20 € R, we set
mje(21,. .., 20) = Zi

where the index ig is chosen such that |z;,| is the jth largest value among |z1],...,|2¢|.
This is obviously well-defined on R? up to a null set. Note that for j = 1 the function mie
coincides with the signed maximum my defined in (2.8). For all 1 < j < ¢, we then define
the function s : R? — R as the sum of the j largest signed entries,

Sje = Mig+ ...+ myyg,
and for j > ¢ we simply define
8j0(21,. o 20) = 21+ ...+ 2

As in Lemma 2.1, we note that s; is not continuous for j < ¢ and thus needs to be regu-
larized, which we shall carefully perform in the spirit of (2.12). For that purpose, we start
by defining for all 1 < j </ the functions max; ¢ : R’ — R and min; g : R’ — R as the jth
largest and the jth smallest entries, respectively: more precisely, these functions are de-

fined to be symmetric upon permutation of their entries, and to satisfy max; ¢(z1, ..., 2¢) =
zg—j1 and minje(z1,...,2¢) = z; if 21 < ... < 2. These functions are both obviously
well-defined and continuous, and we have the relations
Imje(21,...,20)| = max;e(|z1],. .., |2]),
maxy ¢(21,...,2¢) = max z; = mingp(21,...,2
1e(z1,. .., 20) max 2 ee(215 -5 20),
ming g(21,...,2¢) = in z; = maxypg(21,...,2¢).
1,6(215 - -+, ) oin 2 ee(z1,- -5 20)

In these terms, for all 1 < j < £, we note that the definition of s;, can be reformulated as
J
Sj0 = Z <§ (maxjﬂ,l,g + minm) + %(maxjﬂ,l,g — minm) sgn (man+]_,l7g + minl,g)> ,
=1
where now only the sign functions need to be regularized. Given § > 0, we choose a smooth
odd function x5 : R — [—1,1] as in (2.11), and we define for all 1 < j < ¢,
j .
~ . . max; — min,
Sjes = ) (5 (maxj 1,0 +ming ) + 5 (maxj 10— mlnl,Z)X(S(Hmagif,’f,[ = mii;f,e)) :
=1

which is obviously globally well-defined and continuous. For j > ¢, no regularization is
needed and we simply set

§j7€§6(zl7"'7zﬁ) = Sjyz(Zl,...,,?%) =21+ ...+ 2.

In view of properties of x4, a direct computation yields

¢
1<) 050 < 240G A0, (3.41)
=1
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and in addition, for all r > 1,

(3050
=1

In particular, note that 5,5 is smooth in the direction (1,...,1). Next, we state the
following generalization of Lemma 2.2 for mys = 51,45, which will be key to estimate
commutators with field operators. The proof is a direct adaptation of that of Lemma 2.2
and we skip the detail.

¢
.
Sxar I ’ (Z 2’131) S0 — Sj06
=1

Sxar GAL (3.42)

Lemma 3.6. For all j,¢ > 1, there holds for all z,z1,...,z¢ € R,

}§j7g+1;5(z,zl, ceey Zg) — §M;5(z1, .. .,Zg)‘ < 2’Z| + 1. O

3.4.3. Back to conjugate operator. With the above construction at hand, we turn to the
suitable replacement for the second term in the tentative choice (3.39) of the conjugate
operator. For all n,/, we define the operator Sp, ss on the f-boson state space as the
multiplication with the function

(yla"'ayf) = |k*(n7p)|’§n,€;5(% Yty e, |§| 'yf)v (343)
using position representation y = iV on b, and we define
(o) o0
Spns = P Spnes  on H =PI (). (3.44)
/=1 (=0

Coming back to (3.39), we then define the following modified conjugate operator,
Apps = Do — Spns  on H', (3.45)
where we recall that D, stands for the generator of dilations,
D, = dI'(d,), do = (k- Vi + Vi k).

