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Complex mobile particulate systems
used in engineering and found in nature

self-compacting concrete heavy rain from ex-cyclone Gita turns Rakaia river into a river of rock
https://www.youtube.com/watch?v=owKLhrv7Zbk https://www.youtube.com/watch?v=5AwFSSX34Wo

→ understanding the rheology of suspensions

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Model suspensions

Aussillous, Chauchat, Pailha, Medale & Guazzelli JFM 2013

→ understanding the rheology of model suspensions . . .
and moving toward more complex mixtures of particles and fluids

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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“A major difficulty in the study of rheology is that one’s intuition about the form of
the constitutive stress relation appropriate to given circumstances is so poorly
developed. It is often hard to know even in broad terms how a given material will
behave, chiefly because we have at our disposal so few definite and well-understood
constitutive relations for non-Newtonian fluids to provide guidance. This difficulty
affects mathematical theory as well as the interpretation of observation, since, for lack
of concrete results which can be used as a testing ground, the hypotheses on which
analysis must perforce be based tend to be artificial and unmotivated. Now the
microscopic structure of a suspension can be precisely specified, and it may be
possible–and not only in principle–to deduce some of the macroscopic properties of the
suspension and to see in explicit terms their relation to the microstructure. This seems
to me to give the mechanics of suspensions an especially important place in current
studies of rheology, in that we have the unusual opportunity of obtaining definite
and explicable constitutive relations which are known to apply to specifiable materials
and which may be used as a reliable guide for intuition.”

Batchelor JFM 1970 The stress system in a suspension of force-free particles

Élisabeth Guazzelli Université de Paris, CNRS
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The different regimes

Dilute

Single particle

Semi-dilute

Hydrodynamic
interactions

Concentrated

Contact interactions

Élisabeth Guazzelli Université de Paris, CNRS
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1 The suspension as a single effective fluid
Suspension viscosity
Non-Newtonian behavior: normal stresses

2 Beyond the single-fluid view: two-phase flow
Particle pressure
Two-phase flow: shear-induced migration

3 An alternative frictional approach

4 Microscopic origin of the rheology
Microstructure
Irreversibility – role of contacts

5 Approaching jamming
Origin of the jamming transition
Influence of particle roughness and shape

6 Towards more complex suspensions

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

A sheared viscous suspension of non colloidal particles
Suspension of neutrally-buoyant hard spheres

Buoyancy effect

ρp − ρf
ρf

→ 0

Inertial/viscous effects

Rep =
ρf a

2γ̇

ηf
→ 0

Brownian motion

Pe =
6πηf γ̇a

3

kT
→∞

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Suspension viscosity
Suspension of rigid, neutrally-buoyant, non-colloidal, mono-disperse, hard spheres

The scaling of the shear stress is viscous: τ = ηs(φ) ηf γ̇ with γ̇ =
√

2 E : E

from A Physical Introduction to Suspension Dynamics
Guazzelli & Morris (Illustrations by Pic)

Cambridge Texts in Applied Mathematics CUP 2012

Viscosity O(φ)
Einstein Ann. Phys. 1906, 1911

ηs = 1 + 5φ/2

First effect of particle pair interactions O(φ2)
Batchelor & Green JFM 1972

ηs = 1 + 5
2
φ+ kφ2 with k ≈ 5

Hydrodynamic interactions
Brady & Bossis ARFM 1988; Nott & Brady JFM 1994 . . .

Stokesian dynamics; constitutive laws

Jamming transition
Lerner et al. PNAS 2012; Andreotti et al. PRL 2012 . . .

Extended network of contacts at jamming :
steric/elastic interactions

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

The averaging process for a suspension

Bulk stress

Ensemble average of the stress distribution in all realizations of the
suspension

Statistically homogeneous suspension

Ensemble average ≡ volume average

Σij = 〈σij〉

=
1

V

∫
V

σijdV

=
1

V

∫
Vf

σijdV +
1

V

∫
Vp

σijdV

Landau & Lifshitz 1959; Batchelor JFM 1970

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Particle contribution to the bulk stress

Bulk stress

Σ = −〈p〉I + 2ηf 〈e〉+ Σ(p)

Particle contribution

Σ
(p)
ij =

1

V

∫
Sp

[σik xj −
1

3
δijσlk xl ]nkdS = n〈Sij 〉

Symmetric part (- trace) = stresslet

Sij =
1

2

∫
Sp

(σik xj + σjk xi −
2

3
δijσlk xl )nkdS for rigid particles with no external forces

Antisymmetric part = couplet→ torquea

Aij =
1

2

∫
Sp

(σik xj − σjk xi )nkdS ≡ −
1

2
εijkTk

a−εijkAjk = −εijk
∫
Sp

(σ · n)j xk dS = Ti

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Single solid sphere in a shear

NO force and NO torque BUT stresslet S = 20π
3 ηf a

3E∞

Result of the resistance of the rigid particle to the straining
motion

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Suspension viscosity

Einstein viscosity

One solid sphere freely suspended (force-free and torque-free)

→ stresslet Sh =
20

3
πηf a

3〈e〉

Bulk stress of a dilute suspension of solid spheres at O(φ)

Σ = −〈p〉I + 2ηf 〈e〉+ n
20

3
πηf a

3〈e〉

= −〈p〉I + 2ηf (1 +
5

2
φ)〈e〉 with φ =

4

3
πa3n

Einstein effective viscosity

ηE = 1 +
5

2
φ

Einstein Ann. Phys. 1906, 1911

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

A pair of spheres in a shear flow

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Suspension viscosity

Summing the effects between pairs of particles

Method of reflections:

Flow due to the stresslet of particle 2 at particle 1: u0
2 ∼ O(r−2)

Rate of strain at particle 1 due to particle 2: e0
2 ∼ ∇u0

2 ∼ O(r−3)
Incremental stresslet due to a second particle: ∆S(r) ∼ O(r−3)

Averaging over all possible separations which occur with conditional pair
probability P1|1(r)

n〈S〉 = nS0 + n

∫
r≥2a

∆S P1|1(r)︸ ︷︷ ︸
ng(r)≈n

(r) dV

Non-convergent integral due to long-range hydrodynamic interactions

n

∫
r≥2a

∆S P1|1(r) dV ∼ n2

∫ L

2a

r−3r 2dr ∼ n2 ln L

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Effective viscosity at O(φ2)

Need renormalization of hydrodynamic interactions

ηs = 1 +
5

2
φ+ kφ2

For pure straining, by trajectory calculation of nonuniform probability
distribution of separation of pairs

k = 6.95 (≈ 7.6± 0.8)

For pure shear, problem of closed trajectories (depends on distribution on closed
orbits) k ≈ 5

For strong Brownian motion (suspension of hard spheres at uniform equilibrium
+ Brownian contribution coming from pair distribution function out off
equilibrium) k = 6.2 (= 5.2 + 0.99)

Batchelor & Green JFM 1972, Batchelor JFM 1977

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Suspension viscosity

Stokes-flow trajectories of 2 spheres in simple shear

Batchelor & Green JFM 1972

Motion exhibits fore-aft symmetry

Presence of closed trajectories

Compression of particle trajectories near
contact
∴ close approach and bundling of
trajectories

Reversible trajectories extremely sensitive to
near-contact perturbations!

See also Irreversibility

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Suspension viscosity

Viscosity for larger φ

Computing the viscosity for larger φ is very difficult as multi-body
hydrodynamic interactions must be computed together with
determining the microstructure. Another complexity is that the
spheres can interact not only by hydrodynamic interactions
through the liquid but also by direct mechanical contact.

NO exact analytic calculations

Simulations with various levels of approximation and
sophistication: from Stokesian dynamics to lattice-Boltzmann
or fictitious domains methods

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Suspension viscosity

Empirical relations

Some of these expressions stem from mean-field approaches. They
recover the Einstein viscosity limit at low concentration and aim to
account for the divergence of the viscosity at φc :

ηs/η = (1− φ
φc

)−
5
2
φc (Krieger)

ηs/η = (1− φ
φc

)−2 (Maron-Pierce)

ηs/η = (1 +
5
4
φ

1− φ
φc

)2 (Eilers)

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Measuring suspension viscosity

(a) (b)

(c) (d)

θ

(a) Cone-and-plate rotational rheometer: η = 3αT/2πR3Ω; (b) Parallel-plate rotational rheometer:

η = 2Th/ΩπR4; (c) Couette rotational rheometer: η = T (Rc − Rb)/πLΩ(Rc + Rb)R2
b ; (d) Inclined plane

rheometer: η = ρgh2 sin θ/2us

Élisabeth Guazzelli Université de Paris, CNRS
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Suspension viscosity

Relative viscosity of suspensions ηs(φ)
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Boyer et al. 2011 PS

Boyer et al. 2011 PMMA

Bonnoit et al. 2010 (angle= 5�)

Bonnoit et al. 2010 (angle= 15�)

Dagois-Bohy et al. 2015

Dbouk et al. 2013

Ovarlez et al. 2006 (MRI)

Zarraga et al. 2000 (3 di↵erent fluids)

Gallier et al. 2014 (µp = 0)

Gallier et al. 2014 (µp = 0.5)

Mari et al. 2014 (µp = 0)

Mari et al. 2014 (µp = 1)

Sierou & Brady 2002 (µp = 0)

Einstein: 1 + 5�/2

Batchelor & Green: 1 + 5�/2 + 5�2
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Boyer et al. 2011 PS (�c = 0.585)

Boyer et al. 2011 PMMA (�c = 0.585)

Bonnoit et al. (2010) (angle = 5�;�c = 0.605)

Bonnoit et al. (2010) (angle = 15�;�c = 0.605)

Dagois-Bohy et al. 2015 (�c = 0.59)

Dbouk et al. (2013) (�c = 0.58)

Ovarlez et al. (2006) (�c = 0.605)

Zarraga et al. (2000) (�c = 0.58)

Gallier et al. (2014) (µp = 0;�c = 0.65)

Gallier et al. (2014) (µp = 0.5;�c = 0.61)

Mari et al. 2014 (µp = 0;�c = 0.66)

Mari et al. 2014 (µp = 1;�c = 0.58)

Sierou & Brady (2002) (µp = 0;�c = 0.65)

Einstein: 1 + 5�/2

Batchelor & Green: 1 + 5�/2 + 5�2

Krieger: (1� �/�c)
�2.5�c

Maron-Pierce: (1� �/�c)
�2

Eilers: [1 + (5�/4)/(1� �/�c)]
2

Divergence as (φ− φc )−2 when φ→ φc with φc ≈ 0.54− 0.62 < φcrp ≈ 0.64 ∴ frictional spheres!
Shear-jamming fraction varies depending on size distribution and surface interactions (friction)

Élisabeth Guazzelli Université de Paris, CNRS
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Non-Newtonian behavior: normal stresses

Normal stresses in suspensions

Normal stress differences

N1 = Σ11 − Σ22

N2 = Σ22 − Σ33

- 1 (flow)
6

2 (velocity gradient)

��	
3 (vorticity)

Normal stress differences in non-Brownian suspensions

N1,N2 ∝ ηf γ̇ linear in γ̇ =
√

2 E : E

Ni/τ = O(1) ≡ αi (φ) same divergence as φ→ φc

|N2| � |N1|
N2 negative but sign of N1 more elusive!

