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Approximate spectral theory
and wave propagation in quasi-periodic media

Antoine Benoit = Mitia Duerinckx ~ Antoine Gloria ~ Christopher Shirley

Abstract

In this article we make specific in the quasi-periodic setting the general Floquet-Bloch
theory we have introduced for stationary ergodic operators together with the associated
approximate spectral theory. As an application we consider the long-time behavior of the
Schrodinger flow with a quasi-periodic potential (in the regime of small intensity of the
discorder), and the long-time behavior of the wave equation with quasi-periodic coefficients
(in the homogenization regime).
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1. General overview

We consider the elliptic operator £, = —V -aV + AV on LZ(]Rd)7 where V : R — R and
a:R? - My(R) are a quasi-periodic potential and a quasi-periodic coefficient field (see definition
below), and A > 0 is the intensity of the potential.
In particular, we study the long-time behavior of two prototypical time-dependent equations:
The classical wave equation (for A = 0)
Ofu. =V - a(0)Vue,  uch=o =v%, D=y =0, (1.1)

The authors acknowledge financial support from the European Research Council under the European Community’s Seventh Framework
Programme (FP7/2014-2019 Grant Agreement QUANTHOM 335410).
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and the Schrodinger equation (for a = Id for simplicity)
10y = (= + AV)uy, up|t=0 = u°. (1.2)

The long-standing conjecture for the Schrodinger operator states that there is localization for large
e or A (see for instance [4, 5, 6] for d > 1) and ballistic transport for all times as soon as € and A
are small enough (see the survey [11, 7] for d = 1). The existence of delocalized states (understood
as ballistic transport) is a difficult problem, which, in dimensions d > 1, has only been solved in
very specific situations (d = 2 for two frequencies in [12]). Rather than proving ballistic transport
at all times, we aim at proving that waves are transported in a ballistic regime in large times
depending on € or A. Roughly speaking, this will owe to the fact that in a strong quantitative
sense, for 0 < e < 1, the equation (1.1) homogenizes and behaves like a constant-coefficient wave
equation, whereas for 0 < A < 1, the equation (1.2) is a perturbation of the Laplacian. In this
paper, we go beyond the first order homogenization limit for (1.1) and first order perturbation
limit for (1.2), and derive families of effective equations valid up to arbitrary long time scales of
the form e ~*T and A~¢T for all ¢ > 0. These results constitute a particular case of a more general
theory developed for (1.1) by the first and third authors in [3], and for (1.2) by the last three
authors in [8]. We refer the reader to [3] and [8] for a thorough discussion of the literature, for
details, and for the proofs of the results reported on here.

The rest of the paper is divided into three parts: The introduction of an approximate spectral
theory for quasi-periodic operators (in the form of Taylor-Bloch waves), the analysis of quantum
waves, and finally the analysis of classical waves.

To conclude this introduction, we make precise the hypotheses on a and V', and shall assume
that

V(z):=V(Fz) and a(z):=a(Fz)
for some (winding) matrix F € RM*? and some lifted maps V € C(T™) and a € C°°(TM, M),
where TM = [0, 27)M is the M-dimensional torus with M > d, and M denotes the set of uniformly

elliptic symmetric matrices of fixed ellipticity constant C' > 0 (say, such that for all M € M and
£ ERY, GIEP? < (M¢,€) < CI¢P).

Notation. We denote by f(k) = F[f](k) = Jga €% f(x)dx the usual Fourier transform of a
smooth function f on R%. The inverse Fourier transform is then given by

f(2) = Ff () = / e f(k)d°

in terms of the rescaled Lebesgue measure d*k := (27)~?dk on the momentum space R?. Likewise,

for all M € N, when dealing with periodic functions on the torus T, we denote by f (k) =
F[f1(k) = [y €72 f(z)dx the associated Fourier series on ZM.

