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We consider a system of N classical particles in the torus Td, interacting via a
smooth potential V , in the mean-field regime: trajectories are given by Newton’s
equations in the phase-space D = Td × Rd,

(1) ∂txj = vj , ∂tvj = − 1
N

∑N
l:l 6=j ∇V (xj − xl), for 1 ≤ j ≤ N .

For a statistical description, we consider a random ensemble of trajectories: for
simplicity, we choose initial data {(x◦j , v◦j )}1≤j≤N to be independent and identi-
cally distributed (iid) with some smooth law F ◦ on D. In terms of the probability
density FN for the ensemble of particles on the N -particle phase-space DN , New-
ton’s equations (1) are equivalent to the Liouville equation

(2) ∂tFN +
∑N
j=1 vj · ∇xjFN = 1

N

∑
j 6=l∇V (xj − xl) · ∇vjFN ,

with chaotic initial data FN |t=0 = (F ◦)⊗N . Looking for a simplified description
of the system, we define the m-particle probability density as the mth marginal
FmN (z1, . . . , zm) =

∫
DN−m FN (z1, . . . , zN ) dzm+1 . . . dzN , with the notation zj =

(xj , vj). For a large number N � 1 of particles, the 1-particle density F 1
N remains

close to the solution F of the Vlasov equation

(3) ∂tF + v · ∇xF = (∇V ∗ F ) · ∇vF,
with F |t=0 = F ◦. We refer to [1] for a review of this well-travelled mean-field result.
Formally, starting from the BBGKY hierarchy, the Vlasov equation is obtained
by neglecting 2-particle correlations, thus replacing F 2

N by (F 1
N )⊗2 in the equation

for F 1
N . A rigorous proof was obtained in the 1970s following Klimontovich’s ideas:

starting from the representation F 1
N = E[µN ] in terms of the empirical measure

µN = 1
N

∑N
j=1 δ(xj ,vj),

one notices that µN is a distributional solution of the Vlasov equation (3) and
that initially µN |t=0 converges weakly to F ◦ a.s., hence the stability of the Vlasov
equation in weak topology ensures the a.s. weak convergence µN ⇀ F . This
further entails FmN ⇀ F⊗m for all m ≥ 1, which is known as propagation of chaos.

Corrections to this mean-field theory are driven by the 2-particle correlation
function G2

N = F 2
N − (F 1

N )⊗2 and are formally obtained by only neglecting 3-
particle correlations in the BBGKY hierarchy. A rigorous proof requires to show
that the 2-particle correlation function is of order G2

N = O( 1
N ), while 3-particle

correlations are of higher orderG3
N = O( 1

N2 ). Such a refined version of propagation
of chaos is provided by the following main result.

Theorem A (see [2, Theorem 1]).
For m ≥ 0, the (m+ 1)-particle correlation function Gm+1

N satisfies for all t ≥ 0,

‖Gm+1
N (t)‖W−2m,1(Dm+1) ≤ N−m Cme

Cmt,

where Cm only depends on d,m, V, F ◦.
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Due to the loss of derivatives (cf. ∇v in the right-hand side of (2)), this result
cannot be deduced from the BBGKY hierarchy — in stark contrast with e.g. the
quantum mean-field setting in [3]. Instead, as for the mean-field result, we develop
an approach à la Klimontovich based on the empirical measure µN . First, we note
that G2

N is equivalent to the variance of µN ; the following representation formula
holds more generally for all m ≥ 1 and φ ∈ Cb(D),∫

Dm φ⊗mGmN = κm[
∫
D φdµN ] + lower-order terms,

where κm[·] stands for the mth cumulant. Next, to estimate the variance of µN
(and its higher-order cumulants), we appeal to discrete stochastic calculus tech-
niques with respect to iid data. For a random variable Y , we define its Glauber
derivative with respect to the initial data of the jth particle as DjY = Y −Ej [Y ],
where Ej [·] stands for the expectation with respect to (x◦j , v

◦
j ) only. In these terms,

a variance estimate is given by the following Efron–Stein inequality [4],

Var[Y ] ≤
∑N
j=1 E[(DjY )2].