Gadala-Maria 1979, Zarraga, Hill & Leighton 2000; Singh & Nott 2003; Couturier, Boyer, Pouliquen & Guazzelli
2011; Dai, Bertevas & Tanner 2013; Dbouk, Lobry & Lemaire 2013; Gamonpilas, Morris & Denn 2016
Sierou & Brady 2002; Gallier, Lemaire, Peters & Lobry 2014; Gallier, Lemaire, Lobry & Peters 2016

Élisabeth Guazzelli Université de Paris, CNRS
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Non-Newtonian behavior: normal stresses

Origin of normal stress differences in suspensions

(a) (b)( ) ( )( ) ( )

Pair interaction between particles under simple shear

Surface roughness or repulsive force:
→ irreversible and asymmetric collisions
Arp & Mason J. Colloid Interface Sci. 1977; Davis PoF 1992

→ non-isotropic normal stresses
Brady & Morris JFM 1997; Wilson JFM 2005

Breakdown of fore-aft symmetry (depletion in extensional quadrants)

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Non-Newtonian behavior: normal stresses

Measuring normal stress differences

(a) (b) (c)

(d) (e)

Pressure Transducers

(a) Cone-and-plate rotational rheometer: N1; (b) Parallel-plate rotational rheometer: N1 − N2; (c) Parallel-plate
rheometer with differential pressure transducers fitted flush against the lower plate surface: N2 + N1/2 and

N1 + N2; (d) Weissenberg, or rotating rod, flow: N2 + N1/2; (e) Tilted-trough flow: N2

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions



25/78

Effective fluid Two-phase flow Frictional approach Microscopic origin Jamming Complex suspensions

Non-Newtonian behavior: normal stresses

Evidence of these normal stress differences
Free-surface deflection in rotating-rod and tilted-trough flows

Rotating-rod flow: anti-Weissenberg or rod
dipping effect

0 10 20 30 40 50

0

1

r (mm)

h 
(m

m
)

(d)(c)

0 10 20 30 40 50

0

1

r (mm)

h 
(m

m
)

(a) (b)

→ measurement of N2 + N1/2
Boyer, Pouliquen & Guazzelli JFM 2011

Tilted-trough flow: bulging of the free
surface

→ measurement of N2

Couturier, Boyer, Pouliquen & Guazzelli JFM 2011

Normal stress differences can be described as a tension in the vortex line!
Hinch JFM Focus in Fluids 2011

Élisabeth Guazzelli Université de Paris, CNRS
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Non-Newtonian behavior: normal stresses

Normal stress coefficients α1 = N1/τ and α2 = N2/τ
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Gallier et al. 2014 (µp = 0, unbounded)

Gallier et al. 2014 (µp = 0.5, unbounded

Gallier et al. 2016 (µp = 0.5, bounded)
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Dai et al. 2013 (a=20µm)
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Correlation �4.4�3

Wilson 2005 (roughness = 10�3)

Zarraga et al. 2000 (a = 22µm)

Singh & Nott 2000 (a = 98µm)

Sierou & Brady 2002 (µp = 0)

Sierou & Brady 2002 (µp = 0.5)

Gallier et al. 2014 (µp = 0, unbounded)

Gallier et al. 2014 (µp = 0.5, unbounded)

Gallier et al. 2016 (friction=0.5, bounded)

Couturier et al. 2011 (a = 35µm)

Couturier et al. 2011 (a = 70µm)

Dai et al. 2013 (a = 20µm)

Dbouk et al. 2013 (a=70µm)

Dbouk et al. 2013 (a=20µm)

First normal stress coefficient α1(φ) small but sign elusive: negative, positive, or null!

Second normal stress coefficient α2(φ) negative and magnitude increases with increasing φ

Simulations show importance of friction and effect of confinement/walls

Élisabeth Guazzelli Université de Paris, CNRS
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Non-Newtonian behavior: normal stresses

Normal stress coefficients α1 = N1/τ and α2 = N2/τ
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N2 large and negative because of lack of serious repulsion in the vorticity direction (most of the repulsive
collisions between spheres happen in the plane of shear)

Élisabeth Guazzelli Université de Paris, CNRS
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Non-Newtonian behavior: normal stresses

Normal stress coefficients α1 = N1/τ and α2 = N2/τ
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Wilson 2005 (roughness = 10�3)
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Dbouk et al. 2013 (a=20µm)

N1 small because the collisions happen fairly equally in the flow and the flow-gradient directions. However,
the flow-induced microstructure of the frictional spheres can explain the sign of N1: (i) in the bulk, the
deficit in hydrodynamic interactions in the extensional region leads to a negative sign and (ii) near a wall,
the particle layering results in a decrease of contact stresses (enhanced by friction) and thus positive sign.

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Beyond the single-fluid view: two-phase flow

(a) (b) (c)

Examples of two-phase suspension flows: (a) Shear-induced migration of neutrally-buoyant spheres in a
pressure-driven Poiseuille flow in a tube; (b) Erosion of sedimented particles under the action of viscous fluid
shearing flows; (c) Submarine avalanches forced by the fluid shear stress

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Particle pressure

Physical illustration of the particle pressure
Suspension mixture incompressible but not particle phase!

In a sheared suspension of particles, the collisions between the particles and between the particles and the walls
creates a force against the wall. This leads to a ‘particle pressure’, i.e. a pressure coming for the particulate phase.
Since the total pressure created by suspension mixture (particles plus fluid) is constant because of the
incompressibility of the suspension, this ‘particle pressure’ is balanced by a pressure coming from the fluid phase.

Élisabeth Guazzelli Université de Paris, CNRS

Rheology of granular suspensions
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Particle pressure

Analogy with osmotic pressure

(a) (b)

(a) Osmotic U tube: The solution is separated from the pure solvent (or a lower concentration solution) by a
semi-permeable membrane permitting the flow of the solvent but restricting the solute to the solution side. Osmotic
pressure is associated with the solvent flow into the solution and is measured by a reduced pressure in the solvent
(b) Analogical experiment using a Couette device: When the suspension is sheared, the liquid is sucked from the
tube through the grid. The liquid suction pressure is a way of evidencing and measuring the particle pressure

Deboeuf, Gauthier, Martin, Yurkovetsky & Morris PRL 2009

Élisabeth Guazzelli Université de Paris, CNRS
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Particle pressure

Methods for measuring particle normal stresses

(a) (b)

(c) (d)

(a) Grid pressure measurement; (b) Pore pressure measurement; Viscous resuspension: Measurement can be
conducted (c) in the plane of shear or (d) in the plane perpendicular to the plane of shear (i.e. in the vorticity
direction)

Élisabeth Guazzelli Université de Paris, CNRS
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Particle pressure

Particle pressure
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Boyer et al. 2011 PS spheres

Boyer et al. 2011 PMMA spheres

Dagois-Bohy et al. 2015 PS spheres

Dbouk et al. 2013

Gallier et al. 2014 (µp = 0.5, only contact)

Correlation Zarraga et al. 2000

Correlation Boyer et al. 2011 (φc = 0.585)

Correlation Morris and Boulay 1999 (φc = 0.585)

Correlation Morris and Boulay 1999 (φc = 0.68)

Garland et al. 2013 (d = 40 µm)

Garland et al. 2013 (d = 140 µm)

Particle pressure in the gradient direction

Viscous scaling

−σp
22 = ηn,2ηf |γ̇|

(independent of the sign of the shear
rate)

Normal viscosity: ηn,2(φ)

Same divergence as ηs(φ)

Effective friction coefficient:
−σp

22/τ = ηn,2/ηs = 1/µ

ηn,2/ηs → constant value (≈ 3.3, i.e.
µ ≈ 0.3) when φ→ φc (≈ 0.58− 0.59)

ηn,2/ηs → 0 when φ→ 0 ∴ ηn,2 → 0

Élisabeth Guazzelli Université de Paris, CNRS
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Particle pressure

Particle normal stresses

General tensorial form

−ηf |γ̇|

 ηn,1(φ) 0 0
0 ηn,2(φ) 0
0 0 ηn,3(φ)


Simplified form (similar φ-dependence in all the directions) (Morris & Boulay JoR 1999)

−ηn(φ) ηf |γ̇|

 1 0 0
0 λ2 0
0 0 λ3


with

ηn(φ) = κ

(
φc − φ
φ

)−2

with κ ≈ 0.75, λ2 ≈ 0.8, and λ3 ≈ 0.5 (Morris & Boulay JoR 1999)

with κ ≈ 1, λ2 ≈ 0.95, and λ3 ≈ 0.6 (Boyer, Guazzelli & Pouliquen PRL 2011)

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Observation of shear-induced migration

Particle migration from regions of high to low shear rate
Karnis, Goldsmith & Mason J. Colloid Interface Sci. 1966, Leighton & Acrivos JFM 1986 . . .

