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Introduction and main result

Introduction

@ elastic structure immersed in an incompressible viscous fluid

o fluid and structure contained in Q C R3 a fixed bounded and connected set
o fluid model: Navier-Stokes equations

@ solid model: linearized elasticity equation

o coupling through conditions on the interface
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Introduction and main result

Modelling

Fluid equations
Otu+ (u-V)u—V - -T(u,p) =0in Qp(t)
V.-u=0in Qp(t)
u=0o0n 90N
u(0,-) = up in QF
u: eulerian velocity, p pressure

T(u, p) : Cauchy stress tensor given by

T(u, p) = 2pe(u) — pld

Q
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Introduction and main result

Modelling

Solid equation

{ 8tt£—VZ(5):O in QS
£(0,-) =0in Qs, 8:£(0,-) = &1 in Qs.
&: elasticity displacement

(&) : linear elasticity tensor

£(€) = 2Xe(€) + N (V- )Id
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Introduction and main result

Modelling

Coupling conditions
{ uoX = 0: on 005

T(u, p) o Xcof VXn =X(£)n on 0Qs
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Introduction and main result

Modelling

Coupling conditions
uoX =0t on 0Qs
T(

u,p)o XcofVXn =3%(£)non dQs
Definition of the flow

forall y € Qf

{ atX(tvy) = u(tux(tv}/))v te (Ou T)

X(0,y) y

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Introduction and main result

Modelling

Coupling conditions
uoX =0t on 0Qs
T(

u,p)o XcofVXn =3%(£)non dQs
Definition of the flow

forall y € Qf
{ atX(tvy) = u(tuX(t7Y))7 te (01 T)

X(0,y) =y
Remarks

o Eulerian point of view in the fluid versus lagrangian point of view in the structure.

@ Fluid equations are given on a moving and unknown domain.
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Introduction and main result

A priori energy estimate

Oru+ (u-V)u—V - -T(u,p) =0 in Qp(t)
V-u=0 in QF(t)
O —V-X(§)=0 in Qg
u=20 on 0
uo X = 0¢§ on 02
T(u,p) o XcofVXn=2%(¢{)n on 0Qs

Energy spaces:
w € L0, T; L2(Q (1)) N 120, T; HY(Qe (1)),
& € Whe=(0, T; L2(5(0))) N L(0, T; H(5(0)).
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Introduction and main result

A priori energy estimate

Energy spaces:
u € “L°°(0, T; L2(Qe(t))) N L2(0, T; HY(Q£(1)))",
£ € Wheo(0, T; L2(Qs(0))) N L°°(0, T; HY(Q5(0))).
This regularity is insufficient:
@ The set Qs(t) = (Id + &(t))(Q2s(0)) is not Lipschitz.
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Introduction and main result

A priori energy estimate

Energy spaces:
u € “L>(0, T; L2(Qf (1)) N L2(0, T; HH(QE(1)))",

£ € Whe(0, T; 12(Q5(0))) N L(0, T; HY(Q5(0)))-

This regularity is insufficient:
@ The set Qs(t) = (Id + &(t))(Q25(0)) is not Lipschitz.
@ The flow in the structure domain Id + &(t,-) is a priori not invertible.

@ We can instantaneously have self-contact, loss of orientation and collision with the boundary.
Q

Q1)

Self-contact Collision

LJLL, Sorbonne Université and Inria Paris
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Introduction and main result

Remarks

Mismatch between parabolic and hyperbolic regularity

Oty —Au=0 in (0, T) x QF
81:(5 — A§ =0 in (07 T) X QS
u =0 on (0, T)x X

Vu-n=VE-n on(0,T)xX

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Introduction and main result

Remarks

Mismatch between parabolic and hyperbolic regularity

Oty —Au=0 in (0, T) x QF
81:(5 — A§ =0 in (07 T) X QS
u =0 on (0, T)x X

Vu-n=VE-n on(0,T)xX

Energy-level space:

€€ L®(H(Qs)) NWhS(L2(Qs)),  u € L¥(L2(Qe)) N L2 (HY(Q))
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Introduction and main result