By definition, the operator Ap,.s commutes with the number operator. Given its action on
(-boson state space, it is clearly essentially self-adjoint on Cf, and we state that it generates
an explicit unitary group that preserves the domain of fiber Hamiltonians. The proof is
analogous to that of Lemma 2.3 and is skipped for brevity.

Lemma 3.7. The operator Ap.s is essentially self-adjoint on Ct and its closure generates
a unitary group {eAPnoYcr on HE, which commutes with the number operator and has

the following explicit action: for all £ > 1 and uy € Fg)(b),

t
(e APmisay) (y1,. .., y0) = exp <—i\k*(n, P)!/En,e;a(,f;-esyl,--~71’3-esye) ds)
0

e t t
x e 2ug(e'yr,...,eyp),

where we use position representation on by. In particular, the domain D of fiber Hamilto-
nians (1.10) is invariant under this group action. O
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3.4.4. Improved regularity. As by definition Ap,.s coincides with A%,n on ¢-boson state
spaces for all £ < n, it follows from (3.22) that the Mourre estimate of Lemma 3.4 holds
in the exact same form with respect to Apy.s5, thus proving Theorem 1.2(ii). Next, we
show that the fiber Hamiltonian Hy(P) is now of class C°°(Ap.s5), which improves on the
limited C?-regularity available with respect to A%n, cf. Lemma 3.3(ii). Combined with
Lemma 3.7, this proves Theorem 1.5(i), further noting that the C°°(Apy,s)-regularity
property indeed follows by applying the sufficient criterion in Lemma A.3.

Lemma 3.8. For all s > 1, the s-th iterated commutator adj,,  (Ho(P)) extends as an

Hy(P)-bounded self-adjoint operator. O

Proof. By definition (3.45) of Ap,,.s, the first commutator can be split as
[HO(P)viAP,n;(S] = [HO(P)viDO] - [HO(P)aiSP,n;é]
= —dl(k)- (P —dL(k)) +dI'(k - Vw(k)) — [Ho(P),iSpps)-
Using that |k - Vw(k)| = w(k) — m2w(k)~! < w(k), the first two right-hand side terms are
obviously Hy(P)-bounded operators: we get for all u,v € ct,
|{u, [Ho(P),iApnslo)| S [PPllullllv] + lull| Ho(P)v]| + [{u, [Ho(P),iSpnslv)l,  (3.46)
and it remains to estimate the term. For that purpose, using position representation
y =1iV¢ on b, we write
[HO(P)7iSP,n;6] = %[(P“‘ dr(ivy))QviSP,n;é] + [dr(w(ivy))JSP,n;é]
= —LdT(Vy) - [dT(Vy),iSpns] — 3[A0(Vy),iSpy;s) - AT (V)
—P - [dT'(Vy), Spps] + [dD(w(iVy)), iSpnss),

or alternatively,

[Ho(P),iSpns] = —[AT(Vy), Spns - (P +dL(iVy)) — 3 [dT(Vy)-, [AT(Vy), iSpnis]]
+ [dF(w(sz)), iSP,n;lS]'
By definition (3.43)—(3.44) of Spjs, recalling (3.5) and using (3.42), the commutators
[dT(Vy),iSpns] and [dT(Vy)-, [AT(Vy),iSpn;s]] are bounded by O(|P]). We deduce for
all u,v € Cf,

[, [Ho(P), iSpas)o)| S |Plllullllvl] + |P|]ull| Ho(P)2 ]
+ [(u, [dT(w(iVy)), iSpnslv)], (3.47)

and it remains to estimate the last commutator [dI'(w(iVy)),iSpn.s], that is, on the /-boson

state space,
0

[T (w(@Vy)), iSenllpo ) = Z:l W(iVy,),iSpnes]- (3.48)
J:
We split this task into three steps: we first show that the commutator [|Vy.[,iSpy ¢s] is
nicely bounded and then we appeal to the calculus of almost-analytic extensions to reduce
the analysis of the difference w(iV,,) — [V, | to that of the resolvent (z — [V, [)~".