2. Approximate Floquet-Bloch theory

In this section we introduce a notion of approximate Bloch decompositions in a quasi-periodic
framework (for the general stationary setting, see [8]). We let M > d, consider a given Diophantine
winding matrix F' € RM*4 (which ensures ergodicity), and denote by E [-] the average on the torus
TM. The periodic setting is recovered by taking M = d and F invertible.

2.1. Quasi-periodic Floquet-Bloch theory
We start by adapting the usual periodic Bloch-Floquet theory to the quasi-periodic setting.

2.1.1. Preliminary: quasi-periodicity

A measurable function f : R? x TM — R is said to be quasi-periodic if it satisfies f(x,2) =
£(0,z 4 Fz) for all z, z. In particular, this implies E [f(z, )] = E[f(0,-)] for all z. Setting f(z) :=
£(0, z), quasi-periodicity obviously yields a bijection between periodic functions f : TM — R and
quasi-periodic measurable functions f : R x TM — R. The function f is then called the quasi-
periodic extension of the periodic function f. In particular, the space of quasi-periodic functions
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f:R*x T & R in L*(TM, L2 (R%)) is identified with the Hilbert space L?(T™), and the weak
gradient V on locally square integrable functions on R¢ then turns by quasi-periodicity into a
linear operator on L*(TM). For all I > 0, we may further define the (Hilbert) space H!(TM) as
the space of all periodic functions f € L? (TM) the quasi-periodic extension f of which belongs to
L*(TM; H (R%)) — note that H!(TM) does not coincide with the usual Sobolev space H'(TM)

loc

on the torus TM since the gradient used here is the degenerate gradient D = FTV,, (wrt x € RY),
as opposed to the gradient V, (wrt z € RM).

2.1.2. Quasi-periodic Floquet transform

In this paragraph, we extend the standard definition of the Floquet transform (see e.g. [14]) from
the periodic setting to the quasi-periodic setting. For f € L2(]Rd x TM), we define the Floquet
transform U f : R x R? x TM — R by

Uf(k,z,z) = F[OLf(, 2)] (k), O0,f(y,2) = flx +y,z — Fy). (2.1)
The following properties directly follow from this definition.
Lemma 2.1. Writing ex(x) := e****, we have

(i) the map O, (and therefore also the map f v+ Uf (-, x,-)) is unitary on L*(R% x TM) for all
x;

(i) Uf(k,-,-) is ex-quasi-periodic in the sense that Uf(k,x +y,2) = ex(Y)Uf(k,z,z+ Fy);
(iii) f(x,2) = F 1 [UF(-,x,2)] (0), where the rhs is well-defined as an element of L*(RTxTM). ¢

For f € L*(R% x TM), it is thus natural to define
Vf(k,x,2) = e " Uf(k,x,2), (2.2)

which, for any fixed k € R?, is quasi-periodic by the above properties. Also, for all 2 € R? the map
f = Vf(-,x,-) is unitary on L*(R? x TM). With the usual identification of Vf and its restriction
Vf(-,0,-), we obtain the following.

Lemma 2.2. The quasi-periodic Floquet transform V defines a unitary operator on LQ(Rd x TM),

and satisfies

(i) f(z,2) = Flle(x)Vf(-,0,2+ Fx)](0), where the rhs is well-defined as an element of
L2(R4 x TM);

(ii) denoting by v : L*(R%) — L2(R? x TM) the canonical injection, we have Voi = F on L*>(R%);

(ii) for all f € L*(R%x TM) and g € L*(TM) with gf € L*(R x TM), we have V(gf) = gVf. O

2.1.3. Quasi-periodic Bloch-Floquet theory

We start by extending the differential operator £y to the space L?(R? x TM) in the following way:
For all maps f € H?(R?, L?(TM)), we set

La(z,2) = —V,-a(Fz+2)V.f(z,2)+ \V(Fz+ 2)f(z,2).

The main observation (and motivation) is that the quasi-periodic Floquet transform ) decom-
poses the differential operator £, into direct integrals of elementary operators on the simpler
space L2(TM) of periodic functions.