Remarks

Mismatch between parabolic and hyperbolic regularity

Otu—Au=0
att£fA§:0
u:Bt£

Vu-n=VE{-n
Energy-level space:
¢ € L=(H(92s)) N W= (L3(Qs)),

Remark: sense of the boundary conditions ?
[Barbu, Grujic, Lasiecka, Tuffaha (2007)]

M. Boulakia LJLL, Sorbonne Université and Inria Paris

in (0, T) x QF
in (0, T) x Qs
on (0, T)x X
on (0, T)x X

u e L2 (L2(QF)) N L2(H'(QF))




Introduction and main result

Remarks

Mismatch between parabolic and hyperbolic regularity

Oty —Au=0 in (0, T) x QF
81:(5 — A§ =0 in (07 T) X QS
u =0 on (0, T)x X

Vu-n=VE-n on(0,T)xX
Energy-level space:
€€ L®(H(Qs)) NWhS(L2(Qs)),  u € L¥(L2(Qe)) N L2 (HY(Q))

Remark: sense of the boundary conditions ?
[Barbu, Grujic, Lasiecka, Tuffaha (2007)]
Hidden regularity for &:

If 8:¢ belongs to L2(HY/?(X)), then V£ - n belongs to L2(H™/?(%))

M. Boulakia LJLL, Sorbonne Université and Inria Paris
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Introduction and main result

Change of variables for the fluid equation

M. Boulakia

Oru+ (u-VY)u—V - -T(u,p) =0

V-u=0
u=20
UOX:8t£

T(u,p) o Xcof VXn=2%X(¢{)n

LJLL, Sorbonne Université and Inria Paris

in Qg(t)
in QF(t)
on 0Q2

on 0€Qsg
on 02




Introduction and main result

Change of variables for the fluid equation

Otu+ (u-V)u—V - -T(u,p) =0 in Qp(t)

V-u=0 in QF(t)
u=20 on 0
uo X = 0:& on 0€Qsg
T(u,p) o Xcof VXn=2%X(¢{)n on 095

We set in (0, T) X QF

v(t,y) = u(t,X(t,y)), a(t,y)=p(t,X(t,y))
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Introduction and main result

Change of variables for the fluid equation

Otu+ (u-V)u—V - -T(u,p) =0 in Qp(t)

V-u=0 in QF(t)
u=20 on 0
uo X = 0:& on 0€Qsg
T(u,p) o Xcof VXn=2%X(¢{)n on 095

We set in (0, T) x QF
v(t,y) = u(t,X(t,y)), alt,y)=p(t,X(t,y))

and we get
Orv —V -Tx(v,q) =0 in QF
Vv :Cof(VX)=0 in Qf
v=20 on 00
v =0 on 9Qs
Tx(v,q)n =E()n o 92
where

Tx(v,q) :=[(Vv) Cof(VX)* 4+ Cof (VX)(Vv)" — gld] Cof (VX).
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Introduction and main result

Main result

M.B., S. Guerrero, T. Takahashi, Nonlinearity (2019)
Hypotheses:
e d(Qs,00)>0
e uy € Hz(Q,l:)v & € H1+1/8(QS)
@ compatibility conditions on the initial conditions
Theorem:
There exists a time T > 0 depending on ||uo|[2(q,) and ||§1HH9/8(QS) such that our system admits
a unique solution (X, v, g, &) defined in (0, T) in the following spaces:

v e CHL*(QF)) N HY(HN(QF)) N CO(H?(QF)) N L2(HY/T1/8(Qp))
g € CO(H (Qr)) N L2(H/>T1/8(Qp))

£ € C*(L2(Qs)) N CH(HM(Qs)) N COHT1/3(Qs))
Moreover, X(t,) : Qr — Qg(t) is a diffeomorphism, for all t € (0, T).
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Introduction and main result