Step 1. Preliminary commutator estimates: for all 1 < j < ¢, we have

IVy, 1 iSpnesll S 1P, (3.49)
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and in addition, for all ug, v, € C* N Fg)(h) and z € C\ R,
[(ue [(z = [V, )7 iSpngslva)l S SIS~ [luell vl (3.50)

~

We start with the proof of (3.49). By symmetry, we focus on j = 1. Recalling the definition
of Spnes, cf. (3.43), and using the integral representation for |V, | = (—4,,)"/?, we find

for all vy € CF N T (p),

Hvyl |7 iSP,n,Z;5]UE(y17 cee 73/@) = C|k*(n7 P)|

1 ~ o~
X /Rd W(an,&dm? “Yi 1P Y205 1R '?/e) *an,e;(s(w 'yivﬂ “Y2, -5 7P ye))
va(yiayQa"'ayZ)dyi‘

Using that s, ¢,s is Lipschitz continuous and appealing to the T'(1) theorem [10], we find
that this commutator defines a bounded operator on L?((R%)?) with

IIVulsiSpneslll S ke(n, PV 180 £6llnoe me):

Recalling (3.5) and noting that ||V13, ¢/ ey S 1, the claim (3.49) follows. We turn to
the proof of (3.50). For all z € C\ R, we can write

[(z = IVy, ) iSpanes] = —(2 = [V DT IV | iSp sl (z = [V, )7
As [[(z = [Vy,[) 7Y < Sz, the claim (3.50) is a direct consequence of (3.49).
Step 2. Conclusion.
We start by decomposing
(ug, [W(iVy,), 18P n,e5]ve)
= (ur, [|Vy, |, 1Spneslve) + (ue, [w(iVy,) — [Vy, |, iSpneslve).  (3.51)

In order to estimate the second right-hand side term, we appeal to the calculus of almost-
analytic extensions, e.g. [14, Proposition C.2.2]: there exist f € C°°(C) and constants
C,Cn < oo such that

F&) = x(@)((m>+ 27 —1), VieR,
9 (2)| < On{R2) V232N, VN €N,
supp f C {z € C: |Qz| < C(Rz2)},

where x € C*(R) is a cut-off function such that x(t) = 1 for ¢ > 0 and x(¢) = 0 for
t < —1. We can then represent

() = Q;/C(z—t)—lgﬁ(z) dz A d,
hence
w(iVy) =1V | = 2 [ (= 1V, ) B ds A

Using this representation to rewrite the second right-hand side term in (3.51), and using
properties of f as well as commutator estimates (3.49) and (3.50), we get

(ug, [W(iVy,),iSpaeolve)l S I Pluel[lvell-
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In view of (3.48), as mN < Hy(P), this entails for all u,v € C',
[(u, [AT(w(iVy)), iSpaslv)| S 7Pl Ho(P)v]-

Combined with (3.46) and (3.47), this implies that the first commutator [Ho(P), iApn;s]
satisfies for all u,v € Cf,

[(u, [Ho(P), iApnslo)| S [Plullllvfl + [Pl ull[| Ho(P)oll,

hence it extends uniquely to the form of an Hy(P)-bounded self-adjoint operator. Similarly
computing iterated commutators and using (3.42), the full conclusion easily follows; we skip
the detail. 0

Finally, we state that the fiber interaction Hamiltonian ®(p) still has the same C°°-
regularity with respect to Ap,,.s as in Lemma 3.3(iii), thus establishing Theorem 1.2(iii).
The proof is a straightforward adaptation of that of Lemma 2.6, now appealing to Lemma 3.6
instead of Lemma 2.2; we skip the detail.

