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Aerosol /Spray Flows

Aerosol /Spray=dispersed phase (solid particles, droplets) in a gas
(sometimes referred to as the propellant)

A class of models for aerosols/sprays consists of
(a) a kinetic equation for the dispersed phase

(b) a fluid equation for the gas/propellant

The kinetic equation for the dispersed phase and the fluid equation
for the propellant are coupled by the friction force

Aerosol /Spray flows arise in different contexts (from diesel engines
to medical aerosols in the trachea and the upper part of the lungs)

Problem: How to justify these models?
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In the Context of Diesel Engines...
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Figure: Schematic representation of spray regimes for liquid injection from
a single hole nozzle [R.D. Reitz “Computer Modeling of Sprays” 1996].
Terminology taken from [P.J. O'Rourke’s PhD Princeton University, 1981]

Thin regime: volume fraction of dispersed phase < 0.1, feedback force
i.e. friction on propellant not neglected
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The Vlasov-Navier-Stokes System

Unknowns

F = F(t,x,v) >0 velocity distribution function of dispersed phase
u= u(t,x) € R3 velocity field in the gas
p=p(t,x) €R gas pressure

VNS system
OtF + v -VyF — rdiv,((v—u)F) =0
Oru~+u-Viu=—Vyp+vAsu+ H/(V — u)Fdv

diveu=0

Parameters x =drag coefficient, v = gas viscosity; gas density = 1
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DERIVING NAVIER-STOKES + BRINKMAN FORCE

THE HOMOGENIZATION APPROACH

L. Desvillettes, F.G., V. Ricci
J. Stat. Phys. 131 (2008), 941-967
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Spherical Particles in a Navier-Stokes Fluid

Dispersed phase=moving system of N identical rigid spheres centered
at Xi(t) € R3 for k =1,..., N, with radius r > 0
Time-dependent domain filled by the propellant

Qg(t) := {x € R®s.t. dist(x,Xx(t)) >r fork=1,...,N}

Fluid equation for the propellant: Navier-Stokes + external force

{(8t+u-vx)u: —Vip+vAcu+f, diviu=0, xe&Qgt)

u(t: N opxeeyy = X(t), k=1,...,N

Solid rotation/Torque of each particle around its center neglected
(one is interested in a limit where r — 0)
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Quasi-Static Approximation

Small parameter 0 < 7 <« 1; dispersed phase assumed to be slow
Slow time variable

t=r1t

Scaling of the particle/droplets dynamical quantities

N - ~dX
Xi(t) = X(t),  Xu(t) = 7Vi(t) with Vi Ek

Scaling of the fluid dynamical quantities

u(t,x) = 7o(F,x), p(t,x)=7p(E,x), F(t,x)=7f(f x)

Inserting this in the Navier Stokes equation, one finds

{T(af +0-V)i=—-Vip+vA+F, divid=0
at, ')‘aB(Xk(f),r) = V()
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Drag Force: Stokes Formula

Stokes formula (1851) for the drag force exerted on a sphere of
radius r by a viscous fluid of viscosity p with velocity U at infinity

6mprt

Total friction exerted by N noninteracting spheres of radius r

6mpNrU

2r
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Homogenization Assumptions

Scaling assumption on particle radius r and particle number N:
N—oco, r—0, Nr—1
Spacing condition: bounded domain O with smooth boundary 0O

dist(Xy, X)) > 2r'/3 and dist(X,,00) > r¥/3, 1<k #I<N

Particle distribution function F continuous on @ x R3 s.t.

N
1

FN::—gé, — F, sup// Iv|?Fpn < o0
N~ ok n>1J JoxRrs

External force f = f(x) € R® s.t.

div, f =0, / f(x)|?dx < oo
O
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Theorem 1 (Derivation of the Brinkman Force)

Let O, .= {x € O s.t. dist(x,Xx) > r forall 1 < k < N}, and for
each 0 < r <« 1, let u, be the solution to the Stokes equation

{prr:VAer—l-f, divy u, =0,

x € O,
ur‘@B(xk,r) = Vk

Then, in the limit as r — 0, one has

|V, (x) — Vu(x)[2dx — 0
o,

where u is the solution to the Stokes equation with friction force

pr:VAXu+f+67w/(v—u)de, xeO

diviu=0, u|y,=0
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Extensions/Open Pbms