Main result

M.B., S. Guerrero, T. Takahashi, Nonlinearity (2019)
Hypotheses:
e d(Qs,00)>0
e uy € Hz(Q,l:)v & € H1+1/8(QS)
@ compatibility conditions on the initial conditions
Theorem:
There exists a time T > 0 depending on ||uo|[2(q,) and ||§1HH9/8(QS) such that our system admits
a unique solution (X, v, g, &) defined in (0, T) in the following spaces:

v e CLL2(QF)) N HY(HY(Q)) 1 CO(HR(QF)) N L2(HS/241/5(Qp))
g € CO(H (Qr)) N L2(H/>T1/8(Qp))
€ € C3(L3(Qs)) N CH(HM/3(Qs)) N CO(HH1/3(Qs))
Moreover, X(t,) : Qr — Qg(t) is a diffeomorphism, for all t € (0, T).
Remarks:

@ The regularity of the initial conditions is preserved over time.
o VX € HY(H32*¢(Qf)) — H(C°(QF)) with e =1/8 : ||VX — 1dll oo, 1yxap) < CTY?
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Introduction and main result

Main result

M.B., S. Guerrero, T. Takahashi, Nonlinearity (2019)
Hypotheses:
e d(Qs,00)>0
e uy € Hz(Q,l:)v & € H1+1/8(QS)
@ compatibility conditions on the initial conditions
Theorem:
There exists a time T > 0 depending on ||uo|[2(q,) and ||§1HH9/8(QS) such that our system admits
a unique solution (X, v, g, &) defined in (0, T) in the following spaces:

v e CLL2(QF)) N HY(HY(Q)) 1 CO(HR(QF)) N L2(HS/241/5(Qp))
g € CO(H (Qr)) N L2(H/>T1/8(Qp))
€ € C3(L3(Qs)) N CH(HM/3(Qs)) N CO(HH1/3(Qs))
Moreover, X(t,) : Qr — Qg(t) is a diffeomorphism, for all t € (0, T).
Other results:

[Coutand, Shkoller (2005)]: more regular initial conditions

[Kukavica, Tuffaha (2012)], [Raymond, Vanninathan (2014)]: periodic boundary conditions, flat
initial interface.
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Linearization of the system
Sketch of the proof Fixed poir ument for the linear system
End of the proof

Linearization

We take X in the set
By = {)? € X7 = C2(L2(QF)) N H*(HY(QF)) N CH(H*(QF)) N HY (HY/2T/3(Qp))

IXllxy < M, X(0,-) = Id and 8:X(0,-) = uo in QF}

v —V -Tx(v,q) =0 in (0, T) x Qf

Vv : Cof(VX) =0 in (0, T) x QF

Ou€E — V- X(¢) =0 in (0, T) x Qs

v=0 on (0, T) x 02

v = 80§ on (0, T) x 99s
Tx(v,q)n=%(&)n on (0, T) x 99s

v(0,+) = up in Qf, £(0,:) =0 in Qs,8:£(0,-) = &1 in Qs.
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Linearization of the system
Sketch of the proof Fixed poir ument for the linear system
End of the proof

Linearization

We take X in the set
By = {)? € X7 = C2(L2(QF)) N H*(HY(QF)) N CH(H*(QF)) N HY (HY/2T/3(Qp))

IXllxy < M, X(0,-) = Id and 8:X(0,-) = uo in QF}

v — V- Tg(v,q) =0 in (0, T) x QF

Vv : Cof(VX) =0 in (0, T) x QF

Ol —V-Z(€)=0 in (0, T) x Qs

v=0 on (0, T) x 02

V=20 on (0, T) x 8Qs
T¢(v,q)n = E(€)n on (0, T) x 8Qs

v(0,-) = up in QF, £(0,-) =0 in Qs,d:£(0,-) = & in Qs.
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Linearization of the system
Sketch of the proof Fixed poir ument for the linear system
End of the proof

Linearization

We take X in the set
By = {)? € X7 = C2(L2(QF)) N H*(HY(QF)) N CH(H*(QF)) N HY (HY/2T/3(Qp))

IXllxy < M, X(0,-) = Id and 8:X(0,-) = uo in QF}

v — V- Tg(v,q) =0 in (0, T) x QF

Vv : Cof(VX) =0 in (0, T) x QF

Ol —V-Z(€)=0 in (0, T) x Qs

v=0 on (0, T) x 02

V=20 on (0, T) x 8Qs
T¢(v,q)n = E(€)n on (0, T) x 8Qs

v(0,-) = up in QF, £(0,-) =0 in Qs,d:£(0,-) = & in Qs.

o Existence and uniqueness of solution for this system.