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Shear-induced migration in pipe flow

Particle migration toward the center of the pipe
Snook, Butler & Guazzelli JFM 2016

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Discrete-particle simulations: Stokesian Dynamics

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Two-phase modeling of suspensions

Continuum two-phase modeling

to assume that the interstitial fluid and the particles are two intertwined
continuous phases

to derive the governing equations that describe the system in an average sense
for each phase

Different ways of performing the averaging process

local space averaging over regions smaller than the macroscopic length scale but
larger than the particle size

ensemble averaging at each point of space over ‘macroscopically equivalent’
systems

Averaged equations

for the two phases and for the whole suspension but only two sets needed

closure problem: need for some constitutive relations

see e.g. Jackson Chem. Engng Sci 1997, Nott, Guazzelli & Pouliquen PoF 2011

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

The suspension balance model: migration equation

Balance equations for the particle phase

∂φ

∂t
+∇ · (φup) = 0

∇ · σp + n〈fh〉p
drag

+ φ(ρp − ρf )g = 0

with

n〈fh〉p
drag

= −
9ηf

2a2

φ

f (φ)
(up − U) with f (φ) = (1− φ)n Richardson & Zaki 1954

Incompressibility of the suspension

∇ · U = 0

with volume average velocity: U = φ up + (1− φ) uf

Migration equation for neutrally buoyant particles, ρ = ρp = ρf

∂φ

∂t
+ U · ∇φ = −∇ · φ(up − U) = −

2a2

9η
∇ · [f (φ)∇ · σp ]

Nott & Brady JFM 1994; Morris & Boulay JoR 1999; Lhuillier PoF 2009; Nott, Guazzelli & Pouliquen PoF 2011

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Pressure-driven flow in a 2D channel

X

X

1

2

Nott & Brady JFM 1994

Migration equation

∂φ

∂t
= −

a2

9ηf

∂

∂x2

[
f (φ)

∂σ
p
22

∂x2

]

Momentum equation for the whole suspension along x1

G =
∂τ

∂x2

=
∂ [ηs (φ)ηf γ̇]

∂x2

Steady fully developed flow

Particle pressure constant across the channel

−
∂σ

p
22

∂x2

=
∂[ηn,2(φ) |γ̇(x2)|]

∂x2

= 0

Where the shear rate is low, the concentration is
high and vice versa and the particles must have
migrated to the center

Élisabeth Guazzelli Université de Paris, CNRS
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Two-phase flow: shear-induced migration

Evolution of the concentration profiles in a 2D channel
Comparisons SBM, simulations, and experiments
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Agreement at large φ but some discrepancies at smaller φ and for the dynamics
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1 The suspension as a single effective fluid
Suspension viscosity
Non-Newtonian behavior: normal stresses

2 Beyond the single-fluid view: two-phase flow
Particle pressure
Two-phase flow: shear-induced migration

3 An alternative frictional approach

4 Microscopic origin of the rheology
Microstructure
Irreversibility – role of contacts

5 Approaching jamming
Origin of the jamming transition
Influence of particle roughness and shape

6 Towards more complex suspensions
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Rheology of granular suspensions



42/78

Effective fluid Two-phase flow Frictional approach Microscopic origin Jamming Complex suspensions

An alternative description: pressure-imposed rheology

(a) (b)

Examples of gravity-driven flows of suspensions of negatively-buoyant particles. Flows of immersed heavy particles
(a) down an inclined plane and (b) in a tumbler. In both cases, the driving force is gravity; it controls the level of
stress experienced by the particle phase whereas the volume fraction is free to adjust to the flow condition

Élisabeth Guazzelli Université de Paris, CNRS
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Granular rheology
Friction and dilatancy laws in the granular-liquid regime

GDR MiDi 2004; da Cruz, Emam, Prochnow, Roux &
Chevoir 2005; Lois, Lemaitre & Carlson 2005

Inertial number

I =
γ̇d√
P/ρp

Pressure on the top plate P and shear rate
γ̇ imposed:

τ/P = µ(I )

φ = φ(I )

The shear stress is proportional to the
pressure, with the effective friction
coefficient µ and the volume fraction φ
being functions of I

Forterre & Pouliquen ARFM 2008

Élisabeth Guazzelli Université de Paris, CNRS
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Volume-imposed versus pressure-imposed rheometry

Volume-imposed rheometry: P, τ, γ̇, φ, ηf

τ = ηs(φ) ηf γ̇

P = ηn(φ) ηf γ̇

Viscous scaling of the stresses

Pressure-imposed rheometry:
φ, τ, γ̇,P(≡ −σp

22), ηf

τ/P = µ(J)

φ = φ(J)

J = ηf γ̇/P viscous dimensionless shear rate

Élisabeth Guazzelli Université de Paris, CNRS
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Dimensionless shear rate

Inertial dimensionless number
I = d γ̇/

√
P/ρp

Ratio between two time scales

1 macroscopic time scale linked to the
mean deformation: 1/γ̇

2 inertial microscopic time of
rearrangements: d/

√
P/ρp

GDR MiDi 2004; da Cruz, Emam, Prochnow, Roux &
Chevoir 2005; Lois, Lemaitre & Carlson 2005

Viscous dimensionless number
J = ηf γ̇/P

Ratio between two time scales

1 macroscopic time scale linked to the
mean deformation: 1/γ̇

2 viscous microscopic time of
rearrangements: ηf /P

Cassar, Nicolas & Pouliquen 2005; Boyer, Guazzelli &
Pouliquen 2011

Élisabeth Guazzelli Université de Paris, CNRS
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Pressure-imposed rheology of suspension
Alternative frictional view coming from the rheology of dry granular materials

from a Viewpoint on Unifying Suspension and Granular
Rheology Boyer, Guazzelli & Pouliquen PRL 2011
Physics 2011 (APS/Alan Stonebraker)

Position sensor

Top
Plate

Spring

Torque sensor

Precision scale

Bottom Plate

Translation Stage

ON/OFF

(a) (

Solvent trap

14
 m

m

Top porous plate enabling fluid to flow
through it but not particles

Simultaneous measurements of φ, γ̇, τ ,
P(≡ −σp

22 here)

Measurements of the particle pressure P

Examination of the rheology close to the jamming transition

Boyer, Guazzelli & Pouliquen PRL 2011
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Dry granular versus immersed granular rheology

Inertial dry granular media: inertial
dimensionless number I = d γ̇/

√
P/ρp

µ(I ) saturates at large I and φc − φ ∝ I

ANRV332-FL40-01 ARI 10 November 2007 15:46

the shear stress and normal stress are given by what is called the Bagnold scaling:

τ = ρp d 2 f1(#)γ̇ 2 and P = ρp d 2 f2(#)γ̇ 2. (3)

This expression is not restricted to the collisional arguments initially given by Bagnold
(1954), but simply comes from dimensional analysis and is valid for all shear rates (Lois
et al. 2005). As a consequence, in a constant volume experiment, no threshold appears
to exist, and τ goes to zero when γ̇ goes to zero, although the ratio τ/P remains finite.
It is important to notice that this description is identical to Expression 2 given for
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data (inclined-plane and annular shear geometry)
collected in Forterre & Pouliquen ARFM 2008

Viscous Newtonian suspensions: viscous
dimensionless number J = ηf γ̇/P

µ(J) still increases at large J and φc − φ ∝ J1/2
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Élisabeth Guazzelli Université de Paris, CNRS
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Classical effective viscosity recovered from frictional view
Unifying suspension and granular rheology
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using ηs = µ/J and ηn = 1/J
from µ = τ/P = ηs/ηn and J = ηf γ̇/P = 1/ηn
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1 The suspension as a single effective fluid
Suspension viscosity
Non-Newtonian behavior: normal stresses

2 Beyond the single-fluid view: two-phase flow
Particle pressure
Two-phase flow: shear-induced migration

3 An alternative frictional approach

4 Microscopic origin of the rheology
Microstructure
Irreversibility – role of contacts

5 Approaching jamming
Origin of the jamming transition
Influence of particle roughness and shape

6 Towards more complex suspensions
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Microstructure

The pair distribution function

The pair distribution function provides the likelihood of finding a particle at position r
with respect to a reference particle, relative to the likelihood of finding a particle at

any position within the suspension without knowledge of any particle position

Élisabeth Guazzelli Université de Paris, CNRS
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Microstructure

Measuring the pair distribution function

gap width is 5 mm (roughly 60a), the inner and external cylinder radii are, respec-
tively, Ri ¼ 19 mm and Ro ¼ 24 mm, and their height is 60 mm. The vertical surfaces
of the cylinders that are in contact with the suspension have been slightly roughened
to minimize the wall slip of the suspension. Nevertheless, the cylinder roughness is
much smaller than the particles and as it will be mentioned in Sec. V, for the highest
solid concentrations, a particle banding is observed near the walls, that is responsible
for the apparent slip of the suspension. The stator front face has been polished in the
form of a flat rectangular window that lets an horizontal laser sheet (Lasiris TEC
Laser 635 nm, 35 mW, Stockeryale) enter the gap between the cylinders [Blanc et al.
(2011b)]. The laser sheet thickness has been measured in the gap and found to be
30 6 6 lm [Blanc (2011)]. A CCD camera (Pixelink PLB 741 U, 1280" 1024 pixels)
is positioned under the cup bottom whose both external and internal surfaces have
been polished. An optical high pass filter (kHP ¼ 650 nm) is placed in front of the
camera, so that only the fluorescing light is detected. The camera is trigged, together
with the laser sheet, by an external oscillator in order to record sequential images of
the illuminated suspension. Since the particle diameter is larger than the laser sheet
thickness, the particles intercepted by the laser plane appear as black disks on the
pictures [see Fig. 1(b)]. To improve image quality, the whole apparatus is placed in a
thermostated box, and the temperature is set to T ¼ 37 #C. At this temperature, the
particle and liquid optical indices are closely matched and the suspension is highly
transparent. For that reason, we have been able to image the particles more than 1 cm
deep in the suspension. Figure 1(b) shows a typical image, obtained 10 mm above the
bottom of the stator for a suspension of volume fraction U ¼ 0:56. All the measure-
ments described below have been performed at this height, that is twice the gap,
where the bottom end effect on the velocity profile has been shown to be negligible
[Blanc et al. (2011c)].