On the one hand, the second-order operator Ly = —V -aV on Lz(Rd x TM) is mapped for all
f e H*(R* L?(TM)) by the quasi-periodic Floquet transform V into

V(Lof(kyz,2z) = Lok Vf(k,0,z+ Fx) (2.3)

in terms of the fibered second-order operator

Loy = —(D+ik)-a(D +ik),

V-3



where we recall that the differential operator D acts on the z-variable as D = FT'V, (a degenerate
gradient), and the action of the operator L j is considered in (2.3) on L*(T™). Its domain is then
clearly D(Lo ;) = H2(TM).

On the other hand, since the potential V' is quasi-periodic (and bounded), it defines a multi-
plicative operator on L*(R? x TM). Hence, the operator £y = —V -aV + AV on L*(R? x TM) is
self-adjoint on L?(TM; H2(R?)). As in (2.3), we obtain for all f € D(Ly) using Lemma 2.2(iii)

VILAfI(k,z,2) = LapV [(k, 0,2 + Fx),

in terms of the fibered operator
£)\,k = ;C()’k + V.

Again, for fixed k we regard the fibered operator Ly j as a self-adjoint operator on H?(TM). Using
direct integral representation (see e.g. [16, p.280]), we may reformulate Lemma 2.2(i) as

L2(RY x TM) :/

ex L2(TM) dk, Lo = /
®

€kﬁo7kdl€, E)\ :/ €k£,\7kd/€. (2.4)
@

52

In view of (1.1) and (1.2), we rescale the space variable in the second-order operator, set L. » :=
—V-a(Z)V + AV, and denote by L. \ » the associated fibered operator.

We start with the Schrédinger flow
iatue,A = ‘CE,/\UE,/\7 Ue,)\lt:O =u° (25)

in the slightly more general form than (1.2). The quasi-periodic version of the so-called Bloch wave
decomposition of the Schrodinger flow then takes the form: given an initial condition u° € L?(R?),
and denoting as before by ¢ : L*(R%) — L*(R? x TM) the canonical injection, we obtain for the
solution u, » of (2.5) by Lemma 2.2 (i) & (ii) and (2.4),

—~
.
=

uZA(x) = [e_imS»*Luo] (z,0)

]:-—1 _k — eik'w]}(e_itﬁa»‘l/uo)(ky xz, 0)} (0)
= F ke e TY(emitEen 1) (I, 0, Fx)} 0)
e _k ek [e—itﬁsv%k‘]ﬂuo] (k, Ony)] (0)

EF ke (ke [eiter 1] ()] (0)

= F kHao(k)eik'm/

e—“*@dug,x,m)(m)] (0),
R

in terms of the Lz('H‘M )-valued spectral measure pexr of Lo xk associated with the constant
function 1. Provided we have enough integrability with respect to the k-variable, this takes the
simpler form

uﬁA(x) :/Rd/Rﬁo(k)e_imeik'mdum’k(/i)(Fa:)d*k. (2.6)

For A = 0 and ¢ = 0 (to be understood in the sense that a(Z) is replaced by the constant
homogenized coefficients anom: L0,0 = —V - @homV), we simply have dpoo.x(k) = dok.apnk (k)
while for A > 0 or € > 0 the planar wave ey is corrected into a (potentially non-atomic) Bloch
measure exdp. (%), which is adapted to the potential V' and coefficient field a. If p. » » admits
an atom at ., the function eppc s r({k+}) € L*(TM; LY (RY)) is called a Bloch wave, and =
er(@) e nk({k+})(Fx) is in particular a “generalized eigenfunction” of L.  associated with the

“generalized eigenvalue” k..