N t
e Fixed point for the map A : X € By — X € By where X(t,-) =Id +/ v(s,-)ds.
0

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Two subproblems

We consider the following two subproblems:

Otv =V -Tg(v,q) =0 in(0,T) x QF

Ouf =V - E(£) =0 in (0, T) x S Vv : Cof(VX) =0 in (0, T) x QF
&)= [ sy on (0, T) x 895 =0 on (0, T) x 00
0
£0,) =0, D£(0,-) = & in Qs Tg(v,q)n =X(&)n on (0, T) x 8Qs
V(O, ) = U in QF.
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Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Two subproblems

We consider the following two subproblems:

Otv =V -Tg(v,q) =0 in(0,T) x QF

Ouf =V - E(£) =0 in (0, T) x S Vv : Cof(VX) =0 in (0, T) x QF
&)= [ sy on (0, T) x 895 =0 on (0, T) x 00
0
£0,) =0, D£(0,-) = & in Qs Tg(v,q)n =X(&)n on (0, T) x 8Qs
V(O, ) = U in QF.

We take (¥, §) and we introduce two new subproblems:

Ov—V-T(v,q) = Fi(7,4) in(0,T)x QF

Ouf =V - 2(§) =0 in (0, T) x Qs Vv = F(7,§) in (0, T) X QF
() = /[ V(s,-)ds on (0, T) x 0Qs v=20 on (0, T) x 02
0
€00,) = 0, BE(0,-) = &1 in Qs T(v,q)n=%(&)n+ F3(V,§) on(0,T) x 9s
v(0,-) = up in Qf.

with

Fi7,d) = V - (Tg(#,8) = T(7, @), F(7.8) = Vv : (1d = Cof(VX)), F3(7.d) = (T(7, 4) — Tg(7,8)n

M. Boulakia LJLL, Sorbonne Université and Inria Paris




Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Two subproblems

We consider the following two subproblems:

atv—V»']I‘;((v,q):O in (0, T)XQF
ol —V-2(§)=0 in (0, T) X Qs

Vv : Cof(VX) =0 in (0, T) x QF
£(t, ) = / v(s,)ds on (0, T) x 99s v=0 on (0, T) x 8Q
0
£(0,-) = 0, 3:£(0, ) = & in Qs Tg(v,q)n =2()n on (0, T) x 9Qs
V(O, ) = Ug in QF.

We take (¥, §) and we introduce two new subproblems:

Ov — V - T(v,q) = Fi(7, ) in (0, T) X QF

Ouf = V- 2(§) =0 in (0, T) x Qs Vv = Fa(0,8) in (0, T) x QF
&(t, ) = /t V(s,-)ds on (0, T) x 9Qs v=20 on (0, T) x 0Q
Jo
£0,) = 0, B£(0,-) = & in Qs T(v,q)n=X(&)n+ F3(V,§) on (0, T) x 9Qs
V(O, ) = up in QF.

with

Fi(7.8) = V - (Tg(7, §) — T(7,8)), F2(7.d) = Vv : (Id = Cof(VX)), F3(7,d) = (T(7, ) — Tg(7,d)n
Fixed point for the map
(V,§) €S1 XS — (v,q) ES1 X S

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Very regular solution for the linear system with smoother initial conditions

We define
S = HA(L2(Q)) N HY(HA(QF)) 0 L2(HS/211/5(9p))

and
S, = H (H'(Qp)) N L2(HY/21/3(0p))

and we assume that vy € H3(QF) and &1 € H3/2t1/8(Qs) (4 compatibility conditions).