To shear the suspension, a constant torque is applied to the inner cylinder in such a
way that it rotates at about 1 rpm. Actually, the angular velocity, X, varies from an
experiment to another and its exact value is given in Table I. Owing to this order of

FIG. 1. (a) Experimental setup. (b) Typical image obtained 10 mm above the bottom of the cup for a suspension
of volume fraction U ¼ 0:56. The zones A and B (Sec. II C) delimit the working areas for the calculation of the
pair distribution functions. Zone A contains the particles that are used as reference particles [particles (1)] for
the PDF calculation and the particles (2) are either in zone A or in zone B. The boundary of zone B is spaced
from the cylinder surfaces by a minimum distance of (3a).

276 BLANC et al.

Downloaded 09 Oct 2013 to 137.121.1.26. Redistribution subject to SOR license or copyright; see http://www.journalofrheology.org/masthead

Density and index-matched suspension sheared in a wide-gap Couette rheometer

First experimental attempt: Parsi & Gadala-Maria JoR 1987
Recent experimental determinations: Blanc, Lemaire, Meunier & Peters JoR 2013
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Microstructure

Experimental pair distribution function in the shear plane
For φ = 0.05:

Fore-aft asymmetry due to particle
surface roughness
depleted area + tail-like high particle
concentration zone in the recession
quadrant

For all φ: strong pair correlation zone near
ρ/a = 2 in the compressional quadrant +
depleted zone in the extensional quadrant

As the particle concentration increases, the
depleted zone that is close to the velocity
direction for φ = 0.05 rotates toward the
dilatation axis direction

For φ > 0.45: secondary depletion zone in the
compressional quadrant + high pair
correlation zone near the mean flow direction

Blanc, Lemaire, Meunier & Peters JoR 2013
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Microstructure

Numerical pair distribution function in the shear plane

Same qualitative features with Stokesian Dynamics
simulations in where repulsive forces between
particles have been tuned to reproduce the particle
roughness effects

Blanc, Lemaire, Meunier & Peters JoR 2013
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Microstructure

Microstructure

Pair distribution of suspensions of non-Brownian rough spheres

Fore-and-aft asymmetric with a strong pair correlation zone at contact in the
approach side of the reference particle and a depletion of pairs in the receding
side

At low particle volume fraction, the depleted area is close to the velocity
direction and is tilted as the particle concentration is increased

At very high concentrations, new features: a secondary depleted area in the
compressional quadrant and a probability peak in the velocity direction

Microstructure and non-Newtonian rheology

The essential point is that the microstructure loses isotropy, establishing a preferred
direction for finding the near-contact pairs that control the observed rheology of
concentrated suspensions. This anisotropy leads to normal stress differences in shear
flow and the shear-induced migration phenomenon.

Élisabeth Guazzelli Université de Paris, CNRS
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Microstructure

Evidence of a shear-induced anisotropic microstructure

η
/η

f

40

0

20

0 1 2 3γ

Gadala-Maria & Acrivos JoR 1980

Blanc, Peters & Lemaire JoR 2011

Steady shearing of a suspension

The particles organize into a
microstructure where the contacts are
predominantly oriented along the
compressional directions

Shear reversal (at large φ)

The viscosity exhibits a sudden drop,
corresponding to the loss of the
contacts, and then increases to return
to its steady value as the contact
arrangement slowly rebuilds in the new
compressional zones
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Irreversibility – role of contacts

Irreversibility of pair trajectories in simple shear
Crucial role of surface roughness near contact of the pair

54 ARP AND MASON 
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FIC. 7. Values of ~ versus ~r~x for various B. The 
points refer to the permanent doublets in Table IV for 
which ~ =  is known. Those from (6), marked as solid 
circles, lie outside the calculated region for ~, a probable 
result of experimental error (see text). 

was about  4 X 10 -4, i.e., comparable with 
(6b/b). 

Changes in B were also observed, leading to 

trajectories further removed from the equa- 
torial (x2-x~) plane. However, these changes 
were small and perhaps not  as significant as 
those with C. 

Experiments with a number  of particle pairs 
produced different values of C after each com- 
plete equatorial irreversible encounter, al- 
though for each pair the range of C observed 
remained remarkably constant  ~and corre- 
sponded to the range of (6b/b)-] independent  
of G within 0 < G ~  10 sec -~ as shown in 
Fig. 9. This behavior rules out other causes of 
irreversibility such as cavitation, at tract ive or 
repulsive forces (resulting, e.g., from electro- 
static charges on the particles or van  der Waals 
forces) whose effects would depend on G since 
(a) the possibility of cavitat ion is increased 
with increasing G because the hydrodynamic 
pressures (positive and negative) increase 
with G, (b) the relative effects of electric 
charges will decrease as the hydrodynamic 
forces and torques on the spheres increase 
with G while the electric forces remain constant  
(11). As discussed below, the same argument  
applies to van  der Waals forces. 
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FIG. 8. Polar diagram of the trajectories listed in Table V for flow reversals 0 to 8. Also shown are the 
angles 4h r -- 90 ° at which the flow was reversed and when the spheres were close together. Initially the 
spheres moved along closed trajectories (C = --0.33) which did not change significantly until after the 
third flow reversal (when C increased to --0.23). After the fourth reversal the trajectories became open 
(C = -~-0.01) and on the fifth reversal the spheres were allowed to pass each other at ¢1 = 0, 180 ° result- 
ing in a further increase in C, which became effectively constant after the sixth reversal when C ~ 0.27. 
The trajectories were calculated from [-1] and [-2], knowing B and C obtained experimentally from 
analysis of cinefilms taken along the xl and x2 axes. 
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FIGURE 1. The effect of roughness on particle trajectories, (a)  in the (x,y)-plane and (b)  in the 
(x,z)-plane. The initial conditions are x = -10 and y = z = 0.1. The different curves correspond to 
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Irreversibility – role of contacts

Signature of the pair trajectories of rough spheres in the
shear-induced microstructure

cylinders center R, and its variation across the gap is
approximately 50%. This is not a problem, however, since
at low concentration, the non-Brownian suspension rheol-
ogy does not depend on the shear rate.

For each frame, a 2D PDF is built in the following way.
First, for each particle pair, the relative position vector of
the pair in the local flow direction frame of particle 1 is
determined [see Fig. 2(a)]. The plane of the particles
relative position ~r12 (!, ") is evenly sampled (!! ¼
1 pixel, !" ¼ 2#=80 rad), and the number of particle
pairs (1,2) corresponding to a particular sample Nð!; "Þ
is normalized by the total number of origin particles N1, by
the sample surface, and by the mean surface density of
particles n0S.

gð!; "Þ ¼ 1

n0S

Nð!; "Þ
N1!!!!"

: (1)

The PDF is then averaged over all images. gð!; "Þ is thus a
surface distribution function, that is related to the real 3D
PDF through the integration over an interval [$ 2!zmax,
2!zmax] in the z direction, as explained in [2] and shown in
Fig. 2(b). To reduce this interval, an histogram of the
apparent radii of the detected particles is built, and only

particles greater than or equal to 13 pixels (0:88a) are taken
into account. From this, we evaluate !zmax to approxi-
mately 0:5a (Fig. 2). To avoid frame boundary effects on
the large ! limit of gð!; "Þ, all origin particles (1) outside a
central area are rejected (Fig. 1). The distance of the box
edges to the frame edges is larger than 11a. In addition, in
order to reduce the hydrodynamic wall effects, no particle
(2) closer than an arbitrary distance of 3a to the inner or
outer cylinder is considered. Thus, the PDF should not
suffer any frame boundary induced spurious decrease for
interparticle distances smaller than 8a.
We turn now to the PDF measured for a $ ¼ 5% sus-

pension. 50 000 frames are recorded at the rate 0.33 fps
during more than 41 hours. We have checked that the PDF
computed using the frames 1 to 10000 was not different
from the PDF shown here, except for statistical noise,
suggesting that any transient state can be neglected.
Actually, we evaluate the transient time to the time neces-
sary to break the closed orbits, i.e., the collision time
1= _% % 3 s that is much smaller than the experiment dura-
tion. Figure 3 displays the measured PDF. As already
shown by Rampall et al. [2], the PDF is anisotropic, with
a depleted area in the approximate direction of the flow
velocity. To be specific, as shown in Fig. 4, the depleted
direction is situated around the angle " % 6& in the reces-
sion quadrant. This slight tilt angle away from the velocity
axis suggests some particle roughness. Away from this
depleted direction, at large distance from the origin, the
PDF is quite isotropic, with a value close to 1, as expected
from the normalization in Eq. (1). We note in passing
that any strong influence of the walls or of a possible

FIG. 2 (color online). (a) Pair position vector relative to the
local azimuthal flow direction (b) aapp is the apparent radius of

the particle.

FIG. 3 (color online). Pair distribution function in the plane

ð ~v; ~rvÞ. $ ¼ 5%. The approach quadrants are defined by xy <
0. Up: magnification of the central region.

FIG. 1 (color online). Typical image. $ ¼ 5%. Only the origin
particles in the white box are considered.
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concentration gradient, that would destroy this symmetry,
can be ruled out. Another classical property is the large
increase of the PDF near the surface ! ¼ 2a. Moreover,
thanks to the large number of frames that leads to a high-
resolution PDF, we observe for the first time a tail-like high
particle concentration zone in the recession quadrant, that
is not present in the approach quadrant.