A similar analysis can be performed at the level of the classical wave equation, in which case
we assume that V' > 0 (so that £, ) is non-negative) and consider the flow

atztus,)\ = _»CE.,)\UE,/\a us,)\‘t:O = uo, atu5,>\|t:0 =0. (27)
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We then have
ul () = REVER ] (0,0 L RF ke e V(EVES )k, 2, 0)] 0)

=

(2.4)

[
2 wrt [k s T [V Een k0 ](l@O,Fx)} (0)
T

= RF! [k — 0° (k)e*® /R ) eitﬁdﬂg,A,k(:‘i)(FCE)} (0)

in terms of the (same) L2 (TM)-valued spectral measure pic y i, of Le x r associated with the constant
function 1. As above, provided we have enough integrability with respect to the k-variable, this
takes the simpler form

ul (7)) = /Rd /]R+ 0° (k)e™*® cos(tv/k)dpe a (1) (Fx)d* k. (2.8)

2.1.4. Difficulties and limitations

The study of the operator L. ) is equivalent to the understanding of all fibered operators L. x
for k € R%, and in particular to the understanding of the spectral measures te oz i for k€ R4,
First of all, the spectral properties of the fibered operators strongly depend on the heterogeneity
of the potential and of the coefficients. Indeed, the periodic and the quasi-periodic settings are of
completely different natures. Whereas in the periodic setting the (unperturbed) fibered operator
—(V+ik)-(V+ik) on L?(T%) has a purely discrete spectrum since its resolvent operator is compact,
in the quasi-periodic setting —(V + ik) - (V + ik) has a dense pure point spectrum on L?(TM).
The main difficulty is now clear. In the periodic setting the spectrum is discrete, and the regular
perturbation theory by Rellich [17] and Kato [13] essentially allows to compute the spectral measure
te k- In the quasi-periodic setting however, the spectrum is dense pure point and no general
perturbation theory is available. More precisely, in the periodic setting, the spectral measures
He x; are discrete and take the form
oo
ek (5) = Y (Pepk(n)1) oy, o m) (%),
n=0
where (ke xk(n))n are the eigenvalues of L¢ x x, and where, for all n, P: » x(n) is the orthogonal
projector onto the eigenspace associated with k¢ » x(n). In particular, the Bloch decomposition (2.6)
for the Schrodinger flow writes

=2 / A% (k)e e sk MR (P s (n)1) ()",
n=0"R?

and the Bloch decomposition (2.8) for the wave equation

-y / ) cos(ty/ken ()€ (P ()1 (@)

n=0

where for all k,n the Bloch wave ey, P- » x(n)1 € L*(T4 L2 (R?)) is such that 2 — ey, () (Pex 1(n)1) ()
is an extended state associated with the generalized eigenvalue k. » x(n). Using such a decompo-
sition, it is shown in [2] that ballistic transport takes place for every localized initial condition at
an asymptotic velocity characterized in terms of the spectral measure.

In the rest of this article, we consider separately the Schrodinger flow (1.2) and the classical
wave equation (1.1).

In the first case (1.2), if we are only interested in the small disorder limit A | 0, we may
expect f1y to be a “perturbation” in some sense of pg . Since for the choice a = 1, Lo =
—(D+ik) - (D +ik), we have dug k. (k) = doj> () with eigenfunction = 1. We thus expect most of
the mass of p1 , to be concentrated close to |k|? for A close to 0. Recall that no general perturbation
theory is available for quasi-periodic potentials since the spectrum is dense pure point (so that
crossings of eigenvalues destroy local analyticity). We shall first slightly modify the definition of

V-5



the fibered operator to make it centered (this is not necessary, but turns out to be simpler later
on), and define

Loy =Dk + AV = —(D+ik) - (D +ik) — |k|> + \V,

in which case 0 is the eigenvalue associated with the eigenfunction 1. Formula (2.6) (for a = 1)
then takes the form

U’i(ar):/ /120(k)e‘it(|k|2+“)eik'mdﬂ,\,k(n)(Fx)d*k,
Rd JR

where fiy ; denotes the spectral measure of L Ak Projected onto 1. A naive approach consists in
postulating that for A > 0 the eigenvalue 0 (resp. the eigenfunction 1) of LNOJC is perturbed into an
eigenvalue ky  (resp. an eigenfunction ¢y ), and in trying to identify it as the sum of Rayleigh-
Schrédinger power series