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Very regular solution for the linear system with smoother initial conditions

We define
S = HA(L2(Q)) N HY(HA(QF)) N L(HE/27213(Qp))
and
Sz = HY(H!(QF)) N L(HY/211/5(p))

and we assume that vy € H3(QF) and &1 € H3/2t1/8(Qs) (4 compatibility conditions).
Main theorem:
v e c@p) n OrHP@ap) n BH/ 2 8 ap)

q € Ot@p) n B/ 218 qp)

u € HAQp), € € HlH/Sms)

M. Boulakia LJLL, Sorbonne Université and Inria Paris




Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Very regular solution for the linear system with smoother initial conditions

We define
S = HA(L2(Q)) N HY(HA(QF)) N L(HE/27213(Qp))
and
Sz = HY(H!(QF)) N L(HY/211/5(p))

and we assume that vy € H3(QF) and &1 € H3/2t1/8(Qs) (4 compatibility conditions).
Main theorem:
v e c@p) n OrHP@ap) n BH/ 2 8 ap)

q € Ot@p) n B/ 218 qp)
u € HAQp), € € HlH/Sms)

Two steps:

o If (\77 (7) € 51 X 8y, then (V, q) € 851 X Ss.
o (7,8) = (v,q) is a contraction: [|(v,q)ls,xs, < CT*M]|(7, 8)lls, xs, when

(uo,&1) = (0,0).

M. Boulakia LJLL, Sorbonne Université and Inria Paris




Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Regularity result for the elasticity equation: hidden regularity results

[Lions, Lasiecka, Triggiani (1986)] [Raymond, Vanninathan (2014)], [Dehman, Raymond (2015)]

Let w be a solution of
Ouw —Aw =0 in (0,T) x Qs
w=1f on(0,T)x 9
w(0) = wo, Orw(0) = w1 in Qs.

We assume that
wo € HY(Qs) and wy € L3(Qs)

and
f e HY (0, T) x 6Qs).

Then, there exists a solution w such that
w € C([0, T]; H'(Qs)) N CH([0, TT; L*(Qs))
And the normal derivative of w satisfies

Vwn e L2((0, T) x 0Qs).

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Regularity result for the elasticity equation: hidden regularity results

[Lions, Lasiecka, Triggiani (1986)] [Raymond, Vanninathan (2014)], [Dehman, Raymond (2015)]

Let w be a solution of
0w —Aw =0 in(0,T) x Qs
w=1f on(0,T)x 9
w(0) = wo, Orw(0) =wi  in Qs.
Let « € [0,2]. We assume that
wo € HY(Qs) and wy € H*71(Qs)

and
fe H*((0, T) x 09s).

Then, there exists a solution w such that
w € C([0, T]; H*(Qs)) N CL([0, T]; H*~1(Qs))
And the normal derivative of w satisfies

Vwn € H*71((0, T) x Qs).

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Regularity results for the subproblems

Hidden regularity result [Lions, Lasiecka, Triggiani (1986)], [Raymond, Vanninathan (2014)],
[Dehman, Raymond (2015)]

8n(3t£) -V 2(8,_{) =0 in (0, T) X QS

O =V on (0, T) x 9Qs

0¢£(0,-) =0, 0x£(0,-) =0 in Qs
We have v € H3/2t1/8((0, T) x 8Qs). We deduce that

N0:€ 1 cogp3/241/8 g yynctn/2+1/8(0g) T IZ(0:E)NNl 1 24178 (0, 7y 002g) < CT|7lsy -

M. Boulakia LJLL, Sorbonne Université and Inria Paris



Linearization of the system

Fixed point argument for the linear system
End of the proof

Sketch of the proof

Regularity results for the subproblems

Hidden regularity result [Lions, Lasiecka, Triggiani (1986)], [Raymond, Vanninathan (2014)],
[Dehman, Raymond (2015)]

0e(DeE) — V- E£(2:6) =0 in (0, T) x Qs
HE=V on (0, T) x 995
9:£(0,-) =0, 01£(0,-) =0 in Qs
We have v € H3/2+1/8((0, T) x 8Qs). We deduce that

HarfﬂCo(H3/2+1/8(QS))mcl(Hl/ZH/Bms)) + Hz(arf)"ﬂH1/2+1/8((077,Xans) < CT|7ls; -
Regularity result for Stokes problem [Grubb, Solonnikov (1991)]

8t(6tv) -V T(@tv,é?tq) = 8{:"—1(\7, a) in (0, T) X QF

V- (8tv) = 0:F2(V, §) in (0, T) x Qf
Orv =0 on (0, T) x 02
T(O:v,0:q)n = X(0:&) n + 0:F3(V, §) on (0, T) x Qs
O:v(0,) =0 in Qf.