This high concentration tail clearly recalls the relative
trajectory of two rough particles in a simple shear flow
(Fig. 5). As we will show in the following, this tail allows a
good estimation of the particles roughness. Indeed, such
roughness-modified trajectories have already been used to
compute the shear-induced diffusivity in a dilute suspen-
sion [12]. In their paper, a roughness length "a is defined.
When the distance between the particles equals ð2þ "Þa,
the relative radial velocity is cancelled, preventing the
particles to get closer from each other. This results in a
break of the fore-aft symmetry, the spheres separating on
streamlines further apart than on their approach (Fig. 5).
Following the idea of Rampall et al. [2], we use the
roughness-modified trajectories to compute the PDF. For

an introductory purpose, we recall here the classical iso-
tropic expression obtained by Batchelor and Green for the
PDF from the motion of two smooth particles in an am-
bient linear flow [13,14].

gBGðrÞ ¼
1

1% AðrÞ exp
!Z 1

r

3

s

BðsÞ % AðsÞ
1% AðsÞ ds

"
; (2)

where A and B are mobility functions that depend only on
the interparticle distance r, and whose expressions can be
found in [12]. Equation (2) applies everywhere a trajectory
comes from infinity. In a simple shear flow however, there
exists an infinite region of closed trajectories in which it is
impossible to predict the PDF values. In the plane of shear,
the particles that undergo such closed orbits approach each
other at a distance smaller than approximately 2:00004a
[12,15]. Following Rampall et al. [2], and in agreement
with the numerical work of Drazer et al. [3], we suppose
that, owing to the roughness that prevents particles to come
too close to each other, the bound pairs are eliminated.
Thus, only the trajectories from infinity will be taken into
account.
We use the expression of the mobility functions AðrÞ and

BðrÞ given in [12] to compute the relative velocity ~V of two
particles in a simple shear flow ~V1 ¼ _#y ~ex, together with
their relative trajectory. AðrÞ is set to 1 when contact occurs
at r ¼ ð2þ "Þa. The integration scheme, namely, a vari-
able order Adams-Bashforth-Moulton predictor-corrector
solver, was tested as in [12] for " ¼ 0 and provided the
same results. Figure 5 displays trajectories in the plane of
shear for different values of the roughness length. For a
given value of ", all trajectories that drive the particles in
contact concentrate downstream on a single trajectory.
Thus, downstream, no particle can locate between the x
axis and this trajectory. We note that the displacement of
the trajectories depends strongly on ". To determine the
PDF, we compute the trajectories from evenly spaced
origins in the plane (x0 ¼ %10a), with a sample time!t ¼
0:01= _#. The set of trajectories forms a distribution of
particle positions ~r in the probability space, and each point
has a velocity ~V. Since the number of particles is con-
served, this distribution is a discrete form of a function pð ~rÞ
that obeys Eq. (3):

@p

@t
þ ~r & ðp ~VÞ ¼ ~r & ðp ~VÞ ¼ 0: (3)

We recall [3,14] here that the PDF gð ~rÞ is related to the
conditional probability Pð~rj~r0 ¼ 0Þ of finding a sphere
with its center at ~r given that there is a sphere with its
center at ~r0 ¼ 0 and the bulk density of particles n0
through the equation gð~rÞ ¼ Pð ~rj~r0 ¼ 0Þ=n0. Since
Pð~rj~r0 ¼ 0Þ obeys Eq. (3) too [14], it is sufficient to impose
the limit p ! 1 as r ! 1 to set pð~rÞ ¼ gð ~rÞ. To this
purpose, each trajectory is weighted by the inverse of the
density in the plane x ¼ x0, namely LyLzVxðx0Þ!t, where
Ly and Lz are the distances between the trajectories origins

FIG. 4 (color online). PDF averaged over the ! interval [1:97a
2:04a]. The approach quadrant is $ 2 ½90(; 180().

FIG. 5. Trajectory from the point x=a ¼ %10, y=a ¼ 0:5,
z=a ¼ 0 for different values of the roughness "a.
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in that plane along the directions y and z. From this set of
points, we compute the relevant 2D PDF that could be
compared to our experimental results. The region of inter-

est is defined by z 2 ½"2!zmax; 2!zmax#, ! ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
2

½2a; Rmax# where we chose Rmax ¼ 4a. This region is
sampled in polar coordinates with the sampling periods
!! ¼ a=15,!" ¼ #=40, and the number of points in each
cell divided by its volume 4!zmax!ð!2Þ=2!" gives the
sought PDF.

We restrict the plane (x ¼ x0 ¼ "10a) of trajectory
origins outside the closed orbits region. In order the PDF
to be smooth enough, the value of the sampling period in
the plane x ¼ x0 have been chosen: Lz=ð2!zmaxÞ ¼ 1=20,
Ly=a ¼ 1=50. !zmax ¼ 0:5a has been manually adjusted
to fit the experimental data at best. We note that this value
corresponds also to the estimation of !zmax from the
distribution of particle radii [Fig. 2(b)]. We have checked
that this method yield the isotropic distribution of Eq. (2) in
the case of a pure strain flow. Concerning the simple shear
flow, we obtain the PDF in Fig. 6(a) for a roughness $a ¼
3( 10"3a ¼ 255 nm. A trajectory in the plane of shear
for which contact occurs is also shown for the same rough-
ness. It is centered on the tail in the recession quadrant. We
have checked that away from the depleted area and the tail,
the PDF is identical to the isotropic gBG of Eq. (2), in
agreement with [3]. Figure 7(a) displays the experimental
and computed PDF gð!; "Þ as a function of " for two values
of the distance !. The agreement is very good, especially
concerning the position of the tail that appears clearly on
the experimental curve. The radial profiles can be com-
pared on Fig. 7(b) for three different angles. The model
describes accurately the experimental PDF, both in the
direction of the velocity gradient (85:5) < "< 90)) and
near the depleted direction (18) < "< 22:5)). However,
in the depleted direction (0) < "< 4:5)), the model pre-
dicts the total lack of particles in contrast to the experi-
mental results. As already mentioned in [2], this is
probably the consequence of multibody effects. Finally,
we have performed surface roughness measurements on
the particles using an atomic force microscope. The main
roughness height is small (* 20 nm), with isolated bumps,

approximately 200 nm in height, as shown on Fig. 6(b).
Those bumps are frequent, even if we did not perform any
extensive statistical study. These direct measurements are
fully consistent with the experimental PDF.
In conclusion, we have measured a high-resolution PDF

in a sheared dilute suspension. Its fore-aft asymmetry is
quantitatively explained by the particle roughness as mod-
eled by a minimum approach distance between particles $a
[12], which can be determined with reasonable accuracy.
Some experiments are currently performed on more con-
centrated suspensions (% ¼ 0:10–0:55). In the semidilute
regime, we observe that the tilt angle from the velocity axis
hardly depends on the volume fraction. For volume frac-
tions higher than 0.2, the tilt angle increases with the
particle concentration, as already reported by Drazer
et al. [3]. In addition, the tail turns blurred, partly due to
poorer statistics (1000 frames per PDF), but also to in-
creasingly large multibody effects, that modify the pair
trajectories.
We are grateful to L. Lobry for fruitful discussions, and

A. Zenerino for the AFM images. This work was supported
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(a)

(b)

FIG. 6 (color online). (a) PDF from particle trajectories. The
roughness is $ ¼ 3( 10"3. Red line: a trajectory in the plane of
shear for which contact occurs. (b) AFM image of the particle
surface.

FIG. 7. Experimental (symbols) and computed (lines) PDF.
(a) gð!; "Þ vs " ( ) ) 1:97< !< 2:04; ( + ) 2:31< !< 2:38;
(" ) 1:93< !< 2:00; ("") 2:33< !< 2:40; (b) gð!;"Þ vs
!=a ( ) ) 0< "< 4:5; )( + ) 18) < "< 22:5); (4 ) 85:5) <
"< 90; ); (" ) 0< "< 4:5); ("") 18) < "< 22:5); (" ,)
85:5) < "< 90).
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Pair distribution function computed from pair trajectories of
rough spheres
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Irreversibility – role of contacts

Irreversibility of particle trajectories in periodic shear
Evidence that particles experience solid-solid contacts

051701-4 Pham, Metzger, and Butler Phys. Fluids 27, 051701 (2015)

FIG. 3. Experiments: (a) Example of trajectories for particles of Batch III. (b) Magnitude of the irreversibility, hS/di, during
the first cycle of shear versus accumulated strain for the three batches of particles. Errors bars correspond to the standard
deviation calculated over the five experimental runs performed for each roughness. (c) Image of the particles at �0= 0 and at
the end of the first cycle.

was repeated with the three batches of particles having di↵erent roughnesses. For each run, the
amount of irreversibility, hS/di, was quantified as the average separation distance between the for-
ward and backward motions of the first cycle as shown in Figure 3(a). The striking result, shown
in Figure 3(b), is that the amplitude of the irreversibility increases as the particle roughness is
increased. For larger roughness, the particles end up further apart at the end of first cycle as shown
in Figure 3(c). This measurement provides direct evidence that particle solid-solid contacts are at
the origin of the irreversible behavior observed in sheared suspensions.

In the following, we investigate if the minimal model presented above can capture the particle
dynamics. We assume the particles are initially at contact, forming an equilateral triangle. This
defines the particle diameter, d, taken as the average initial separation distance between the parti-
cles. The model then only contains two adjustable parameters: the magnitude of force, F0, and the
surface roughness, ✏ . The optimum values for these parameters are determined by minimizing the

distance, ` = 1
N

qPt
i=1
PN

i=1((xA
i � xB

i )2 + (y Ai � yBi )2), where A and B indicate the experimental
and simulation data, respectively.