(1) Argument extends without difficulty to steady Navier-Stokes, pro-
vided that v > [, F,O] > 0

See also [Allaire: Arch. Rational Mech. Anal. 1990] (periodic case,
based on earlier work by Cioranescu-Murat, and Khruslov's group)

(2) Recent improvement by [Hillairet: Arch. Rational Mech. Anal.
2018] relaxing the spacing condition

(3) In order to derive the coupled VNS system, one could try to
propagate the spacing condition by the dynamics. Some ideas (on a
different pbm) in [Jabin-Otto: Commun Math. Phys. 2004]?

(4) But even if one can propagate the spacing condition, such con-
figurations are of negligible statistical weight...
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DERIVING VLASOV-NAVIER-STOKES FROM

THE KINETIC THEORY OF A BINARY GAS MIXTURE

E. Bernard, L. Desvillettes, F.G., V. Ricci
Comm. Math. Sci. 15 (2017), 1703-1741
(Kinetic and Related Models 11 (2018), 43-69)
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Table of Parameters

’ Parameter ‘ Definition ‘

L size of the container

Np number of dust particles/L>

Ng number of gas molecules/[3

Vp thermal speed of dust particles

Vg thermal speed of gas molecules

Spe particle/gas cross-section

Seg molecular cross-section
n=mg/mp mass ratio (gas molecules/particles)
e=Vp/Vg thermal speed ratio (particles/gas)
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Dimensionless Quantities

Dimensionless variables
x=x/L, t=tV,/L, V=v/V,, w=w/V,
—— ——
particles molecules
Dimensionless velocity distribution functions
F(t,%,0) = VSF(t,x7 v)/N, dispersed phase
F(E,%,Ww) = V2f(t,x,w)/Ng propellant gas

Dimensionless Boltzmann system

deflection of particles/droplets

0F + 0-ViF = NgSpelED(F,F)
~ Vo A F LA A A LA ~

x>

friction on gas molecules  Boltzmann collision [
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Vlasov-Navier-Stokes Scaling

Scaling assumptions

€= Vp/Vg = NpSpgL=(NgSg L) ' < 1
ni=Np/Ng < €

Scaled Boltzmann system — dropping hats on scaled quantities
1
OtF +v-VyF = =D(F,f)
n

1 1
Oef + ~w - Vif = R(f, F) + 5C(f)
€ €

Gas distribution function

—lwl|?
f(t,X,W):M(W)(1+€g(t7X,W)), M(W) = We wi/2
fl i
uctuation

centered Maxwellian
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Scaled Boltzmann Collision Integral

(Maxwell-)Boltzmann collision integral given by

() = [ ()= ) o )| 22l

where
{W/: w —(w—wy) - ww

Wi = wi+ (W — wy) - ww

Pseudo-Maxwellian collision kernel for gas molecules satisfying

1
47r/ c(p)dp=1
0
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Geometry of Molecular Collisions

W w
Figure: Unit vector w = exterior angle bissector of W W*, w/— W’
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Scaled Deflection/Friction Operators: Elastic Case

Deflection D and friction R integrals given by
D(F, f)(v)://R3XSZ(F(V”)f(W”)—F(v)f(w))b(ev — w,w)dwdw
R(f, F)(W)://R3X52(f(W”)F(v")—f(W)F(v))b(ev — w,w)dvdw

where

2

T (Ww—ev) - ww

_ 1 " o__
v —V_i(V_EW)’(JJ(JJ, w =w —

Collision kernel of the form b(z,w) = B(]z|, |w - é\) s.t.