We deduce that
”atv”L2(H2(QF))mH1(L2(QF)) + ”6t‘7HL2(H1(QF)) < C(I1x(0:8) n”Hl/z((o,T)xc?QS) + TN(, §)llsyxs,)

M. Boulakia

LJLL, Sorbonne Université and Inria Paris




Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Regularity results for the subproblems

Thus, we have

H£HCl(H3/2+1/8(Q$)>ﬁC2(H1/2+1/8(Q5)) + HVHHI(H2(QF))mH2(L2(QF)) + ”qHHl(Hl(QF)) < CTO‘H(V, EI)Hsl XSy-
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Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Regularity results for the subproblems

Thus, we have
H£HCl(H3/2+1/8(Q$)>ﬁC2(H1/2+1/8(Q5)) + HVHHI(H2(QF))mH2(L2(QF)) + ”qHHl(Hl(QF)) < CTO‘H(V, EI)Hsl XSy-
It remains to get more spatial regularity:

€ € COH/21/8(Q5)), v € L2(H/271/3(Qf)) and g € L2(H¥/2*Y/3(Qf)):
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End of the proof

Regularity results for the subproblems

Thus, we have
1€l c1 324178 @ gpyn 2t /24178 (ag)) + VIl e @pnnrzaz@ey + ey < CTI, @)lls xs,-
It remains to get more spatial regularity:
£ € COHY2*/8(Qs)), v € L2(HY/2*1/8(Qr)) and q € L2(H3/2FY/8(Q)):
—V - Z(§) = —0ué in (0, T) X Qs

f(t,-):/:f/(s,-)ds on (0, T) x 99s

We get:
‘|§I|CU(H5/2+1/8(QS)) S (TN, @)llsyxs, + T1/2H‘7||L2(H5/2+1/8(QF)))
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End of the proof

Regularity results for the subproblems

Thus, we have
1€l c1 324178 @ gpyn 2t /24178 (ag)) + VIl e @pnnrzaz@ey + ey < CTI, @)lls xs,-
It remains to get more spatial regularity:
£ € COHY2*/8(Qs)), v € L2(HY/2*1/8(Qr)) and q € L2(H3/2FY/8(Q)):

—V - Z(§) = —0ué in (0, T) X Qs

f(t,-):/:f/(s,-)ds on (0, T) x 995

We get:
€]l cogus/z1/80g)) < ST Dllsyxsy + T2l 2/241/8(9,)
-V -T(v,q) = —0:v + F1(V, §) in (0, T) x Qf
Vv = FR(7,§) in (0, T) x QF
v=0 on (0, T) x 89
T(v,q)n =X({)n + F(V, §) on (0, T) X 09s.
We have:

VIl 2572178 pyy F N1l 2453724178 () < ST, @)llsy xs, + =€) nll 24 1+1/8(004))
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Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

Very regular solution for the linear system with smoother initial conditions

Proposition:

We assume that ug € H3(QF) and &; € H3/2t1/8(Qs) (4 compatibility conditions).
There exists a time T > 0 depending on M such that the linear problem admits a unique solution:

v e H(L2(Qf)) N HY(HA(Q6)) N L2(HY2H1/3(Q)) = 8
q € HY(HY(QF)) N L2(H3/2T1/8(Qp)) == S,
¢e C2(H1/2+1/8(Qs)) n CO(H5/2+1/8(95)).
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Very regular solution for the linear system with smoother initial conditions

Proposition:
We assume that ug € H3(QF) and &; € H3/2t1/8(Qs) (4 compatibility conditions).
There exists a time T > 0 depending on M such that the linear problem admits a unique solution:
v € H(L2(QF)) N HY(HA(QP)) N L2(HY2H/3(Qp)) 1= &
q € HY(HY(QF)) N L2(H3/2T1/8(Qp)) == S,
¢e C2(H1/2+1/8(Qs)) n CO(H5/2+1/8(95)).