Lemma 3.9. Let the interaction kernel p belong to HY(R?) with (k)*V?p € L2(R?) for

some v > 1. Then, for all 0 < s < v, the s-th iterated commutator adj,, (®(p)) extends

as an N2 -bounded self-adjoint operator. O

3.5. Consequences of Mourre estimate. Given a total momentum |P| > |P,], let-
ting np > 1 be defined via (3.18), we turn to the proof of Corollary 1.3. By items (i)
and (iii) in Theorem 1.2, the sufficient criterion in Lemma A.3 ensures that the coupled
fiber Hamiltonian Hy(P) is of class C®(Apy.s) for all n,g. Next, by Theorem 1.2(ii),
for n =1 and for any n > np, for all ¢ > 0, Lemma A.6 allows to infer that H,(P) satisfies
a Mourre estimate with respect to Ap,.s on the energy interval

(E(()n) (P) + e+ 9Cpn E(gn+1)(P) o gCP,n)’

€ ’ €

for some constant Cp,,. Optimizing in €, we deduce that H,(P) satisfies a Mourre estimate
on

Teng = (ES"(P)+ GCpn, B (P) ~ Cpn).

Moreover, the Mourre estimate is strict outside Kp,.q := [%|P|2 —9Cpp, %\P!Q + ng,n].
We may then appeal to Theorem A.5, which states that Hy(P) has no singular spectrum
and at most a finite number of eigenvalues in Jp,.4, and has no eigenvalue in Jp g\ Kpp:g.
In order to exclude the existence of eigenvalues in Kp,,.4, we appeal to Theorem A.7, which
states the instability of the uncoupled eigenvalue %PQ provided that Fermi’s condition (A.8)
holds. Altogether, this proves item (i) of Corollary 1.3, and item (ii) follows by further
applying Theorem A.8. It remains to make Fermi’s condition (A.8) more explicit for the
model at hand, which we is the purpose of the following lemma; the proof is analogous to
that of Lemma 2.7 and is skipped for brevity.
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Lemma 3.10. For all |P| > |Py|, we have

lim <Q ()i (Ho(P) — 1P? — z‘g)*lﬁﬂcﬁ(p)@

_ —d > 1p2y-1 (k) [?
= (2m) p.v./E(l)(P)(t 5P) </{k'1(Pk)2+w(k)—t} |kP+vw(k)|de—1(k)>dt
0 T2 -

) 1—d lp(k)[?
2 /{kzé(P_k)%rw(k):;P?} vt Ha-1 (0

where Hq_1 stands for the (d — 1)th-dimensional Hausdorff measure. In particular, the
imaginary part is positive if p is nowhere vanishing. %

_l’_

N

APPENDIX A. MOURRE’S COMMUTATOR METHOD

In this appendix, we briefly recall for convenience standard definitions and statements
from Mourre’s theory that we use in this work; we refer e.g. to |2, 27| for more detail. We
start with the notion of regularity with respect to a self-adjoint operator, which is crucial
to define commutators and deal with domain issues.

Definition A.1 (Regularity). Let A be a self-adjoint operator on a Hilbert space H.

— A bounded operator B on H is said to be of class C*(A) if for all ¢ € H the function
t — e " Be¢ is k-times continuously differentiable.

— A self-adjoint operator H on H is said to be of class C*(A) if its resolvent (H — z)~*
is of class C*¥(A) for some z € C \ R. O

We recall the following characterization: a bounded operator B is of class C'(A) if and
only if it maps D(A) into itself and if the commutator ad;4(B) := [B, iA] extends uniquely
from D(A) to a bounded operator on H. Therefore, if H is a self-adjoint operator of
class C1(A), we may use the resolvent identity [(H—z)"',iA] = —(H—2) "' [H,iA](H—2)"1
in the sense of forms on D(A), and we infer that the commutator ad;a(H) := [H,iA]
extends uniquely from D(H) N D(A) to a bounded form on D(H). Equivalently, this
means for all ¢, € D(H) ND(A),

(¢, [H, iAJP)n| S ((HT + Dollall([H] + D))l (A.1)

In fact, we state that the converse is also true under a technical assumption; see e.g. |2,
Theorem 6.3.4].