The inset of Figure 4(b) shows `, as obtained for incremental values of the magnitude of
the force, F0, and of the particle roughness, ✏ . The distance between simulations and experiments

FIG. 4. Experiments and simulations: (a) Comparison of the trajectories obtained from simulations to experimental trajecto-
ries for particles of Batch III. (b) Dimensionless roughness obtained from the simulations trajectories providing the best fit
with the experimental trajectories versus the dimensionless peak roughness obtained from AFM. Inset: Separation distance,
`, vs. magnitude of the repulsive force, F0, and roughness, ✏.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded
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Irreversibility amplitude increases with increasing roughness
Pham, Metzger & Butler PoF 2015
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Irreversibility – role of contacts

Irreversibility in non-Brownian particle suspensions

Oscillatory Couette flow with a particle suspension

Pine, Gollub, Brady & Leshansky Nature 2005; Bricker & Butler JoR 2006,2007; Corté, Chaikin, Gollub & Pine
Nature Physics 2008
and also: Memory impairment in flowing suspensions. Okagawa & Mason Science 1973; Okagawa, Ennis & Mason
Can. J. Chem. 1978

Any small source of irreversibility in a physical system (e.g., surface roughness or
repulsive forces, particles deformability, or inertia) can cause a loss of memory
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Irreversibility – role of contacts

Onset of irreversibility for large strain amplitudes

Particles observed stroboscopically
Strain amplitude = 1.0 (left) and 2.5 (right)

Pine, Gollub, Brady & Leshansky Nature 2005
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Irreversibility – role of contacts

Anisotropic random walk and shear-induced diffusion

© 2005 Nature Publishing Group 

 

per cycle using a camera and frame grabber. The total accumulated
strain experienced by the particles over a run (taken to be positive at
each instant) is g; 4g0n; where n is the number of cycles, because
the strain is g0 in each quarter cycle. To study the particle motion, we
use tracking software24 to locate the dark particles, whose coordinates
x (along the direction of rotation) and z (along the cylinder axis) are
tracked over the duration of the run. Sometimes particles are lost
from view, but we typically track 60 particles or more over a total
strain of 1,000 or so. This is ample to produce statistically accurate
results.
We begin by describing the behaviour of the 30% concentration

sample (f ¼ 0.30). When g0 is less than about 1, all particles return
to their original positions after each full cycle. On the other hand, if
g0 ¼ 2, the tracer particles fail to return by irregular amounts of
typical magnitude 0.6d each cycle. These displacements are shown in
Fig. 1a, and are larger along the flow (x) direction than along the axial
(z) direction. The irreversibility after a full cycle, while comparable to
the particle diameter, is substantially less than the typical displace-
ment within a cycle. Trajectories sampled over many complete
periods are shown in Fig. 1b; movies of both continuously and
periodically sampled motion may be found in the Supplementary
Information.
A statistical analysis of the motion, shown in Fig. 1c for f ¼ 0.40,

shows that the mean square particle displacements kDx2l and kDz2l
after an integral number of cycles, averaged over many particles, are
linear in the accumulated strain. The mean square displacements are
also linear in time for a given driving frequency and strain amplitude,
but what counts is the total strain. Data are essentially identical if Re
is increased by a factor of 5; this shows that residual effects of the fluid
inertia are not important. The anisotropy of shear flow leads to
different magnitudes for kDx2l and kDz2l. Anisotropy in particle
transport also occurs for steady shearing, and is a consequence of
‘Taylor dispersion’25.
We use these graphs of the mean square displacements to define

non-dimensional effective diffusivities Dx and Dz along x and z,
respectively, in the conventional way, but with total accumulated
strain replacing time:

kðDx=dÞ2l¼ 2Dxg ð1Þ

Equation (1) defines a dimensionless diffusivity that is independent

of the oscillation frequency, as we check empirically, thus allowing
diffusivities measured at different frequencies and strain amplitudes
to be compared meaningfully. Since the only natural time and length
scales (other than the container dimensions) are the r.m.s. strain rate
_grms and the particle diameter d, the dimensional particle diffusivity

Figure 1 | Particle displacements and trajectories. a, Particle displacements
in the x–z plane after one full cycle in a sheared suspension above the onset
of irreversibility, amplified by a factor of 6 for clarity (volume fraction
f ¼ 0.30, strain amplitude g0 ¼ 2). b, Some of the chaotic particle
trajectories. c, Mean square particle displacements kDx2l and kDz2l after n
full cycles as a function of the accumulated strain g¼ 4g0n for f ¼ 0.40 and
g¼ 2:0: The filled and open squares are the mean square displacements kx2l
and kz2l; respectively, obtained by averaging over particle trajectories such as
those displayed in b; the solid lines through the data are least squares fits
from which the diffusivities are determined. The fluctuations are
anisotropic, growing more quickly along the flow direction (x) than along
the axial direction (z). Experimental details: the diameter of the inner

cylinder of the Couette cell is 50mm and the gap between the (concentric)
cylinders is 2.5mm; thus, a strain of 1 corresponds to an angular
displacement of the inner cylinder of 5.78. The PMMAparticles have surface
irregularities of only 2 nm, as measured by AFM. The fluid viscosity is 3 Pa s,
about 3,000 times that of water. The suspension floats on a layer of mercury
to eliminate end effects. The fractional accuracy of the phase at which the
camera and frame grabber are triggered is typically better than 0.001, but the
final results are not very sensitive to this quantity. We sample particle
positions near the instant of maximum particle velocity. The particle
displacements in the x and z directions after each full cycle are denoted byDx
and Dz, respectively.

Figure 2 | Experimental diffusivities. a, Experimental effective diffusivities
Dx (filled circles) andDz (open circles) as a function of the oscillatory strain
amplitude, on a logarithmic scale for volume fraction f ¼ 0.40. The x and z
diffusivities both become negligible for g0 , 1. b, Diffusivities Dx on a
linear scale for three samples at different particle concentrations with linear
extrapolations to zero diffusivity: triangles, f ¼ 0.20; squares, f ¼ 0.30;
circles, f ¼ 0.40. Data for Dz are omitted for clarity but extrapolate to the
same values of the strain amplitude thresholds for the different
concentrations.

LETTERS NATURE|Vol 438|15 December 2005

998

Pine, Gollub, Brady & Leshansky Nature 2005
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Threshold of irreversibility in an oscillatory shearing flow
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Dynamical phase transition between a fluctuating irreversible steady state (wherein a

finite fraction of active particles experience random diffusive motions) and an

absorbing reversible state (wherein the particles avoid each other)

Pine, Gollub, Brady & Leshansky Nature 2005; Corté, Chaikin, Gollub & Pine Nat. Phys. 2008
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1 The suspension as a single effective fluid
Suspension viscosity
Non-Newtonian behavior: normal stresses

2 Beyond the single-fluid view: two-phase flow
Particle pressure
Two-phase flow: shear-induced migration

3 An alternative frictional approach

4 Microscopic origin of the rheology
Microstructure
Irreversibility – role of contacts

5 Approaching jamming
Origin of the jamming transition
Influence of particle roughness and shape

6 Towards more complex suspensions
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Origin of the jamming transition

Increased role of contact with increasing concentration
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Relative contribution of the frictional contact (red square) and of the hydrodynamic
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Rheology of granular suspensions



65/78

Effective fluid Two-phase flow Frictional approach Microscopic origin Jamming Complex suspensions

Origin of the jamming transition

Extended network of contacts close to jamming
Perturbations around the jammed state to predict the singular behaviors

E. DEGIULI, G. DÜRING, E. LERNER, AND M. WYART PHYSICAL REVIEW E 91, 062206 (2015)

TABLE I. Predicted critical exponents versus values from experiments and numerical simulations, with and without frictional interactions.
Underlined values correspond to the simulations presented in this paper. The values extracted in Ref. [14] correspond to simulations closest
to hard spheres (the “roughness parameter” of that reference is 10−4). When available, error bars are indicated by the notation 0.38(4) =
0.38 ± 0.04, 2.77(20) = 2.77 ± 0.20, and so on.

Regime Relation Prediction Experiment Frictionless sim’n Frictional sim’n

δµ ∼ Iαµ αµ = 0.35 1 [12] 0.38(4) [13] 0.81(3) [14], 1 [15], 1 [16], 1 [10]
Inertial δφ ∼ Iαφ αφ = 0.35 1 [12] 0.39(1) [13] 0.87(2) [14], 1 [16], 1 [10]

δµ ∼ N−αN αN = 1.19 1.16(4) [17]
L ∼ I−1/2 1/2 0.7 [4], 0.7 [1] 0.48 [13] 0.5 [1]

η ∼ |δφ|−1/γφ γ −1
φ = 2.83 2 [8], 2 [18] 2.6(1) [19], 2.77(20) [20],

2.2 [21], 2.5 [14], 2.77
Viscous δµ ∼ J γµ γµ = 0.35 0.38 [22], 0.42 [22,23], 0.5 [8] 0.37 [14], 0.25 [20], 0.32 0.5 [10]

δz ∼ J γz γz = 0.30 0.30
ℓc ∼ |δφ|−γℓ/γφ γℓ/γφ = 0.43 0.6(1) [5]

dL/dγ ∼ −L3 3 3
General ϵv ∼ L−2 ∼ J (−2,1) ϵv ∼ L−2, ϵv ∼ J [24]

ϵ̇v→i ∼ δφγϵ̇ γϵ̇ = 2.83 1 [9]

and without friction. In this work we focus on frictionless
particles and discuss open questions on frictional systems in
the conclusion.

Currently there is no accepted microscopic theory de-
scribing quantitatively these singular behaviors, in particular
Eqs. (1)–(7). Various works [25–27] propose to describe dense
flows by a perturbation around the dilute limit φ → 0. In
the case of dense suspensions, this corresponds to extending
the work of Einstein and Batchelor, who computed the first
corrections to the viscosity at larger density. For dry granular
flows, this corresponds to an extension of kinetic theory (a
priori valid in the gas phase) to the dense regime. However,
observations support that as jamming is approached, particles
form an extended network of contacts and that the stress is
dominated by contact forces [2,8,13]. In this work we propose
a framework to describe flow in such situations.

We attack the problem in two steps. First, we isolate the
microscopic quantities that control flow. Then we compute
the scaling properties of these quantities by performing a
perturbation around the solid phase. The idea is to consider the
solid in the critical state, i.e., carrying the maximal anisotropy
possible µ = µc, corresponding to a packing fraction φ = φc.
Next, one adds an additional kick to the system, corresponding
to a small additional stress anisotropy δµ. As a result,
some contacts between particles will open, forces will be
unbalanced, and the system will start to flow (see Fig. 1).
Our key assumption is that flowing configurations are similar
to a solid that is thus destabilized. As we will see, this
approach enables us to propose a full scaling description of
the problem and to predict the exponents entering Eqs. (1)–
(7) in good agreement with observations in the absence of
static friction. Moreover, our approach predicts several other
properties singular near jamming: the speed of the particles,
the strain scale beyond which a particle loses memory of its
velocity, and the coordination of the contact network. The first
two quantities are accessible experimentally and provide an
additional experimental test of our views.