Main theorem:
u € HAQF), & € HHI/S(QS)

ve Ry = ct2@p) n HYHY QF) N 2 (Qp)) N 2(HY/ 21/ 8 ()
g€ Ry = O (Qp)) n 2/ 2H1/8qp))

¢ € A(2(@g)) Nt/ (ag)) n PP/ ¥(ag))
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Very regular solution for the linear system with smoother initial conditions

Proposition:

We assume that ug € H3(QF) and &; € H3/2t1/8(Qs) (4 compatibility conditions).
There exists a time T > 0 depending on M such that the linear problem admits a unique solution:

v e H(L2(Qf)) N HY(HA(Q6)) N L2(HY2H1/3(Q)) = 8
q € HY(HY(QF)) N L2(H3/2T1/8(Qp)) == S,
¢e C2(H1/2+1/8(Qs)) n CO(H5/2+1/8(95)).

Main theorem:
u € HAQF), & € HHI/S(QS)

ve Ry = ct2@p) n HYHY QF) N 2 (Qp)) N 2(HY/ 21/ 8 ()
g€ Ry = O (Qp)) n 2/ 2H1/8qp))
¢ € A(2@g) n T Blag)) n O/ B(ag))

We prove that the solution (v, q) satisfies estimates in R1 X R of the form

(v d)liryx =, < Clltoll2py + €1l r1/8)

in order to relax the regularity of the initial conditions.
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More general initial conditions

We prove that this very regular solution satisfies

Vil w2@ennmmn@e) T IVIlcogreiapnizerzarsar)
el exa@snncr/sqsy +IEllcogeasgy < Clivolin ) + €l e/s(ag))

in order to relax the regularity of the initial conditions.
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More general initial conditions

We prove that this very regular solution satisfies

IVllci2@enmmi@e) + IVllcorei@ppnizerzarsar)
el a@enncrsas) +1Elcorasgy < Uil + €1l e/s(ag))
in order to relax the regularity of the initial conditions.

Arguments:
@ energy estimate satisfied by (v, §),
@ energy estimate satisfied by (8:v, 0:£),
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More general initial conditions

We prove that this very regular solution satisfies

IVllcrz@epnmrmi@p) + IVIlcore(apynizs/2+1/8@p)
el a@enncr/sasy + 1Ellcogeasag) < Cllvoline e + €1ll /o))
in order to relax the regularity of the initial conditions.

Arguments:
@ energy estimate satisfied by (v, §),
@ energy estimate satisfied by (8:v, 0:£),

o elliptic estimates
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Linearization of the system
Sketch of the proof Fixed point argument for the linear system
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More general initial conditions

We prove that this very regular solution satisfies

IVl etz @pnnmtri@ey + IVIcome(apynizms/21/5p)
el a@enncr/s@sy +1Ellcogea/sag) < Cllivoline e + €1lle/sag))

in order to relax the regularity of the initial conditions.
Arguments:

@ energy estimate satisfied by (v, §),

@ energy estimate satisfied by (8:v, 0:£),

o elliptic estimates

@ more spatial regularity obtained thanks to

o hidden regularity results [Raymond, Vanninathan (2014)]

o regularity results for Stokes system.
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Linearization of the system
Sketch of the proof Fixed point argument for the linear system
End of the proof

More general initial conditions

We prove that this very regular solution satisfies

IVl etz @pnnmtri@ey + IVIcome(apynizms/21/5p)
el a@enncr/s@sy +1Ellcogea/sag) < Cllivoline e + €1lle/sag))
in order to relax the regularity of the initial conditions.

Arguments:
@ energy estimate satisfied by (v, §),
@ energy estimate satisfied by (8:v, 0:£),
o elliptic estimates
@ more spatial regularity obtained thanks to

o hidden regularity results [Raymond, Vanninathan (2014)]

o regularity results for Stokes system.

At last, we use a fixed point argument to conclude.
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Conclusion

Concluding remarks

@ Global in time smooth solution with small data ?
Incompressible fluid and damped wave equation
[lgnatova, Kukavica, Lasiecka, Tuffaha (2014, 2017)]

o Extension to the nonlinear elasticity equation ?
[Coutand, Shkoller (2006)], [M.B., Guerrero (2017)]
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