Lemma A.2 (Characterization of regularity; [2]). Let A and H be self-adjoint operators
on a Hilbert space H, and assume that the unitary group generated by A leaves the domain
of H invariant,

“D(H) c D(H) for all t € R. (A.2)
Then, the domain D(H) ND(A) is a core for H. In addition, H is of class C'(A) if and
only if (A.1) holds. O

We could write down similar characterizations for higher regularity, but we shall only
need the following sufficient criterion in case of H-bounded commutators. Note that this
H-boundedness condition is much stronger than (A.1) and is not always satisfied; see in
particular our setting in Section 3.2.
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Lemma A.3 (Sufficient criterion for higher regularity; [2]). Let A and H be self-adjoint
operators on a Hilbert space H, and assume that the unitary group generated by A leaves
the domain of H invariant, cf. (A.2). Given v > 1, assume iteratively for all 0 < s < v,
starting with ad®4(H) := H, that the iterated commutator ads ,(H) is defined as a form on
D(H)ND(A) and satisfies

(¢, adia(H)P)| < [0l (1H] + 1))l (A.3)

which entails that ad; (H) extends uniquely to the form of an H-bounded operator and
that the next commutator adi{*(H) := [adi,(H),iA] is also well-defined as a form on

D(H)ND(A). Then, H is of class C"(A). O

With these regularity assumptions at hand, we may now turn to Mourre commutator
estimates, which constitute a key tool for spectral analysis.

Definition A.4 (Mourre estimates). Let A be a self-adjoint operator on a Hilbert space H,
let H be a self-adjoint operator of class C'(A), and let J C R be a bounded open interval.
The operator H is said to satisfy a Mourre estimate on J with respect to the conjugate
operator A if there exists a constant ¢y > 0 and a compact operator K such there holds in
the sense of forms,
1,(H)[H,iA]1,(H) > ¢l (H)+ K.

The Mourre estimate is said to be strict if it holds with K = 0, and the constant c¢g is
referred to as the Mourre constant. O

The main motivation for these commutator estimates is that they lead to precise infor-
mation on the nature of the spectrum of H; see |39, 2|.

Theorem A.5 (Mourre’s theory; [39, 2|). Let A be a self-adjoint operator on a Hilbert
space H, let H be a self-adjoint operator of class C1(A), and assume that H satisfies a
Mourre estimate with respect to A on a bounded open interval J C R. Then the following
properties hold:

— H has at most a finite number of eigenvalues in J (counting multiplicities);
— if H is of class C*(A), then H has no singular continuous spectrum in J;
— if the Mourre estimate is strict, then H has no eigenvalue in J. O

Next, we adapt these developments to the setting of perturbation theory. First, the
following standard lemma states that, if H satisfies a Mourre estimate and if a perturba-
tion V' is sufficiently regular, then the perturbed operators H, := H + gV also satisfy a
corresponding Mourre estimate for g small enough. In view of Section 3.2, care is taken not
to assume that [H,iA] be H-bounded; the outline of the proof is included for convenience.

Lemma A.6 (Mourre estimates under perturbations). Let A be a self-adjoint operator on a
Hilbert space H, let H be a self-adjoint operator of class C*(A), let V be a symmetric |H|"/?-
bounded operator, and assume that:

— the commutator [H,iA] satisfies the following strengthened version of (A.1),

. 1
(&, [HiAJ) | S II(H] + 12l [ ([H] 4 1)1l (A.4)
— the commutator [V,iA] extends as an H-bounded operator, in the sense that
(o, VLiA])u| S oMl (IH T+ 1)l (A.5)

Then the following properties hold.
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(i) The perturbed operator Hy = H + gV is self-adjoint on D(H) and is of class C*(A)
for all g € R.