Noting the similarity to Malliavin calculus and arguing as in [5], we prove corre-
sponding cumulant estimates in form of higher-order Poincaré inequalities. We are
then reduced to evaluating the multiple Glauber derivatives of µN with respect
to iid data. Sensitivity estimates for trajectories are easily performed since the
mean-field regime corresponds to weak interactions: we find for instance

maxj 6=l |Dl(x
t
j , v

t
j)| ≤ N−1 CeCt.

Combining these different ingredients yields the conclusion of Theorem A.

As a consequence, the above correlation estimates can be used to rigorously
truncate the BBGKY hierarchy to any order, and justify the so-called Bogolyubov
corrections to the mean-field Vlasov limit. Alternatively, cumulant estimates also
yield an optimal quantitative central limit theorem for µN , thus improving on the
well-established qualitative result in [6]. We refer to [2, Sections 5–7] for details.

In a spatially homogeneous system F ◦(x, v) = f◦(v), the mean-field force van-
ishes and the Vlasov solution remains constant F ≡ f◦. The evolution of the
1-particle density is then described to leading order by the Bogolyubov correction,
which takes on the following guise for the velocity density f1N (v) =

∫
Td F

1
N (x, v) dx,{

∂tf
1
N ∼ 1

N

∫
Td

∫
D∇V (x− x∗) · ∇v(NG2

N )(x, v, x∗, v∗) dx∗dv∗dx,
∂t(NG

2
N ) + iLf1

N
(NG2

N ) ∼ ∇V (x1 − x2) · (∇v1 −∇v2)(f1N ⊗ f1N ),

where iLf1
N

stands for the linearized Vlasov operator at f1N . The effect of particle
correlations takes form of a non-Markovian collision process. However, the equa-
tions display a timescale separation: f1N evolves on the slow timescale t = O(N)
while NG2

N evolves on the mean-field timescale t = O(1). In view of linear Landau
damping in form of weak relaxation for iLf1

N
, we may thus formally replace NG2

N

in the first equation by its long-time limit as obtained from the second. After te-
dious computations, as predicted by Guernsey, Balescu, and Lenard independently
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in 1960 (e.g. [7, Appendix A]), this yields the so-called Lenard–Balescu equation

∂tf
1
N ∼ 1

N LB(f1N ), LB(f) = ∇ ·
∫
Rd B(v, v − v∗;∇f) (f∗∇f − f∇∗f∗) dv∗,

where the collision kernel B brings a strong nonlinearity and is explicit in terms
of the potential V . This equation is viewed as a correction to Landau’s equation,
further taking into account collective screening effects. It satisfies an H-theorem
and formally describes relaxation to Maxwellian equilibrium on the slow timescale
t = O(N). Due to dynamical screening, even local well-posedness is a reputedly
difficult open problem in the Coulomb setting. For a smooth potential V , a work
in progress with R. Winter proves global well-posedness close to equilibrium.

Justifying physicists’ calculations for the relaxation of NG2
N , we obtain the fol-

lowing result with L. Saint-Raymond [8, 2]. Note that the exponential time growth
in Theorem A requires to restrict to the intermediate timescale 1� t� logN : al-
though missing the kinetic timescale t = O(N), this constitutes the first rigorous
result in this direction starting from particle system (1).

Theorem B (see [2, Corollary 4]).
Given F ◦ spatially homogeneous, compactly supported, and linearly Vlasov-stable,
and given V smooth and small enough, there holds for 1� tN � logN ,

N∂tf
1
N |t=tNτ ∼ LB(f◦), in D′τ,v(R+ × Rd).

In order to reach the kinetic timescale t = O(N), the correlation estimates of
Theorem A are no longer applicable: propagation of chaos needs to be comple-
mented with some decorrelation mechanism. In [8], with L. Saint-Raymond, we
consider a linearized setting: time-uniform estimates on linear correlation func-
tions then follow from an orthogonality argument as in [9]. Yet, due to resonant
effects that are reminiscent of plasma echoes, these estimates only allow to extend
Theorem B to 1� tN � N

1
4 , and all improvements remain open questions.
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