0< b(z,w) < B.(1+2]), / b(z,w)dw > 2L e
s2 *
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Inelastic Collision Model

Model studied by F. Charles [PhD Thesis, ENS Cachan 2009]

R

Tsurf

Figure: Diffuse reflection of gas molecules at the surface of a particle or
of a droplet with surface temperature Tg,r; velocity of particle/droplet
denoted V/; molecular velocity denoted w, W
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Scaled Deflection/Friction Operators: Inelastic Case

Deflection D and friction R integrals given by
):/ / F(W)(F(V) Ky (VIVLW) — (1) Kpg (V v, W) dVAW
(W)= [FO (W) K] VW) () iy (W] V) ViV

Inelastic kernels denoting 3 := \/mg/kg Ty, collision kernels are

3

KooV W) =% [ PIBEEA(5Y e m)(eV= W) - n).di

KiplolV. W) =2 | PLA(Lml(w— 552, m)((cV=W) - )

where

PIN(E, n) = 2% exp(—2A2€[2)(€ - n)4
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Theorem 2 (Formal VNS limit)

Let (Fn, f, = M(1 + €,8,)) be a sequence of solutions to the scaled
Boltzmann system with 77, < €2. Assume F, — F and g, — g with

(a) sup (sup|v|7Fn(t,x, v)+/g,,(t,x, W)ZM(w)dw> < 0
t+|x|<R v

2
(b) /t+x|<R /(g — gn)9oMdv| dxdt — 0

for all R > 0 and all continuous bounded ¢ = ¢(t, x, v). Then

u(t, x) :z/wg(t,x, w)M(w)dw

satisfy the VNS system with friction rate x defined below and

1 1
= = 677/0 c(n)(3 — p?)uPdp

1
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Lemma A (Drag force)

Under the assumptions of Theorem 2

LD(F,, f,)(t,x,v) = rdiv,((v — u(t,x))F(t,x,v))

STW / |z]*M(z) </1 B(\Z!,M)Mzdu> dz elastic

Mn

/(@Hzmzﬁ (z)dz inelastic

Lemma B (Brinkman (friction) force)

Under the assumptions of Theorem 2

1 /R(fn, (0, )y — m/(v — u(t, X)) F(t, x)dv
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Sketches of the Proofs of Lemmas A & B

elet ¢ = ¢(v) be a smooth test function; due to collision symmetries

V” = V*%(V*%W)'ww

with n < € < 1

1
} = J.:n/qS(v)D(F, f)(v)dv

= [[ Frw | [+ @) =otv)) blev—w.w)de | duc

Taylor expand at v
~ —//F(v)f(w)ng(v)- </(v—gw)-wwb(ev—w,w)dw> dvdw

o~ —/{/ F(v)(v—u)-V¢(v)dv and integrate by parts

eLemma A implies Lemma B by momentum conservation
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Proof of Theorem 2

e\Write the equation for g, = (f, — M)/e,M in the form

1 1 CMn+RM1+€nnaFn
8tgn+g W‘vxgn+€7£gn: ( g) (6/\(4 g) )

where Lg, := —M~1DC(M) - (Mg,)

eFollow the same argument as in Bardos-FG-Levermore (JSP1991),
or use a Hilbert or Chapman-Enskog expansion, to find the equations
satisfied by the velocity field u

(a) Multiplying both sides of this equation by €,M and integrating
in w leads to the incompressibility equation div, u =0

(b) Applying the operator Mw — ¢,ML A -V, componentwise to
each side of this equation, with A := w@w—|w|?/, and integrating
in w leads to the motion equation for the velocity field u
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Conclusion/Extensions/Open Problems

The kinetic model can be easily extended

(a) to derive the Vlasov-Stokes system

(b) to take into account compressibility in the propellant

(c) to take into account dispersed phase collisions, polydispersion

Richer description of the drag force than the Stokes formula

(a) inelastic collision model with temperature of the dispersed phase
(b) detailed description of rarefied flow past a sphere

[Sone-Aoki Rarefied Gas Dyn. 1977, J. Méc. Th. Appl. 1983,
Sone-Aoki-Takata Phys. Fluids 1993, Taguchi J. Fluid Mech. 2015]

Formal derivations Boltzmann — Navier-Stokes [Sone: RGD1969,
Bardos-G.-Levermore: C.R. Acad. Sci. 1989 & J. Stat. Phys. 1991]

Rigorous derivations more difficult [Bardos-Ukai: Math. Models
Meth. Appl. Sci. 1993 (small data), G.-Saint-Raymond: Invent.
Math. 2004 & J. Math. Pures Appl. 2009 (all data)]
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