(ii) Further assume that H satisfies a Mourre estimate with respect to A on a bounded
interval (a,b), with constant co. Then H, satisfies a Mourre estimate with respect
to A on the restricted interval

3
(at+nb—n),  n:=9%(1+]a+]b])?2,

for some constant C' only depending on the multiplicative constants in (A.4)—(A.5).
If in addition [H,iA] is H-bounded, in the sense that (|H| 4+ 1)Y/%¢ can be replaced
by ¢ in the right-hand side of (A.4), then the same holds with n = %(1 + |a| + |b]).
Finally, if the Mourre estimate for H is strict, then the one for Hgy is strict too.

(i4i) Further assume that H is of class C*(A) and that [[V,iA],iA] evtends as an H-
bounded operator. Then, H, is of class C*(A) for all g € R. ¢

Proof. As the perturbation V is |H|%—bounded, the perturbed operator Hy = H + gV is
self-adjoint and has the same domain as H for all g € R. The proof of items (i) and (iii)
is standard, following the same lines as e.g. [37, proof of Proposition 2.5, starting from
identities
(Hy—2)"" = (H—2)"'(1+gV(H 27",
[(Hy —2)7"iA] = [(H—2)7iAl(1+gV(H —2)7H)™
—g(Hy —2) " V[(H —2)" iAJ(L+ gV (H — 2)71) ™
—g(H, — 2) MV, iA)(H, — 2),
where 3z is chosen large enough so that ||V (H — 2)7!|| < 1. We skip the detail and turn
to item (ii). Assume that H satisfies a Mourre estimate with respect to H on a bounded
interval J = (a,b). Let n € (0,1), let J,, := (a +n,b —n), and choose h,, € C>*(R) such
that 15, < h, <1, and [Vh,| % Multiplying both sides of the Mourre estimate for H
with h,(H), we get for some compact operator K,
hy(H)[H,iAlhy(H) = cohy(H) + hy(H)Khy(H),
hence, as [V,iA] is H-bounded,
hg(H) [Hy. i Al (H) > (c0 = gC(1+Ja + 16) )y () + By (DK Ry (). (A6

Next, we decompose

hn(Hg)[Hg7iA]hn(Hg) = hn(H)[HgviA]hn(H)
+ (hy(Hy) — hy(H))[Hy, iAlhy(Hg) + hy(H)[Hg, i A](hy(Hg) — hy(H)).  (A.T)

Recalling (A.4), the \H\%—boundedness of V, and the H-boundedness of [V, iA], and noting
that ||h,(Hy)—hy(H)| < %g, we easily find that the last two right-hand side terms in (A.7)

have operator norm bounded by %(1 + |a] + |b])?/2. Combined with (A.6), this yields

ho(Hy) [ Ho i Al (Hy) > (0 = % (14 |al + [61)3 ) oy (Hy) + oy (H) K by (H).

Now multiplying both sides with 1, (H,), the conclusion (ii) follows. O
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An important question concerns the perturbation of an eigenvalue embedded in contin-
uous spectrum [46]. In view of formal second-order perturbation theory, Fermi’s golden
rule is expected to provide an instability criterion, cf. (A.8) below, and various works have
shown how Mourre’s theory can be used to establish it rigorously, e.g. [1, 31, 20]. Revis-
iting [31, Theorem 8.8|, we can derive for instance the following statement, where care is
taken again not to assume that [H,7A] is H-bounded; the outline of the proof is included
for convenience.

