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Context

Issue :
To derive "macroscopic" models for the interactions between a viscous fluid
and many "small" particles

Examples :
» (Navier)-Stokes+Vlasov
equations : .
Hamdache, '98 Of + v - Vxf+6rdivy(u—v)f]=0
Boudin et al 109, pr(Otu+ U - Vxu) — Axu+ Vxp = —67r/ f(u—v)dv
R3S
divyiu=0
» Sedimentation model :
R. Hofer & R. Schubert '20 —div ([2 + 5¢p]D(u) + pI) = pg
divu=20

619+U'vp:0



Main principle

FIGURE — Flow with particles

» Navier-Stokes equations

ou+u-Vu=dvx(up) . _, N
in R B,' t
{ divu =0 \ ,LJ ®

U = Vi+wix (X —X)
U, = Ax
» Particle dynamics B; = B(x;, Rn)
xi=V

mnX; = —/ Y(u,p)ndo + F
oB;

Ivwi = —/ (x = x;) x X(u, p)ndo
B,

Y (u,p) = w(Vu+ V' u) — pllz = 2uD(u) — pls.



Two crucial phenomena
1 - Stokes drag

Proposition. 3! classical solution (Ug[6 V] + Ve, Pr[6V]) t0 :

~Au+Vp = 0, inR%*\B(0,R) u = Vs+48V, onB(0,R)
divu = 0, inR3\B(0,R) u = Ve, at infinity
Applications.

» Computation of forces and torques :

/ ¥(u,p)ndo = 67RIV, / y x X(u,p)ndo = 0.
8B(0,R) 9B(0,R)

» Extended weak-formulation

2 [ D(u): D(w)=6rRsV - w(0) + O(R?)

R3S

for arbitrary divergence free w € C°(R®)



Two crucial phenomena
2 - Volumic rigidity

Proposition. Given a trace-free A € M3(R), there exists a unique classical

solution to
~Au+Vp = 0, inR%*\B(0,R) u = V, onB(0,R)
divu = 0, inR%*\B(0,R) u = Ax, atinfinity
with :
/ ¥(u,p)ndo = 0.
8B(0,R)
Applications.

» Computation of strain/torque :

/ y © ¥ (u, p)ndo = 227 BD(A) + 8= R S(A)
5B(0,R) 3

» Extended weak formulation
2 / D(u) : D(w) = 20” R*D(A) : Vw(0) + 87 R°S(A) : Vw(0) + O(R")

for arbitrary divergence free w € C5°(R®)



On the discrete problem



Reminder

FIGURE — Flow with particles

» Navier-Stokes equations

divu=0

{&u +u-Vu=divX(u,p)

{

Ug = Vi +wi x (x — xi)

u,, =Ax

» Particle dynamics B;

xi=V
—/ Y(u,p)ndo + F
oB;

mnXi

Inwi

Y (u,p) = w(Vu+ V' u) — pllz = 2uD(u) — pls.

N
in R®\ | Bi(1)

i=1

B(X,', HN)

x X(u, p)ndo
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Distance estimate
Simplified model

! Reduced system
ulAur—Vpr = 0 .
dvyy = 0 } in (1)
1 hey
u = 0 ono
B(t) .
us = hex ondB(t)
a=o\Bn | " i
X mh = —/ Yndo - e
aB(1)

Figure 3. Symmetric configuration

References

L is of th
» Lubrication approximation Analysis of the drag

[R.G. Cox 67, H.G. Leal '07] 5 h
> Explicit computations = mh= _“Kg :

[M. Cooley & M. O’Neill '69]



Alternative Computation of the drag
[ M.H., A. Lozinski, M. Szopos, '11; D. Gérard-Varet & M.H. '12]

Let h > 0 and denote B" = B((0,1 + h), 1).
The "unique" pair (w, q) € H?(R2 \ B") x H'(R2 \ B") solution to :