Kak = A Z NV, Uap =1+ Z A" Pr - (2.9)
n=0

n=1

The eigenvalue equation
Lokt = KEak®ak: kxk ER, Pax € LA(TY), (2.10)

then splits into a hierarchy of equations for the coefficients vy, , € R, g, € L2 (T™). This approach
however quickly fails: Although we (essentially) manage to construct all these coefficients, the
Rayleigh-Schrodinger series (2.9) should not converge in general. This does not come as a surprise:
the perturbation of an eigenvalue lying in a dense pure point spectrum is expected to experience
dense crossings of other eigenvalues, which should destroy local analyticity.

In the second case (1.1), we are interested in the homogenization limit € | 0. In particular, since
A = 0, we may rescale the formula (2.8) in the form

t _ ~0 ik-x . —1 1 *
ug(x) = /Rd /R+ 0°(k)e™™® cos(te \/E)du175k(ﬂ)(€F$)d k,

and we are led to the understanding of pqy for |k| < 1. For k = 0, u1 is the projection of
the spectral measure of the fibered operator Lo = —D - D onto 1, a Dirac mass at 0. Again,
we thus expect the mass of p1 5 to be concentrated close to zero for |k| < 1. As above, a naive
approach consists in postulating that for & = ve with e € S~ ! and 0 < v < 1 the eigenvalue 0
(resp. the eigenfunction 1) of Ly is perturbed into an eigenvalue rj (resp. an eigenfunction vy )
for L, = —(D +ik)-a(D +ik), and in trying to identify them as the sum of Rayleigh-type power
series

ke=7" ) (1) Vems V=143 (1) e (2.11)

n=0 n=1

The eigenvalue equation
Ly = Kk, ke €R, g € L(TY), (2.12)

then splits into a hierarchy of equations for the coefficients v, 5, € R, ¢¢.,, € LQ(']I‘M).

2.2. Taylor-Bloch waves

Even for small disorder 0 < A < 1 for the Schrédinger flow and for the homogenization regime
0 < ¢ < 1 for the wave equation, we do not expect to be able to solve the eigenvalue equations
beyond the periodic setting. Nevertheless, in the small disorder and homogenization regimes, we
might be able to construct approximate solutions of the eigenvalue equations, and the associated
approximate Bloch waves. In the quasi-periodic setting it suffices to truncate the formal power
series (2.9) and (2.11). This will allow us to control the quantum and classical flows for large times
(depending on A and ¢).



2.2.1. Taylor-Bloch waves for the Schrédinger operator [§]

In the quasi-periodic setting, we are able to solve the equations for a finite jet of A-derivatives of a
formal branch of solutions of (2.10) at A = 0. More precisely, we are interested in a k-continuous
family of such jets.

Definition 2.3. Given 1 < ¢ < oo and a nontrivial open set O C R?, a family (Plns Vit k €
0,0<n</) cL*TM) xR is called a field of (-jets of Bloch waves if

(i) for all n, the map O — L%(TM™) x R : k + (@p.n, Vk.n) is continuous;

(ii) for all k € O, we have @y o = 1, and for all n the function py n4+1 satisfies E [pg n11] = 0 and

n—1

—Dpprnt1 = —IVorn + > E[Veri] 0k, (2.13)
1=0

where IT denotes the orthogonal projection onto {1}+, that is ILf := f — E[f];
(iii) for all n > 0, we have v, = E [f/apkm].