Theorem A.7 (Instability of embedded bound states). Let A be a self-adjoint operator
on a Hilbert space H, let H be a self-adjoint operator of class C?(A), let V be a symmet-
ric |H|"Y2-bounded operator, and assume that:
— the commutator [H,1A] satisfies (A.4);
— the commutators [V,iA]| and [[V,iA],iA] extend as H-bounded operators;
— H satisfies a Mourre estimate with respect to A on a bounded open interval J C R.
In addition, assume that H has an eigenvalue Eqy € J, denote by 11y the associated eigen-
projector, let Iy := 1 — Ily, assume that the eigenspace satisfies Ran(Ilg) € D(A?) and
Ran(Allp) € D(V), and assume that Fermi’s condition holds, that is, there ezists vo > 0
such that

lim %{HOVI:IO(H — By is)_ll:[OVHO} > ~oTlp. (A.8)

Then, there exists go > 0 and a neighborhood Jy C J of Ey such that the perturbed operator
Hy, = H + gV satisfies

opp(Hg) NJo = @ for all 0 < |g| < go. o

Proof. Note that all assumptions of Lemma A.6 are satisfied, hence the perturbed oper-
ator H, is of class C%(A) and satisfies a Mourre estimate on .J' with respect to A for all
J' € J and g small enough. Consider the reduced perturbed operator H, g = l:IOHgf[O on
the range Ran(Ily), and set also H := IIgHIly, V := [IgVIly, A := IIgAllg. We follow the
approach in [31, Theorem 8.8] and split the proof into three steps.

Step 1. Proof that H, is of class C?(A) for all g and that there exists gy > 0 and an open
interval Jo C J with Ey € Jy such that for all |g| < go the operator H, satisfies a strict
Mourre estimate on .Jy with respect to A. In particular, in view of Theorem A.5(iii), this
entails that Hy has no eigenvalue in Jy for any |g| < go.

It is easily checked that reduced operators AHV satisfy all the assumptions of Lemma A.6
on Ran(Ilp). In particular, in order to ensure that [V',iA] and [[V',iA],iA] are H-bounded,
it suffices to decompose
V,iA] = o[V,iA]lly — gV gi ALl + T AT, VI,
—ﬁoVHO (ZA)2ﬁ0 — 1:[0 (ZA)2H0V1:IO + ﬁoVH()ZAH()’LAﬁO + ﬁoZAH()ZAHoVﬁO
+211gi ATy [V, i A|TTy — 2I0o[V, i A|TTgi ATly — 21193 ATIoV Tgi AT,

and to note that our assumptions precisely ensure that the different right-hand side terms
are all H-bounded. Applying Lemma A.6, we then deduce that H, is of class C?(A) for

all g and satisfies a Mourre estimate on J’ with respect to A for all J' € J and g small
enough. Next, multiplying both sides of this estimate with 17 (H) and using the fact that

1. (H) converges strongly to 0 as L — {Ep}, we deduce that there is a neighborhood Lg
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of EQ on which H satisfies a strict Mourre estimate. The claimed strict Mourre estimate
for H, then follows from Lemma A.6(ii) for any Jy € Lo and g small enough.

Step 2. Proof that, if for some |g| < go the perturbed operator Hy has an eigenvalue E € Jy
with eigenvector v, then it satisfies

lim <3<q/;, o Wily(H, — E — is)_lﬁoWH0¢>H - 0. (A.9)
£

This observation is found e.g. in [31, Lemma 8.10], but we repeat the proof for convenience.
Decomposing 1 = IIy + Il and using g HIly = Eplly and IIgHIIly = 0, the eigenvalue
equation HyY = E1 is equivalent to the system

{ goWlgy + gllgWilgy = (E — Eo)llgy,

/20 _ A.10
Hgﬂow + gllgWlgy = Ellya. ( )

For all € > 0, the second equation entails
ﬁow = —g([-_Ig —F— Z'e’;‘)ilﬁ()WHofL/} - iE(FIg —F— Z'e’;‘)ilﬁol/}.

By Step 1, we know that E € .Jy cannot be an eigenvalue of H ¢, hence the last right-hand
side term converges strongly to 0 as € | 0 and we get

Moy = —glifg(Hg — E —ie) HIgWgip.
€.