In Ref. [28] three of us have already proposed to perform
a perturbation around the solid. However, this argument was
limited to overdamped suspensions and did not predict the

scaling relations entering in the constitutive relations Eqs. (1)–
(7). Moreover, a key aspect of the argument turned out to
be incorrect: it was assumed that when an additional stress
anisotropy is imposed, the contacts carrying the smallest forces
open. This assumption led to a scaling description for the
viscosity and several microscopic quantities in terms of an
exponent θℓ, characterizing the distribution of weak forces
in packings. Later it was realized that only a vanishingly
small fraction of weak contacts are significantly coupled to
external stresses [29]. We call them extended contacts, because
perturbing such contacts mechanically lead to a spatially
extended response in the system, as shown in Fig. 2 [29,30]. In
a packing only those contacts lead to plasticity when stress is
increased or when a shock (say a collision) occurs in the bulk
of the material [29,31]. The density of extended contacts as a
function of the rescaled force f̃ = f/p in the contact follows:

P (f̃ ) ∝ f̃ θe . (9)

Numerically, it is found that θe ≈ 0.44 in both two and
three dimensions [29,30], suggesting that this quantity may
be independent of dimension. Moreover, its value does not
depend on the preparation protocol of the isostatic state:
up to error bars, equal values are found from compression

FIG. 1. (Color online) Illustration of solid destabilization: sev-
eral weak contacts, indicated by red dashed lines, are opened. This
induces a space of extended, disordered floppy modes, one of which
is shown (arrows). Line thickness indicates force magnitude in the
original, stable solid.

062206-2

Illustration of solid destabilization: several weak contacts (red dashed lines) are opened. This induces a space of
extended, disordered floppy modes, one of which is shown (arrows). Line thickness indicates force magnitude in the
original, stable solid.

DeGiuli, Düring, Lerner & Wyart PRE 2015
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Origin of the jamming transition

Amplification of the rheological properties caused by the
addition of particles

Local shear rate: γ̇local

linked to the magnitude of shear rate
experienced by the interstitial fluid
between the particles (e.g. the standard
deviation of the modulus of the shear
rate)

larger than the macroscopic shear rate, γ̇,
imposed to the whole suspension mixture

Amplification factor: the lever function, L(φ), depending solely on φ

γ̇local = L(φ) γ̇

Lever function diverges when approaching φc and is directly related to the density of
floppy modes, i. e. related to the ‘extended’ open contacts leading to a spatially
extended response in the system

Élisabeth Guazzelli Université de Paris, CNRS
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Origin of the jamming transition

Amplification of the viscosity related to the lever function
Homogenization approach

Energy dissipated per unit of time and volume, P

whole suspension mixture: P = ηs(φ) ηf γ̇
2

assuming that the dissipation mainly occurs in the interstitial fluid and not at
the contact between the particles, exact in the limit of frictionless particles:
P = (1− φ)ηf γ̇

2
local

Relation between the relative shear viscosity and the lever function

ηs(φ) =
(1− φ)γ̇2

local

γ̇2
= (1− φ)L(φ)2

Scaling description of rheological properties near jamming

For frictionless particles: ηs(φ) ∼ (φc − φ)−2.83

For frictional particles: energy also dissipated by sliding at frictional contacts

Chateau, Ovarlez & Trung JoR 2008; DeGiuli, Düring, Lerner & Wyart PRE 2015
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Influence of particle roughness and shape

Influence of interparticle friction on rheological properties

Inertial granular flowsE. DEGIULI, J. N. MCELWAINE, AND M. WYART PHYSICAL REVIEW E 94, 012904 (2016)
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FIG. 1. Phase diagram of dense homogeneous inertial frictional
flow. In the frictionless and rolling regimes, most energy is dissipated
by inelastic collisions, while in the frictional sliding regime energy
dissipation is dominated by sliding. Along the phase boundary, grains
dissipate equal amounts of energy in collisions and in sliding. For
I ! 0.1, one enters the dilute regime [9]. The dashed line has
slope 2.

when I " 10−2.5, leading to αµ = 1 − 2b. Finally, at even
larger µp one enters a rolling regime where dissipation is
once again dominated by collisions, and where exponents
are consistent with those of frictionless particles, both for
kinetic observables and constitutive laws. We derive the phase
boundary between the frictionless and the frictional sliding
regime. Overall, our work explains why friction qualitatively
changes physical properties, and paves the way for a future
comprehensive microscopic theory of dense granular flows.

Numerical protocol. To model inertial flow of frictional
particles, we use a standard discrete element method [33] in
two dimensions, described in more detail in Appendix A. Col-
lisions are computed by modeling grains as stiff viscoelastic
disks: when grains overlap at a contact α, they experience
elastic and viscous forces f⃗ e

α and f⃗ v
α , respectively, leading to

a restitution coefficient which we choose to be e = 0.1 [34].
The tangential (normal) components f⃗α

T (f N
α ) are restricted

by Coulomb friction to satisfy |f⃗α
T | # µpf N

α ; contacts that
saturate this constraint are said to be sliding, while those that
obey a strict inequality are said to be rolling.

Shear is imposed with rough walls bounding the upper
and lower edges on an x-periodic domain. We perform our
numerics at imposed global shear rate and constant pressure,
following a system preparation described in Appendix A. We
discard data that do not satisfy strict criteria for homogeneity
of the flow, as specified in Appendix A. Grain stiffness is such
that relative deformation at contacts is " ≈ 10−3.8, within
the rigid limit established previously [5], and system size
is large enough to ensure the absence of finite-size effects.
Independence of our results with respect to ", e, and N is
shown in Appendix B.

Partitioning dissipated power. Frictional particles can
dissipate energy either through inelastic collisions, at a rate
Dcoll, or by sliding at frictional contacts, at a rate Dslid. In our
contact model, inelasticity is due to the viscous component of
contact forces; therefore the collisional dissipation rate Dcoll
can be written

Dcoll ≡
∑

α∈C

f N,v
α UN

α +
∑

α∈CR

f⃗α
T ,v · U⃗ T

α , (2)

where U⃗α is the relative velocity at contact α, decomposed
into normal and tangential components, UN

α and U⃗ T
α . Here C

denotes all contacts, of number Nc, and CR denotes rolling

10-2 10-1 100 101

µp

10-2

100

102

D s
li

d
/D

co
ll

∆ = 10−3.8

I = 10−4.1

I = 10−3.5

I = 10−3

I = 10−2.4

I = 10−1.9

I = 10−1.3

FIG. 2. Ratio of dissipation due to sliding, Dslid, to dissipation
from collisions, Dcoll, vs µp . The triangle has slope 1.

contacts. The dissipation rate due to sliding is

Dslid ≡
∑

α∈CS

f⃗α
T · U⃗ T

α , (3)

where CS is the set of sliding contacts. In steady state,
dissipation must balance the work done at the boundaries [35].
The energy input from the shear stress is #σϵ̇, where # is the
system volume, and for large systems, additional contributions
from fluctuations of the normal position of the wall are
insignificant. We define dimensionless dissipation rates per
particle D̃coll ≡ Dcoll/(#pϵ̇), D̃slid ≡ Dslid/(#pϵ̇), so that [36]

µ = D̃coll + D̃slid. (4)

To investigate which source of dissipation dominates in
Eq. (4), we consider the ratio Dslid/Dcoll, shown in Fig. 2. As
expected, collisional dissipation dominates in the frictionless
limit, but sliding dissipation becomes more important as µp

is increased, and becomes dominant at intermediate friction
coefficients and small inertial number, consistent with earlier
simulations for µp = 0.3 [36]. Strikingly, the dependence
on µp is nonmonotonic: when µp reaches ≈ 0.2, this trend
abruptly reverses, and Dslid/Dcoll decreases with µp, implying
that collisional dissipation dominates as µp → ∞.

To define phase boundaries, we use the inertial number
at which Dslid/Dcoll = 1, resulting in the phase diagram of
Fig. 1. From the nonmonotonicity of Dslid/Dcoll with µp, this
leads to two phase boundaries merging at I ≈ 0.1, where
the dense flow regime ends [9,36]. This defines three flow
regimes: frictionless, frictional sliding, and rolling, where
sliding dissipation dominates only in the intermediary regime.
Later in this work, we will show that this phase diagram
correctly classifies kinetics as well as constitutive laws.

Connecting dissipation to key kinetic observables. In the
rigid limit, collisions become very short in duration, and
the power dissipated in collisions can be expressed in terms
of microscopic observables [31], as we now recall. Each
time a particle changes its direction with respect to its
neighbors, a finite fraction of its kinetic energy ∼mδV 2 must
be dissipated, where m is the particle mass (we consider
finite restitution e < 1). Since ϵv is the characteristic strain
at which velocities decorrelate, this occurs at a rate ∝ϵ̇/ϵv;

012904-2

In the frictionless and rolling regimes, most energy is
dissipated by inelastic collisions, while in the frictional
sliding regime energy dissipation is dominated by sliding
DeGiuli, McElwaine & Wyart PRE 2016

Viscous suspension flowsM. TRULSSON, E. DEGIULI, AND M. WYART PHYSICAL REVIEW E 95, 012605 (2017)
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FIG. 1. Phase diagram of dense non-Brownian suspension flow.
In the frictionless and rolling regimes, the dominant source of
dissipation is viscous drag, whereas in the frictional sliding regime,
dissipation is dominated by sliding friction. The dashed line has
slope 2.

are stiff elastic disks with Coulomb friction, subject to drag
forces modeling their interaction with the solvent. When grains
overlap at a contact α, they experience a harmonic elastic
force f⃗α with tangential and normal components f⃗α

T and
f N

α ; the spring constants have a ratio kT = 0.5kN . Coulomb
friction restricts the elastic forces to satisfy |f⃗α

T | ! µpf N
α ;

contacts that saturate this constraint are said to be sliding,
while the rest are said to be rolling. Long-range hydrodynamic
interactions are neglected, as such interactions are believed to
be screened by the dense and disordered solid part of the
suspension; viscous interactions between the particles and the
viscous fluid are modeled by Stokes drag, both forces and
torques. We thereby assume laminar flows, which also seems
to be the dominating case for most Reynolds numbers in
dense suspensions [17]. The insensitivity of bulk rheology
to details of the lubrication interactions and long-range
hydrodynamics for sufficiently dense flows was previously
established [15,18,19].