— = — w = 0
nAw —vVq 0 inQ\ BA, lon
V-w = 0 W‘BBN (=2

is characterised by :
E[w] = argmin {/ |D(u)|?, ue C°(R?) with divu = 0 and u|gh = 92} )
R

Moreover :

S(w,q)ndo - & = 2u/ ID(w)?.

aBh Q\Bh



Alternative Computation of the drag
[ M.H., A. Lozinski, M. Szopos, '11; D. Gérard-Varet & M.H. '12]

Let h > 0 and denote B" = B((0,1 + h),1).
The "unique" pair (w, q) € H*(R2 \ B") x H'(R2 \ B") solution to :

— = — w =0
nAw —Vq 0 inQ\ BA, log
V-w = 0 W‘aB” = €&

is characterised by :

E[w] = argmin / |D(u)?, ue C(R%) with divu =0 and u|g = &
R
Yh

Moreover :

/ ):(W,q)nda~62:2p/ _|D(w)P.
aBh

Q\Bh



Analysis of the drag

[D.Gérard-Varet & M.H. '12]

Application
Any u € Y, reads u = V14 with :
X, 0n(x x+ C,

6(x,0) = 0 X

\\ s"(xy  Energy to minimize :
X

Enim / Vu(x, y)[2dxdy
]:h

FIGURE — Geometry of the gap

Reduced functional :
Voim {0€ C¥(7) st (BC} &= [ |omolx,y)Pardy
]:0

Remark : Extension to the 3D case [M.H. & T. Kelai '15]



Analysis of the drag

[D.Gérard-Varet & M.H. '12]

Application
Any u € Y, reads u = V14 with :
X, 0n(x x+ C,

6(x,0) = 0 X

\\ s"(xy  Energy to minimize :
X

En> / IV26(x, ) Pdxdy
]:0

FIGURE — Geometry of the gap

Reduced functional :
Voim {0€ C¥(7) st (BC} &= [ |omolx,y)Paxdy
]:0

Remark : Extension to the 3D case [M.H. & T. Kelai '15]



Extensions

» Navier wall laws [D. Gérard-Varet, M.H., C. Wang '15]
» Tresca boundary conditions [M.H. & T. Takahashi 20]

» Inviscid fluids
[A. Munnier & J.G Houot '08, A. Munnier & K. Ramdani 15, M.H., D. Seck & L. Sokhna ’18,

D. Coutand '19, ]
» Non-newtonian fluids [E. Feireisl, M.H., S. Nedasova '08]

[M.H. & T. Takahashi '10, L. Sabbagh '19]



On the asymptotics N — oo



Stokes problem in a perforated domain

Brinkman problem

Q R . NeN, |h— h|>10R,
. N
. . . . F=®\|JB(,R)
. i=1
S (hr,..., hy) € [RY"
: : h —Au+Vp = 0, inF
> : dvu = 0, inF
A N-obstacle configuration u = v, ondb
‘ I‘im ux) = 0.



Resulis

Brinkman problem

Still particles (vi =0 Vi)
Rubinstein '86,

Allaire '90,
Hofer-Velazquez '18,
Gérard-Varet '19,
Giunti-Hoéfer ’19,
Hoéfer-dansen '20,

"Moving" particles ((v;)i=1

H. Brinkman ’47,

J. Luke 89,

L. Desvillettes-F. Golse-V. Ricci '08,
M.H.-A.Mecherbet '20,

M.H. ’18,

M.H.-A. Moussa-F. Sueur ’19,

K. Carrapatoso-M.H. 20

,,,,,



Example of result
Reference

Theorem [L. Desvillettes, F. Golse & V. Ricci '08]

Consider the case :
(HO) N — oo with R=1/N.