The ¢y, ,’s are called the correctors, and the corresponding family (wk Ao /{k A A>0,k€0)of

partial sums,
¢

¢
Via = D N0k, R = AER VL] =AY XN,
n=0 n=0
is called the sheet of Taylor-Bloch waves of order £. Note that vy o =0 if E [f/] =0. O

This definition is motivated as follows: if for some fixed k there exists a branch (i x, £x.a)a of
Bloch waves that is analytic in a neighborhood of A = 0, then we have for |\ < 1,

oo o0
kA=Y AN@rn,  and  kpa = AE[Va] =AY Mg, (2.14)
n=0 n=0
where the couples (¢g n, Vk.n)’s precisely satisfy the equations in the above definition. In the present
situation, we only assume that the f-jet (@kn, Vkn)o<n<e can be defined (and, if ¢ can be taken
arbitrarily large, that the above series are not known to converge — otherwise we are back to
the framework of exact Bloch waves as in the periodic setting), so that we may only consider the
partial sums (wﬁ) A lﬁ:ﬁ’ \Jka- As the following shows, for small A, these Taylor-Bloch waves almost
satisfy the eigenvalue equation (2.10).

Lemma 2.4. Let £ > 1, let (Pk.n, Vk,n)k,n be a field of (-jets of Bloch waves, and let (1/1?/\, ni’)\)ky)\
be the corresponding sheet of Taylor-Bloch waves. Then we have

(=Ok + M}Wi,/\ = “i,ﬂ/’ﬁ,A + AZHD?»

in terms of the Taylor-Bloch eigendefect
-1 -1

0
Di)\ = (HVSDI%Z - Z Vk,l@k,@*l) Z Z n+l_el/k:7l+l(pk,n.

=0

2.2.2. Taylor-Bloch waves for the wave operator [3]

The definition of Taylor-Bloch waves for the classical wave operator has a more involved structure
than for the Schrédinger operator, and invokes an extension of the classical notion of correctors in
the homogenization theory of elliptic operators.

Definition 2.5. For all £ > 0, we say that (¢n, 0, Xn)o<n<e € H(TM) are the first ¢ extended
correctors in direction e if these functions are square-integrable, if E (¢, 0n, Vxn)] = 0 for all
0 < n </, and if the following extended corrector equations are satisfied:
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wo =1, and for all n > 1, ¢,, is a scalar field that satisfies
—D-aDyp, =D (—o,_1e+aep,_1+ Dxn_1);

e for all n > 0, the symmetric matrix a,,, the symmetric (n 4 2)-th order tensor a,,, and the
scalar v, are given by

5ne®(n+1) =ape:=E[a(Dyni1 +epn)], vni=e-ape, PICn ) R - e:
n+1 times
e xo =0, x1 =0, and for all n > 2, x,, is a scalar field that satisfies
n—1

—D-Dxyp =Dxn_1-e+ Z Un—1—pPp;
p=1

e forallm > 1, ¢, is a vector field (a higher-order flux) given by
dn ‘= é(DCPn + e@n—l) - én—l6 + DXn—l — On—16€, E [Qn] - 07

oo =0, and for all n > 1, 0, is a skew-symmetric matrix field (a higher-order flux corrector),
i.e. oppl = —0Onik, that satisfies

—D-Do, =D Xgqn, D-o,=qy,

with the three-dimensional notation: [D X ¢n]im = Di[gn)m — Dm|@n]i, and where the diver-

gence is taken with respect to the second index, i. e. (D -0y,); := Zd D onim-

m=1

Let us make a few comments on this definition.

e The correctors ¢, are related but do not coincide (for n > 2) with the higher-order correctors
classically used in the multiscale expansion, and we refer the reader to [1] for a discussion
of these differences in the periodic setting.

e The higher-order flux ¢, is chosen to be divergence-free, so that it is an exact (d — 1)-form
and hence admits a “vector potential”, that is a (d — 2)-form, which can be represented
by the skew-symmetric tensor o, (the equation for o, is the natural choice of gauge).
These definitions are natural generalizations to any order of the extended correctors (¢, o)
considered in [10] (see below).

e The correctors ¢, are variants of those defined in [1]. They are however not normalized the
same way.

e Let us quickly show that the first extended correctors (of order n = 1) are indeed the
standard correctors in elliptic homogenization. The equation satisfied by ¢; takes the form
—D-a(Dp1+e) =0

so that ¢ is the classical corrector in quasi-periodic homogenization. Thus ag = a9 = anoem
(the homogenized coefficients), vy = e - apome. Hence, g1 = a(Dy1 + €) — apome (the flux
of the corrector minus the homogenized flux), so that o is nothing but the flux corrector
(the existence of which is proved in [10] for stationary ergodic coefficients a).