Systems are initially prepared by sedimenting grains under
gravity in an x-periodic domain. When this is complete, walls
are then constructed from strips of grains near the upper and
lower edges of the domain. Shear is imposed by horizontal
motion of the wall; we perform our numerics at an imposed
global shear rate and constant pressure. Grain stiffness is such
that relative deformation at contacts is " = p/kn ≈ 10− 3,
within the rigid limit established previously [2]. We work in
two dimensions, and accordingly we use notation in which
torques and angular velocities are scalars.

Since dynamics is strictly overdamped, each particle is
subject to equations of force and torque balance. The former is
0 = F⃗ ext

i + F⃗ v
i −

∑
j f⃗ij , where F⃗ ext is the external force, F⃗ v

i

is the viscous drag force, and f⃗ij is the contact force exerted
on particle j by particle i. The torque balance equation is
0 = τ ext

i + τ v
i −

∑
j τij . For drag forces, we consider a simple

Stokes drag F⃗ v
i = − η0cd (V⃗i − V⃗ a

i ) and τ v
i = − 4

3η0cdR
2
i (ωi −

ωa
i ), where Ri is the radius of particle i, V⃗ a

i = ϵ̇yx̂ is the
affine velocity, and ωa

i = ϵ̇/2. Here cd = 3π/(1 − φ0), with
φ0 = 0.76, is a constant chosen to scale the drag contributions
J to experiments [2]. Its importance is discussed in Sec. X.

The Coulomb friction coefficient is varied from 0 to 10.
For realistic grains, µp is often reported in the range 0.2–0.7,
however smaller values may be relevant for emulsions, foams,

and coated surfaces, and larger values may model the effect of
particle angularity [20].

III. ENERGY BALANCE

Energy conservation is a strong constraint on stationary
flows, as we now show. The energy balance equation is
obtained by contracting the force and torque balance equations
along the velocity field (V⃗i ,ωi). The result is

Pext = Dvisc + Dcont, (1)

where Pext =
∑

i F⃗
ext
i · V⃗i + τ ext

i ωi is the power injected
through external forces, Dvisc is the power dissipated through
viscosity, and Dcont is the net power dissipated through contact
forces. The viscous term is

Dvisc = cdη0

[ ∑

i

V⃗i ·
(
V⃗i − V⃗ a

i

)
+ 4

3
R2

i ωi ·
(
ωi − ωa

i

)]

= cdη0

[ ∑

i

(
V⃗i − V⃗ a

i

)2 + 4
3
R2

i

(
ωi − ωa

i

)2
]
, (2)

since nonaffine and affine velocities are uncorrelated on
average, i.e.,

∑
i V⃗

a
i · (V⃗i − V⃗ a

i ) = 0, and similarly for the
torques. The contact term is

Dcont = −
∑

i

V⃗i ·
∑

j

f⃗ij −
∑

i

ωi

∑

j

τij

=
∑

ij

u⃗ij · f⃗ij , (3)

where u⃗ij = V⃗j − V⃗i + n⃗⊥
ij (Rjωj + Riωi) is the relative ve-

locity of particle j with respect to particle i at their mutual
contact point; n⃗⊥

ij is a vector perpendicular to the contact
normal n⃗ij . The second equality in Eq. (3) can be established
by direct substitution of the definition of u⃗ij . The work done by
contact forces has both normal and tangential components. The
former is entirely elastic and vanishes on average, reflecting
the fact that elastic forces are conservative. We are left with

Dcont =
∑

ij∈CS

u⃗T
ij · f⃗ T

ij +
∑

ij∈CR

u⃗T
ij · f⃗ T

ij

≡ Dslid + Droll, (4)

where CS denotes the sliding contacts and CR denotes the
nonsliding (rolling) contacts. The term Droll can be shown
to vanish on average if the normal force in the contact was
held constant, as it would correspond to the loading of a
transverse spring whose mechanical energy must be bounded.
However, it can be finite for contact force history that includes
sliding periods. We find empirically that for all parameters
probed, Droll " Dslid, as shown in Fig. 2, and Droll will thus be
neglected in scaling arguments below.

To investigate which source of dissipation dominates, we
plot the ratio Dcont/Dvisc in Fig. 3. Following our previous work
[16], we can define regime boundaries at the viscous number at
which Dcont/Dvisc = 1. The result is plotted in Fig. 1. We find
three regimes, as discussed above. Note that the transition from
frictionless to rolling is a crossover: throughout this transition
area, dissipation is dominated by viscous drag, but the structure

012605-2

In the frictionless and rolling regimes, the dominant source
of dissipation is viscous drag, whereas in the frictional
sliding regime, dissipation is dominated by sliding friction
Trulsson, DeGiuli & Wyart PRE 2017

Impact of interparticle friction, and in particular of surface roughness, on the
rheological properties of these particulate systems close to the jamming transition
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Influence of particle roughness and shape

Slightly and highly roughened spheres

Slightly roughened (SR) and highly roughened (HR) spheres

Ra
a (µm) Rq

b (µm) Rz
c (µm) µsf µrf d (µm)

SR 0.287± 0.008 0.387± 0.008 2.073± 0.008 0.23± 0.03 0.004± 0.001 580± 20
HR 1.896± 0.008 2.410± 0.008 9.808± 0.008 0.37± 0.03 0.007± 0.001 540± 20

a
average roughness

b
standard deviation

c
ten-point mean roughness

Élisabeth Guazzelli Université de Paris, CNRS
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Influence of particle roughness and shape

Rheological data for the immersed and dry spheres
µ and φ versus J = ηf γ̇

P
(immersed case) and I = d γ̇

√
ρp
P

(dry case)
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µ unchanged while φ shifted toward lower values of φ when increasing particle roughness

Critical values for the effective friction coefficient and the volume fraction:

µc ≈ 0.36 similar in the immersed and dry cases and not affected by particle roughness
φc similar in the immersed and dry cases but decreasing with increasing roughness:

φSR
c ≈ 0.585 whereas φHR

c ≈ 0.564
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Influence of particle roughness and shape

Rheological data for the viscous (immersed) spheres
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Tapia, Pouliquen & Guazzelli PRF 2019

Classical effective viscosity recovered
from frictional view

µ = τ/P = ηs/ηn
J = ηf γ̇/P = 1/ηn

∴
ηs (φ) = µ(φ)/J(φ) = µ(φ)ηn(φ)
ηn(φ) = 1/J(φ)

Rescaling by φc

Complete collapse of all the data for
both the SR and HR spheres

Asymptotic behaviors in the vicinity of
the jamming transition

µ and φ ∝
√
J

ηs and ηn diverge as (1− φ/φc )−2
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Influence of particle roughness and shape

Rheology of rigid fiber suspensions

The different regimes of fiber suspensions

The dilute (n� 1/L3), semi-dilute (1/L3 . n� 1/L2d), concentrated (n & 1/L2d)
regimes and ordered nematic state (n� 1/L2d)

Rheology of viscous Newtonian fluids containing rigid fibers relatively unexplored

Yield stresses and nonlinear scaling of τ with γ̇ (shear-thinning)
Ganani & Powell 1985; Powel 1991

Rheological studies at relatively small φ (φ . 0.17 for A = 17− 18; φ . 0.23 for A = 9)
Bibbó 1985; Bounoua, Lemaire, Férec, Ausias & Kuzhir 2016
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Influence of particle roughness and shape

φ- and P-imposed rheometry of dense fiber suspensions
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(III) ♦ 7.2± 0.4
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Viscous scaling: τ and P linear in γ̇
But non-zero yield-stresses, τ0 and P0, at γ̇ = 0

τ0 and P0 increase with φ, more sharply for higher A

Origin of yield stresses still remains unknown!
Adhesive forces? Transient jamming?
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Influence of particle roughness and shape

Rheological data after subtracting apparent yield-stresses
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ηs and ηn increase with φ and
diverge at φc (A) with shift
towards lower values of φ with
increasing A

φ decreasing function of J
with shift towards lower values
of φ with increasing A

Good collapse of all data for
µ(J)
∴ µ independent of A

Data for batches (II) and (III),
having similar A, collapse onto
the same curve

Tapia, Shaikh, Butler, Pouliquen &
Guazzelli JFM 2017
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Rheology of granular suspensions



75/78

Effective fluid Two-phase flow Frictional approach Microscopic origin Jamming Complex suspensions

Influence of particle roughness and shape

Critical values at jamming
Comparisons with:

Experiments of Rahli, Tadrist & Blanc 1999 (�) on the dry packing of rigid fibers

Simulations of Williams & Philipse 2003 (N) for the maximum random packing of spherocylinders

Data (F) obtained by Boyer, Guazzelli & Pouliquen 2011 for suspensions of spheres (A = 1)
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φc decreases with increasing A such as for dry packing; organized structure for A = 15?

µc ≈ 0.47 independent of A and larger than value for spheres (F)
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Influence of particle roughness and shape

Scaling at the jamming transition
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Good collapse of all the data
by rescaling by φc (A)

ηs and ηn diverge as

∼ (φc − φ)−1

Tapia, Shaikh, Butler, Pouliquen &
Guazzelli JFM 2017
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Towards more complex suspensions

While hydrodynamic interactions between the particles are important in
the dilute regime, they become of lesser significance when the
concentration is increased, and direct particle contacts become dominant
in the rheological response of concentrated suspensions.

More open problems

Non-spherical particles (e.g. platelets . . . )
Colloidal interactions and nonlinear rheology: Shear-thickening (Wyart

& Cates PRL 2014, Mari, Seto, Morris & Denn, JoR 2014)

Non-Newtonian fluids (Chateau, Ovarlez & Trung JoR 2008, Dagois-Bohy, Hormozi,

Guazzelli & Pouliquen JFM 2015)

Inertial suspensions (Trulsson, Andreotti & Claudin PRL 2012, DeGiuli, Düring, Lerner &

Wyart PRE 2015, Amarsid, Delenne, Mutabaruka, Monerie, Perales & Radjai PRE 2017)

Suspensions of polydisperse, deformable, active . . . particles
Suspensions at interfaces (Zhao, Oléron, Pelosse, Limat, Guazzelli & Roché PRR 2020)
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