Assume further that :
(H1) dmin = min {dist(h;, hy), dist(h;, 0Q)} satisfies dmin > 2/N% .
(H2) we have the uniform bound :

N
1 2
~ E [vil” < Go
N i=1
(H3) the sequence of empirical measures converges :

N N
1N > 6h = p(x)dx € L 1N > viow, = j(x)dx € L2

i=1 i=1
Then u — Tin H}(Q) — wsol. to :

—AU+Vp = 6r(j—pu),
dvi = 0

on Q



Example of result

Improvement

Theorem [M.H. '18]
Consider that (H0), (H2) and (H3) hold true.
Assume further that :
(H1) dmin >>1/N
(H"1) we can choose >\ << min(|dmin|/®, N~/8) such that :

N|>\|3 supﬁ{/ h; € B(x,A)} bounded .

Then u — Tin H}(Q) — w solution to :

_ATU+VD = 6n(j—pl),
{ P m(j — pl) on Q

dvu = 0



Stokes problem in a perforated domain

Einstein problem

Q L] °

A N-obstacle configuration

{

lim |u(x)—

NeN, |h—hl>10R,

N
F=RrR\JB(h,R)

i=1

(hy, ..., hy) e [R3Y
—-Au+Vp = 0, inF
dvu = 0, inF

u= V/-i-W,'X(X-h/), on 9B;
faB (x = h)) x X(u,p)ndoc =0
Jog X (U, p)ndo = 0.

Ax| =0.

[x] =00
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Computation of first order correction in ¢ ~ NR®
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Sanchez-Palencia 85 Almog & Brenner ‘03
Haines & Mazzucatto '12
Niethammer & Schubert '20, M.H.-Wu '20
Gérard-Varet '19
Gérard-Varet & Hofer 20

Computation of next orders (mostly second order)

Saito '50 Batchelor & Green '72, Hinch 77
Zuzovsky, Adler & Brenner 83 Gérard-Varet & M.H. '20
Nunan & Keller ‘84 Gérard-Varet '20

Ammari, Garapon, Kang & Lee 12 Gérard-Varet & A. Mecherbet 20
Duerinckx-Gloria 20, Duerinckx '20



Example of result

Theorem [M.H. & D. Wu '20]
Let K € R® and assume :
(AO) B  Kfori=1,...,Nand dmpn := minis | — hj| > 4R
There exists e > 0 such that :
(A1) R¥/d® < g
(A2) ¢ € L*=(K) satisfies ||¢|| k) < €0
Denoting u; € Ax + H'(R®) the unique weak solution to :
—div((2 + 5¢)D(u6)) + Vp = 0
divu=20
|X||i£>noo |uc(x) — Ax| =0

and ¢g = SV, 15, there holds :

R3 1+
lu— tellp < IAIlIGa — &lli1ges) + (7) +18lEep0] VP <3/2



Key steps in the proof — Brinkman case
M.H. 18]

> N~ Tin HJ(Q) — w.
Llw] = / D(u) : D(w) (w € C3°(Q) s.t. divw = 0)
Q
= Jm £
> (T))xexcn partition of Q with cubes of width Ay

Ny, q N\ . s N
£Nw] = Z/TKND(U ) : D(Wk) + err

kekN

where :
|7Vk = Z UF;[W(h,)](X — h,)

ilmeTh



Key steps in the proof — Brinkman case
[M.H. '18]
> uN —~ Tin HJ(Q) — w.
F[w] = / D(@): D(w) (w e C(Q) sit. div w = 0)
Q
o N
= e
> (TN) cxen partition of Q with cubes of width Ay
Npo1_ 6m N v N N
M= | Swny v /aTN):(W;ka) WMo | +err
kerN \ilmeTl k
where :

W= 3" Unlw(h)](x — )

ilmeThN



Key steps in the proof — Brinkman case
[M.H. 18]
> uN —~ Tin HJ(Q) — w.
F[w] = / D(@): D(w) (w e C(Q) sit. div w = 0)
Q
T N
= A
> (TN) cxen partition of Q with cubes of width Ay
N 1 1 N —~ N
kekN iiheTy k iiheTy
where :

W= 3" Unlw(h)](x — )

ilmeTN

E_[W]:67r</nj-w—/ﬂpfj~w>

> Finally :



Thank you for your attention