The higher-order homogenized coefficients v,, satisfy the following important properties:

Lemma 2.6. Let { > 2 and consider the correctors (¢n, on, Xn)o<n<e+1 0f Definition 2.5, and the
well-defined higher-order homogenized coefficients {vy, = E[e - a(Dyn i1 + €pn)| to<n<e. Then:

(i) if 0 < n < { is odd, then v, = 0;

(ii) vo > 0 and vy > 0.



We are in the position to define Taylor-Bloch waves.

Definition 2.7. Let k := e with v € R and let (¢n, Vn, 0n, Xn)o<n<¢ be as in Definition 2.5. The
Taylor-Bloch wave 1/1£, Taylor-Bloch eigenvalue mi, and Taylor-Bloch eigendefect Df; of order ¢ in
direction k are defined by

¢ -1
wlt; = Z(iV)JWm "{ﬁ = 72 Z(i'Y)jan
n=0 n=0
4 -1
0, =V (—oge +aep, + Vxg) + i7(€ -aep; — Z Z (W)"H_él/upn)
n=1[=¢—n

O

Note that by Lemma 2.6, Iii is real-valued since 5,41 = 0 for all n. The interest of this definition
is the following proposition, which establishes that the Taylor-Bloch wave wi is an eigenvector of
the fibered operator —(V + ik) - &(V + ik) on T for the eigenvalue k% up to the eigendefect d%.

Lemma 2.8. Let k = ve, and wﬁ, Hi,bé be as in Definition 2.7 for some £ > 1. Then we have
— (V4ik)-a(V +ik)ys = kbt — (iy) 1ol 2.15
k £V k
O

Compared to Lemma 2.4, the eigendefect in Lemma 2.8 has a specific structure: It is the sum of
a term in conservative form (which allows to proceed by integration by parts for energy estimates)
and of a term of higher order in ~.

3. Quantum waves

While the definition of the correctors is simpler for quantum waves, their existence and uniqueness
theory is slightly more involved than for classical waves. To go from approximate spectral theory to
long-time behavior, we then appeal to energy/semi-group estimates on the Schrédinger equation
(we refer to [4] for details).

3.1. Existence of correctors

The existence and uniqueness theory of correctors follows from the following suitable Diophantine
condition, which is expressed with respect to spheres rather than to points (as opposed to the
usual situation in [9]).

Lemma 3.1 (Diophantine condition wrt spheres). Let sg > M +d — 1. For almost all F € R&>*M
there exists a collection (Og)r>1 of open subsets Op C R? (the so-called resonant sets) and a
constant C' = Cr s, > 0 such that
(i) for all R > 1, we have for all k € R\ Og and all £ € ZM \ {0},
|IFE + k[? = [k[| > RTHE| 7™ (3.1)

(ii) for all R > 1, and all k > 0, we have
|Or N B,| < CR k471,

b

(iii) the collection (Og)r>1 is decreasing with respect to R (that is, Or, C Og, for all Ry > Ry >

1).
0

This Diophantine condition allows to invert the fibered operators —A, and we easily deduce
the following.