Inserting this into the first equation of (A.10), taking the scalar product with v, and taking
the imaginary part of both sides, the claim (A.9) follows.

Step 3. Conclusion.

In view of Step 1, as H, is of class C?(A) and satisfies a strict Mourre estimate on .Jy for
all |g| < go, Mourre’s theory entails the validity of the following strong limiting absorption
principle, cf. [2, 45]: for all s > § and J§ € Jo, the limit lim, o(A)~*(Hy — E —ig) "1 (A)~*
exists in the weak operator topology, uniformly for E € Jj and |g| < go. (Note that we
could not find a reference for the uniformity with respect to g, but it is easily checked
to follow from [2, 45] by further making use of the H-boundedness of V' and [V,iA].)
Decomposing i ATlgVIIy = ViAllg—[V, i A]Tlly —i Allg V1l and noting that our assumptions
ensure that the different right-hand side terms are all bounded, we find that (A)IToWTI,
is bounded (and finite-rank), hence the limiting absorption principle entails that the limit

Fy(E) := 18%1 My VIy(H, — FE —ic) 'V,

- liﬁ)l (o VTIo(A)) <<A>_1(ﬁg - B ig)_1<f_1>_1> ((A)TIpVTIp)
S

exists, uniformly for E € J| and |g| < go. This ensures in particular that the limit in (A.8)

exists. Assumption (A.8) takes the form SFy(Ep) > 7ollp, and therefore by uniformity

there exists g{, > 0 and a neighborhood J{ of Ey such that

SFy(E) > %701_[0 for all E € Jij and |g| < g.

In view of Step 2, this implies that for [g] < gj any eigenvalue of Hy in Jj must have
eigenvector in Ran(Ily). However, this would entail that it is actually an eigenvalue of the

reduced operator H,, which is excluded by Step 1. U
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Moreover, if there is enough analyticity for the analytic continuation of the resolvent, the
perturbed embedded eigenvalue is actually expected to become a complex resonance when
dissolving in the absolutely continuous spectrum [46]. This resonance then describes the
metastability of the bound state and the quasi-exponential decay of the system away from
this state. While this is not guaranteed in the general framework of Mourre’s theory, the
following result by Cattaneo, Graf, and Hunziker 8] shows how additional regularity allows
to develop an approximate dynamical resonance theory. We emphasize that C?-regularity
is no longer enough here.

Theorem A.8 (Approximate dynamical resonances; [8]). Let A and H be self-adjoint
operators on a Hilbert space H, let V' be symmetric and |H|1/2
for some v > 0,

-bounded, and assume that

— the unitary group generated by A leaves the domain of H invariant, cf. (A.2);

— for all 0 < j < 5+ v, the iterated commutators ad; ,(H) and ad] (V) extend as H-
bounded operators;
— H satisfies a Mourre estimate with respect to A on a bounded open interval J C R.

In addition, assume that H has a simple eigenvalue Eg € J with normalized eigenvector vy,
denote by Ty the orthogonal projection on {yo}*, and assume that Fermi’s condition is
satisfied, that is,

Yo = Eﬁ}%@o(wg), (H — Ey —z’e)*lﬁo(vwo)> > 0. (A.11)

Then, the perturbed operator Hy = H + gV satisfies the following quasi-exponential decay
law: for all smooth cut-off functions h supported in J and equal to 1 in a neighborhood
of Eo, and for all g small enough, there holds for allt > 0,

< g°lloggl(t)™", ifv=0;
SR gD, i >

where the dynamical resonance z4 1s given by Fermi’s golden rule,

zg = Eo+ g(¥o, Viho) — ¢ 1511%1 <ﬁ0(V¢0) , (H—Ey— iE)_lﬁo(V¢o)>-

[ (o, e~ Mot h(Hy i) — e

In particular, in view of (A.11), this satisfies Szy < 0. O
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