Proposition 3.2. Assume that the Fourier transform (in the sense of Fourier series) of V has
compact support on ZM, and that the winding matriz F satisfies the Diophantine condition of
Lemma 8.1. Then for all R>1, n > 1, k € R\ Og, there exists a unique smooth quasi-periodic
corrector i, n € H>(TM)., O

3.2. Long-time behavior of the Schrédinger flow

Using approximate spectral theory, one can show that the long time behavior of the solution of the
Schrédinger equation is described by the solution of a higher-order pseudo-differential equation.
For ¢ > 0, we define the pseudo-differential operator

L
‘C(;\,Z =—-A+ lié_iv7)\ =—-A+A Z A"E [VSD—iV,n] )

n=0

where we use usual pseudo-differential notation and where k — nf;, y and k — ¢y, ,, are defined in
Definition 2.3. Then, the following holds:

Theorem 3.3. Let £ > 1 and let u® € L*(R?). For all A > 0, let uy denote the solution of
i0uy = (—A + AV)uy, ux(0,-) = u®,
and let wy ¢ denote the (unique) solution of the pseudo-differential equation
10wy ¢ = E())\’fw)\’g, wxe(0,-) = u’.
Then we have for all T >0

sup |lux — wxellz@ay + sup (L+6)7H|2|(ur — wae)lr2@ay < Co(u®) (A + T,
0<t<T 0<t<T

where Cy(u®) is a generic Sobolev norm of u® which only depends on £ and d, and is finite provided
u® € S(RY). O

Since the approximate solutions w) ¢ obviously display ballistic transport, we deduce asymptotic
ballistic transport for uy up to superalgebraic times in A=1. In [4], a very subtle combinatorial
argument is used to obtain optimal estimates on the correctors, which allow to determine the
¢-dependence in the constant Cy(u®) above and to conclude with asymptotic ballistic transport in
stretched exponential times in A7 1.

4. Classical waves

For classical waves, the subtle part is the definition of the correctors, whereas their existence and
uniqueness follows from standard techniques (in the quasi-periodic setting). To go from approx-
imate spectral theory to long-time behavior, we then appeal to energy estimates on the wave
equation, and exploit in particular the very specific structure of the eigendefect (we refer to [3] for
details).

4.1. Bounds on the correctors

Assume a is a symmetric matrix field that satisfies a > & Id (in the sense of symmetric matrices)
for some C' < 0o. The existence and uniqueness of correctors for smooth quasi-periodic coefficients
essentially follow from the argument by Kozlov [15], which relies on a Diophantine condition in
the form of a weak Poincaré inequality, on Garding’s inequality, and elliptic regularity (see also [9,
Theorem 4] for details). This approach allows to prove:

Proposition 4.1. Let a be a smooth coefficient field on a higher-dimensional torus TM . For almost
every winding F, set a : R? — R4 x s a(Fx). Then for all n > 1 there exist unique smooth
quasi-periodic extended correctors @, o, Xn € H®(TM) with zero average (which are in particular

bounded). O

V-10



4.2. Long-time behavior of the wave equation

Using approximate spectral theory, one can show that the long time behavior of the solution of the
wave equation is described by the solution of a higher-order operator, which we presently define.
Let £ > 0. We choose some y; > 0 depending only on I'y = maxg<;<¢—1 |a;| < 0o, £, and &, such
that the higher-order elliptic operator
-1
Lhomee = — Zejéj SVITE ’yg(ie)Q([Z;i’l]H) 1d -VQ([FTI]+2), (4.1)
j=0

satisfies for all v € H[PTle(]Rd) and all € > 0

1

(Lhom,e,ev, U)(Hf([e%le)’H[“Tle)(Rd) =z ﬁ(

£— £—
IV0]132 gay + 2T VI 20)12, ).
For 1 < ¢ <2, we may choose v, = 0. Then the following long-time behavior of the solution of the

wave equation holds:

Theorem 4.2. Let £ > 1, let ¢ > 0 be as above, and let u® € S(RY). For all ¢ > 0, let u. and
we,¢ denote the solutions of

6,5215“5 -V a(g)vus = 0, 8t2tws7l + ‘chom,alwel = 0,
us(0,") = wu®, and wee(0,:) = o,
ﬁtuE(O, ) = O, 3tw57g(0, ) = 0

Then we have for all T >0

sup |ue — we ol p2ray < Co(u®)(e + £'T),
0<t<T

where Cy(u®) is a generic norm of u® which only depends on ¢ and d, and is finite for u® €
S(RY). O
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